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Symplectic invariants of parametric singularities

Goo ISHIKAWA* and Stanistaw JANECZKO

Abstract
We introduce the basic symplectic invariants of singular curves and surfaces:
symplectic codimension, symplectic-isotropic codimension, symplectic defect and
the number of isotropic double points. Their algebraic representations are con-
structed and relations between these invariants are derived. For isotropic multi-
germs of maps from C? to C* the number of open umbrellas as a new invariant is
introduced and its relation with Segre number of the image variety is found.

1 Introduction

We consider the classification problem for mappings to the symplectic space. The sym-
plectomorphism classification problem is motivated naturally from Hamilton dynamics,
the theory of differential equations, and differential geometry. For instance, the sym-
plectic classification of Hamilton-Jacobi equations V' C T*R™ = R?" is of importance
in the theory of first order PDE. Even for second order PDE, our classification problem
appears in the study of singularities for generalized geometric solutions to symplectic
Monge-Ampere equations: Given an n-form © on T*R™ = R*, f : (R",0) — (T*R",0)
is called a generalized geometric solution to the Monge-Ampere equation associated to 2
if f*w =0, f*Q = 0. For example, for the MA-equation Hessian = constant, we take
Q=c-dei;N\N---ANdx,, —dpy \--- Ndp,. Moreover, the investigation of singularities of spe-
cial Lagrangian varieties requires the basic symplectic singularity theory of parametrized
Lagrangian varieties (cf. [6]).

Let w = > dp; A dz; be the standard symplectic form on K** = T*K", where
K = R or C. Mappings are assumed to be real analytic or C*° for K = R and complex
analytic for K = C. Multi-germs f : (K™, S) — (K?",0) and f": (K™, S") — (K*",0) to
the symplectic space are called symplectomorphic (resp. diffeomorphic) if the diagram

(K™, 9) L (K™,0)
ol 7

(I<m7 S/) L (K2n’ O)
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is commutative for some diffeomorphism-germ o and some symplectomorphism-germ 7,
T*w = w (resp. a diffeomorphism-germ 7). Here S, S’ are finite sets.

For a map-germ f : (K™ S) — (K?*,0), the diffeomorphism class of the pull-back
form f*w on (K™,S) of the symplectic form w is an obvious symplectic invariant of
f: If f and f’ are symplectomorphic, then f*w and f*w are diffeomorphic, that is,
for a diffcomorphism o : (K™, S) — (K™,S5), we have o*(f*w) = f*w. We call f*w
the “geometric restriction”of w by f. In this connection, we mention a theorem which
contains the classical Darboux theorem as the special case m = 0:

Theorem 1.1 (Darboux-Givental [4]) Two immersion-mono-germs f, f' : (K™,0) —
(K?",0) are symplectomorphic if and only if the geometric restrictions f*w and f™*w' are
diffeomorphic.

Thus in the non-singular case (the case of immersion-mono-germs), the classification
problem is reduced to that of the geometric restrictions of the symplectic form to the
sources. Note that the pull-backs of symplectic forms are not arbitrary. To explain this,
recall the standard notions: A submanifold M in the symplectic space (K*",w) is called
coisotropic (resp. isotropic, symplectic) if the skew-orthogonal in K?" to each tangent
space T,M, p € M, to M contains T,M (resp. the geometric restriction w|y is zero, w|y
is symplectic). By the classical Darboux theorem, for a coisotropic submanifold, the local
diffeomorphism class of the geometric restriction w|y; is determined by just the dimension
of M. Moreover, we know that a non-singular hypersurface is coisotropic. Then we have

Corollary 1.2 All non-singular hypersurface-germs in K" are symplectomorphic. All
coisotropic (resp. isotropic, symplectic) submanifold-germs of fized dimension in K*" are
symplectomorphic.

Note that all immersion-germs on a fixed dimensional source are diffeomorphic in
our sense. Therefore the symplectic classification is very different from the differential
classification.

In the singular case, however, even if f and f’ are diffeomorphic and f*w and f™*w are
diffeomorphic, f and f’ are not necessarily symplectomorphic.

In fact, in the case m = n = 1 for planar mono-curves (K,0) — (K?,0), we have
given both symplectic and differential exact classifications of differentially uni-modal plane
curve singularities, and clarified the difference between the differential and symplectic
classifications ([24][26]). For the classification of curves (m = 1,n > 2), see [2][3][30][10][9].

A mapping f is called isotropic if f*w =0, that is, if Y., d(p;o f) Ad(x;o0 f) =0. If
m = 1, then any germ f : (K, S) — (K?",0) is isotropic. Moreover if f : K" — K?" m =
n, then we often call isotropic f Lagrangian.

In the case m = n = 2, we have

Theorem 1.3 ([21]) Let f : (K% 0) — (K*,0) be isotropic. Suppose f is diffeomorphic
to

2
fou(t7u> - <t27u7 Ut7 §t3> - (p17p2;$17332)-
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Then f is symplectomorphic to fo, (Darboux-type theorem). Moreover for any n there
exists a class of open umbrellas characterised by the symplectic structural stability, and
for them the Darboux-type theorem holds.

A generalization of the Darboux-Givental theorem to the singular case is given in.

Theorem 1.4 (Domitrz, Janeczko, Zhitomirskii, [10], 2006) For any N, N’ C K*" quasi-
homogeneous, N and N' are symplectomorphic if and only if the algebraic restrictions
lwln and [w]n: are diffeomorphic.

The algebraic restriction [w]y is defined as the residue class of w modulo the differential
ideal generated by the functions vanishing on N. Though the direct calculation of the
algebraic restriction for the open umbrella is not straightforward, we have via Theorem
1.3 the following:

Corollary 1.5 The algebraic restrictions of two symplectic forms with zero geometric
restrictions to an open umbrella are diffeomorphic to each other.

Roughly classifying the classification problems in the presence of various geometric

structures, we observe that there are, at least, two types:
(V) Classification of mappings and varieties, and
(D) Classification of differential forms and dynamical systems.

For classifications of type (V), we have finite lists of simplest objects and finite dimen-
sional moduli for complicated objects. Moreover the finite determinacy holds, except for
an infinite codimensional set of objects.

On the other hand, for classifications of type (D), we have finite lists of simplest
objects, but functional moduli for complicated objects. The finite determinacy does not
hold for objects of finite codimension.

Therefore, we ask whether our symplectic classification problem falls into type (V) or
(D).
Actually, this depends on the class of mappings we treat: The classification of isotropic
(or Lagrangian) varieties (or mappings) under symplectomorphisms falls into type (V),
and, in fact, several finiteness theorems are proved for them [22][24][25][26]. These results
clarify the difference between geometric and algebraic restrictions.

For the classification problem of singularities, the notion of codimension is the most
basic one to measure the complexity or degeneracy of singularities. For instance, the
classification of a class of singularities of mappings proceeds from small codimension to
large. In general, for a map-germ f : (K", S) — (K?,0), the A.-codimension of f is
defined by

Ae-cod(f) = dimk Vy/[f.(Vs) + (V) o f],

the dimension of the quotient of the infinitesimal deformations of f by those induced
from right-left equivalences [32][38]. We often write cod(f) = Ae-cod(f) briefly. The
codimension A.-cod(f) is finite if and only if f is finitely .A-determined. Moreover the



codimension is estimated by other geometric invariants such as 0-stable invariants in terms
of “disentanglement” (]28][34][35]). For instance, the A.-codimension of an A-finite germ
f:(C,S) — (C2,0) is estimated as

Ae-cod(f) <o(f)—r+1, - (%)

where r = #S5, and equality holds if and only if f is quasi-homogeneous ([36]). See also
[8][18].

Let f : (K", S) — (K*',0) be a multi-germ of isotropic mapping (or Lagrangian
immersion with singularities). Then we set

sp-cod(f) = dimg VI;/[f«(Vs) + (V Ha,) o f],

and call it the symplectic codimension (or the symplectic-isotropic codimension) of f :
(K", S) — (K*",0). Here VI is the space of infinitesimal isotropic deformations of f:

VIf:{v:(Km,S)—>TK2n|U*d):O77TOU:f}>

for the natural symplectic lifting w of w on TK**, w = Y7 | dp; A dx; + dp; A dE; for the
coordinates (z,p; &, p) of TK?", and 7 : TK?*" — K?" is the bundle projection. Moreover
we denote by V Hy, the space of holomorphic Hamiltonian vector fields over (K**,0), and
by Vs the space of holomorphic vector fields over (K", S). The symplectic codimension
sp-cod( f) is regarded as the minimal number of parameters for “the symplectically versal
isotropic unfolding”of f, if f is of corank one.

In the case n = 1, any planar curve f : (K,S) — (K2 0) is isotropic and the notion
of the symplectic codimension of f is given by

sp-cod(f) = dimgk V;/[f.(Vs) + (V Ha) o f].

It is introduced in [24] and shown to be equal to 0(f) = dimk Oy/f*O,, the number of
double points, in the case of mono-germs, r = 1. Here O,, denotes the K-algebra of C'*°
or holomorphic function-germs on (C™,0). The result is easily generalized to multi-germs,
for general r, and in fact we have

spcod(f) = 6(f) —r + 1,
for a multi-germ f : (K, S) — (K2, 0). Therefore Mond’s formula (*) is rewritten as
Ac-cod(f) < sp-cod(f),

and the difference sd(f) = sp-cod(f) — Ac.-cod(f) was called the symplectic defect, which
measures the difference of symplectomorphism and diffeomorphism classifications, i.e. the

dimension of the symplectic moduli space. It is also called the symplectic multiplicity in
[11].



For n > 2, there is no such simple relation between the A.-codimension and the sym-
plectic codimension, because the symplectic-isotropic codimension indicates the codimen-
sion in a subspace of map-germs of an orbit of a subgroup of A. To measure the difference
between symplectomorphism equivalence and diffeomorphism equivalence for isotropic
map-germs we introduce another symplectic invariant diff-cod(f) = diff-cod;(f), the
differential-isotropic codimension instead of the symplectic-isotropic codimension sp-cod(f) =
sp-cod;(f) of f. Then we set

sd(f) = sp-cod(f) — diff-cod(f).

We give an algebraic description of sd(f) and show that both sp-cod(f) and diff-cod(f)
are A-invariant, hence so is sd(f). Moreover, we show an example of quasi-homogeneous
isotropic map-germs f : (C?,0) — (C* 0) with sd(f) > 0.

In this paper, we also consider new geometric symplectic invariants of isotropic map-
pings for K = C. If a multi-germ of isotropic mapping f : (C",S) — (C?",0) is of corank
< 1, and sp-cod(f) < oo, then f can be perturbed to a symplectically stable isotropic
mapping f whose singularities consist of open umbrellas and transverse self-intersection
points (double points). See §4. The number of transverse self-intersection points of the
perturbation f does not depend on the perturbation. It is called the number of isotropic
double points of f and denoted by &6; = d;(f).

Note that, for n = 1, 6;(f) = o(f).

We give a relation between the two symplectic invariants sp-cod(f) = sp-cod,(f) and
51(f) for isotropic map-germs f : (C",S) — (C?**,0). Moreover, we introduce another
invariant u;(f), the number of open umbrellas, for isotropic map-germs f : (C? S) —
(C*,0) and provide a relation of §;(f) and wu;(f) with the Segre number of the image
variety of f using Gaffney’s result ([14]).

2 Symplectic invariants of curves

First we consider symplectic classification of planar curves. Let f : (K,S) — (K?,0) be
a multi-germ of planar curve. We assume that the base point set S consists of r points.

Theorem 2.1 Let f : (K,S) — (K?,0) be an A-finite plane curve with v components.
Then sp-cod(f) and 6(f) are both finite and we have

sp-cod(f) = 0(f) —r+1,
where r = #S and §(f) = dimc Og/ f*Os, the number of double points of a stable pertur-
bation of f.
Proof: We denote by Jg C Og the ideal of Og consisting of the functions which vanish
on S, the Jacobson radical of Og. If S = {z¢}, r = 1, then Jg = m,, C O,,, the unique
maximal ideal. For each v = v; (a% o f) + vy (6% o f) € V}, we take the unique function
h € Js (“generating function”) such that

dh = vad(z o f) —wvid(po f) (=v*0),
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the pull-back of the Louville 1-form on TK? by v : (K,S) — TK? = T*K?. Then the
generating function h belongs to

Rf = {h € Og | dh € <d($of),d(pof)>os}.

Thus we have a linear mapping e : Vy — Ry N Jg. Clearly the mapping e is surjective.
Moreover we have ey, (vs) = 0 and e(Xgo f) = (H —H(0))o f, for the Hamiltonian vector
field Xy with the Hamiltonian H € O,. Then we have an exact sequence of vector spaces

oY Vy RN Js
FVs)  fulVs) +(VHz) o f  frmy

where V} is the space of vector fields along f having zero generating functions.

Let S = {s1,...,8:}. Denote by f; the germ of f at s;. Assume that the order of
fi at s; is equal to k;. Then we have Vi/f.(Vs) = @©i_,V}./ fi.(V;,) and it has dimension
Sor_i(ki — 1) over K. On the other hand Og/(R; N Jg) = &_,0, /mk and it has
dimension Y ;_, k; over K. Thus we have

— 0,

Vi

sp-cod(f) = dimg Ve T (VH) o ]

Remark 2.2 If we set

Gr={h € Os|dhe(d(zof),dpof)) o}

then we have
Ac-cod(f) = dimg ==.

Moreover

sd(f) :dimK%—r+l.

Note that Og, Ry and G; are defined via the exterior derivative and any locally constant
functions belong to them, which is not the case for f*O,.

Considering the symplectomorphism equivalence, we have given the classification of
uni-modal planar curve-germs and we observe that there exists the difference (or “quo-
tient”) between differential and symplectic classifications:
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Theorem 2.3 [26] For planar curves f : (K,0) — (K?2,0), symplectic moduli appear
from diff-codim = 5 on (E12); while differential moduli appear from diff-codim = 8 on

(Ngo) .

We can say that symplectic moduli appear earlier than differential moduli.

In general, for each homeomorphism class of planar curves, the symplectic moduli
space is mapped canonically onto the differential moduli space. The dimension of the
fiber over a diffeomorphism class [f] equals sd(f). It is known that sd(f) = u(f) — 7(f),
where u(f) = 26(f) is the Milnor number of f and 7(f) is the Tyurina number of f
([37][31][10]). Let s(f) be the symplectic modality, that is, the number of parameters in
the symplectic normal form of f. Moreover let ¢(f) be the codimension of the locus in the
parameter space corresponding to germs diffeomorphic to f. Then s(f) — ¢(f) = sd(f).
Thus we have the formula, even for multi-germs, for the Tyurina number (by means of
Varchenko-Lando’s formula):

7(f) = 20(f) + (f) — s(f).

For a detailed symplectic classification of planar-mono-germs see [26].

3 Symplectic-isotropic codimension

Let x be a germ of 2-form on (K™, S), S being finite. Then we denote by Oy, ,,, the set
of map-germs f : (K™, S) — (K?",0) with the geometric restriction f*w = k.

A deformation f; of fo = f € Oy, ,, is called isotropicif f; € Oy, ,,, 1e. fiw= f'w (=
k). Then we set

sp-cod(f) = dimc VI /[fc(Vs,) + (VHay) o f],

and call it the symplectic codimension (or the symplectic-isotropic codimension) of f :
(C™, S) — (C?,0). Here we set

VS,H = {5 € VS | Lng = 0},

the space of vector fields which leave x invariant. Note that Vs, = Vs if K = 0.

Example 3.1 A map-germ f : (K™, S) — (K**,0) to the symplectic space (K?"*,w) is
called coisotropic if m > n and f lifts to an isotropic mapping f : (K™, S) — (K*" x
K?,0) = (K?™,0), with k = m — n. Here we regard K*™ as a symplectic space with the
symplectic form w © n = 7iw — w57 for the canonical symplectic form 1 of K?* = T*K*
and projections 7 : K?* x K#* — K" 7, : K?" x K?* — K?*. A germ f is coisotropic
if and only if f*w = g*n for some g : (K™, S) — (K?,0). A coisotropic map-germ
(K™ S) — (K?",0) is a coisotropic map-germ with reqular reduction if g can be taken
to be a submersion. Then k = g*n is of constant rank and the coisotropic deformation of
f is investigated by studying the space OF The characteristic foliation Fy is generated

m,2n"

by the kernel field defined by f*w = g*n. Then any vector field in Vg, preserves Fy.



Now, for an isotropic f : (K", S) — (K*",0), we define

Vi

diff-cod(f) = dimg FVs) & (Vano F) AV,

while
VI

f*(VS> + VHQn o f’

sp-cod(f) = dimg
and
Vi

A.-cod(f) = dimc AR

Moreover we set
sd(f) = sp-cod(f) — diff-cod(f) (> 0),
the symplectic defect or symplectic multiplicity of f.
Note that, for n = 1, we have VI; = V}: any infinitesimal deformation is isotropic.

We define subspaces Os D Ry 2 Gy D f*Oqy, by
Rf = {@GOS |d€€05’f*(95n)}a
gf — {6 S OS | de € f*(Q%n)}u

where de is the exterior differential of the function e, Q) is the space of holomorphic
1-forms on (C?",0). Then we have algebraic formulae for symplectic invariants.

Theorem 3.2 ([25], r = 1). Let n > 2. Let f: (C",S) — (C?",0) be isotropic. If f is
a normalization of its image and the codimension of non-immersive locus codcX(f) > 2,
then

. Ry
—cod = d — 1
sp-cod( f) img 0, r+1,
diff-cod(f) = dimg &,
Gy
sd(f) = dimg 9y —r+1,
f*OQn

where r = #S.

Proof: We refer to the proof of Theorem 2.1 in the case n = 1. Each isotropic vector field
v € VI has the unique generating function h € Ry Jg such that dh = v*. If we denote
by VI} is the space of isotropic vector fields with zero generating function, we have the
exact sequence

0= VI = VI —RyNJs — 0,

which induces the exact sequence

[/
N2/ VI, L Rends

fVs)  fuVs)+ (VHon)o f  f*may
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Since the singular locus of f is of codimension > 2, we have VI } = f«(Vs). Thus we see
that

VI ~ RN Js
fo(Vs) +(VHy) o f — frmagy
We claim that ReO1 ] R
di L5 g LA
Img f*m2n Img f* O, r—+

In fact, we consider the linear map Ry — K" = {S — K} defined by h — h|g, and the
induced exact sequence
O%RfﬂJSﬁRfHKTHO.

The last sequence induces the exact sequence
RN Js . R
f*m2n f* OZn
where K" /K is the quotient by the diagonal translations.
An isotropic vector field v along f belongs to (Va,o f)NV Iy if and only if its generating

function belongs to Gy N Jg. Furthermore any element of Gf N Jg is a generating function
of (Van o f) N V1. Therefore we have

0—

—-K/K=2K™ -0,

VI RN Js
[i(Vs) + (Voo f)NVI; — GpNJs

Moreover we see that the inclusion Ry N Jg — Ry induces an isomorphism

Rf NJg ~ Rf
GinJds Gy
Thus we have the remaining equalities. a

Since Ry, Gy are defined independently of the symplectic structure, we have:

Corollary 3.3 Forisotropic map-germs f : (K", S) — (K?",0), sp-cod(f) and diff-cod(f)
are differential invariants. Namely, if f, f' are diffeomorphic, then sp-cod(f) = sp-cod(f’)
and diff-cod(f) = diff-cod(f").

4 Symplectic codimension and double points

We recall the Artin-Nagata formula (Mumford’s formula) [5]: For an A-finite map-germ
f:X =(C",5) =Y = (C™0), the number of double points is given by §(f) = 1 dimce,
where € = Ker(Oxy, x — Ox) is the kernel of the induced morphism from the diagonal
map X — X xy X to the fiber product of f. For a map-germ f : (C",0) — (C**,0), we
have as in [14]:

<J,’1 — .i‘l, ey — jn>02n

(fi(x) = fi(@), ., fon(2) = fon(E))0r,
9




Also we have 6(f) = 3 dimc Ox ®y+0, (Ox/f*Oy).
For n > 2, the inequality A.-cod(f) < §(f) —r + 1 does not hold in general.

Example 4.1 ([5]): Let f : (C*S) — (C*0) be an immersion whose image consists
of three planes intersecting transversely to each other at 0 € C*. Then A.-cod(f) = 2,
5<f>:37 #S:T:?),

Originally, the above Mumford example is for §(f) # dimc O,/ f*(Os,). In fact,
dimc O,/ f*(Oa,) = 4 for that example.

On the other hand, Gaffney [14] showed the following: For an .A-finite map-germ
f:(C"0) — (C,0),

[ Segre2n<fl(x) - fl(‘%)7 s ,an(x) - f2n(j)>(92n
—Whitney(m o f : (C",0) — (C*~10)) ],

N | —

o(f) =

half of [the Segre number of the ideal defining the double points in Os, = Ocnxcr minus
the number of Whitney umbrellas of a generic projection w : C* — C?"~! composed with

fl.

Now we consider symplectic-isotropic singularities: If an isotropic map-germ f :
(C",S) — (C?",0) is of corank one and is stable among isotropic perturbations un-
der symplectomorphisms, then f is symplectomorphic to an open umbrella, which can be
explicitly represented as a polynomial normal form, and projects to the Whitney umbrella
[21]. Note that, though the result was stated in the real C* case, even in the holomorphic
and local case, similar results follow.

If an isotropic map-germ f : (C™,S) — (C?",0) is of corank < 1 and sp-cod(f) < oo,
then f can be perturbed to a symplectically stable isotropic mapping f whose singu-
larities consist of “open umbrellas” (singularities of codimension 2) and transverse self-
intersection points (double points). The number of transverse self-intersection points of
the perturbation f does not depend on symplectically stable perturbations. It is called
the number of isotropic double points of f and denoted by d; = d;(f).

We set

B.={r € C*"||z| < e}

Then we have

Proposition 4.2 Let f: (C", S) — (C?*,0) be a multi-germ of an isotropic mapping of
corank < 1 and sp-cod(f) < oco. Then a representative f : f~1(B.) — C?" can be per-
turbed to a symplectically stable isotropic mapping f : f’l(BE) — C?" whose singularities
consist of open umbrellas and transverse double points. The number of double points is
independent of the perturbation, provided € > 0 is sufficiently small.

We need to show the following to get an algebraic formula for the number of double
points after isotropic stable perturbations.

10



Lemma 4.3 Let f: (C",S) — (C?",0) be a multi-germ of an isotropic mapping. If f is
of corank < 1 and the isotropic codimension sp-cod(f) < oo, then f is a finite mapping,
and the sheaf f.R/Oay is a coherent Oy, -module.

Proof: Suppose f is isotropic and sp-cod(f) = dime VI /[f(Vs) +V Hay 0 f] < 0o. Then
dimc Rf/f*OQn = dlmc(Rf N Js)/(f*mgn) -7+ 1

is finite dimensional over C. Note that the above equality was used in the proof of
Theorem 3.2, but it holds under the assumption that f is isotropic. Thus we deduce
that Ry is a finite Oy,-module. Moreover suppose that f is of corank < 1. Then we
see that f is a finite mapping (see the proof of Proposition 2.3 of [21] and Remark 2.3
of [19]). Now consider the de Rham complex (2, d) of holomorphic differential forms on
(C™, S) defined by the exterior differential d, and the differential ideal Z generated by the
exterior differentials of components of f. Then the induced complex (£2/Z, d) is a coherent
O,-module. Then, by the finite coherence theorem (see for instance [17]), (f.(©2/Z),d) is
a coherent Oy,-module. Thus the 0-th cohomology f.R; is also a coherent Oy,-module.
(see Proposition 1.1 of [20]). Therefore f,Rf/Os, is a coherent Oy,-module as required.
O

Example 4.4 Let f: (K", S) — (K?*,0), S be a set of transverse double points, #S5 =
r = 2. Then dimg Rs/f*Oa, = 1.

Example 4.5 (open umbrella): An isotropic map-germ f : (K2, 0) — (K%, 0) is called
an open umbrella if f is symplectomorphic to fo, := (1, %9, p1,p2) = (1%, u, ut, %t?’) :
(K2,0) — (K*,0). It is of corank one, its singular locus is of codimension 2. Moreover we
have A.-cod(f) =1, 6(f) = 1. The open umbrella is symplectically stable under isotropic
deformations. Therefore we have diff-cod(f) = sp-cod(f) = 0 and §;(f) = 0.

Theorem 4.6 For an isotropic map-germ f : (C",S) — (C**,0) of corank one and with
sp-cod(f) < oo, we have

Ry

dimc
Therefore we have

diff-cod(f) < sp-cod(f) > 0;(f) —r+ 1.

Proof: For a stable isotropic perturbation f of f, the support of the sheaf f*Rf/ Os, is

the set of double points of f(f “'B.) = V. Therefore § 1(f) is obtained as the sum of the
dimensions of f*Rf/Ogn at the double points. Let F': (C"x C, (S5,0)) — (C*"xC, (0,0)),
F(z,t) = (fi(x),t), fo = f, be an isotropic unfolding of f which induces a stable isotropic
perturbation. We denote by Dpg the closure of the locus of double points of F'. Denote
by m : Dp — C the projection to the parameter space C. Then 7 is a finite mapping.

11



Moreover the stalk F.Rp/Oa,41 at a point (y,t) € C*"* is C-isomorphic to (f;)«Ry,/Oa,
at y € C?". Therefore §;(f) is obtained as the sum of the dimensions of F,Rpr/Oa, 1 on
77 Y(t) C Dp for t # 0. Thus we have

dimc Rf/f*OQn dlmc Ty (F*RF/OgnJrl)o
dimC T s (F*RF/O2n+1)t

Zyerl(t) dime (FyRr/O2n41) = 01(f).

v

O
Again we remark that, in the inequality sp-cod(f) > d;(f) — r + 1, equality holds in
the case n = 1, but not in general for n > 2. Therefore, setting

i(f) = sp-cod(f) = (0:(f) —r +1),

it is natural to ask for the interpretation of i(f) in symplectic terms. We remark that the
numbers §(f) —r + 1 and 0;(f) — r + 1 have a clear topological meaning.

Proposition 4.7 For A-finite f : (C",S) — (C?*",0), the disentanglement (the image of
a stable perturbation) is homotopically equivalent to the bouquet of 6(f)—r+1 circles. For
an isotropic f : (C",S) — (C?",0) of corank < 1 with sp-cod(f) < oo the isotropic disen-
tanglement (the image of an isotropically stable perturbation) is homotopically equivalent
to the bouquet of d;(f) —r+ 1 circles.

Proof: The image of each 2n-ball of f~'B. has, as a deformation retract, a finite tree
with vertices which are double points of f. Thus the perturbed image is homotopically
equivalent to a compact 1-dimensional complex. Therefore f ( f‘lBe) is homotopically
equivalent to \/™ S* for some m. Moreover we have

X(f(fIB)) =rx(D*n) =6 =r — 0.

Hence y =1 —m. Thus we have m =6 — r + 1. a

5 Symplectic invariants of surfaces

First we observe

Lemma 5.1 For an isotropic map-germ f : (C?,S) — (C%,0), sp-cod(f) < oo if and
only if Ae-cod(f) < oo.

For an isotropic f : (C?,5) — (C* 0), we can define “the number of open umbrellas”
ur = uy(f), in addition to d; = d;(f). Then the sum of the number of open umbrellas
ur(f) and the number of isotropic double points §;(f) is equal to the number of double

points §(f):
Or(f) +ur(f) = o(f),

because 6 = 1 for each open umbrella. Moreover, by the isotropic nature of f, we have
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Lemma 5.2 Let f : (C%S) — (C*0) be an isotropic map-germ of corank < 1. Here
corank(f) = maxgeg coranky(f). Then,

ur(f) = Whitney(m o f),
the number of Whitney umbrellas of a generic projection  : C* — C?® composed with f.

Proof: Suppose f is of corank 1 at si,..., s, and is immersive at s,..,1,...,s,. Let ¢; =
f(T,,C?) C TyC* 1 < i < 1’'. Take the skew-orthogonal ¢;- = {v € T,C* | w(v, ;) = 0}
to ¢;, which is of dimension 3. Then take any line ¢ C T,C* such that

((yU--- ULl Ullyy U---UIL) N L= {0},

where II; = f, (TSjC2), and take the projection along ¢ as a generic projection. Then, for
any isotropic perturbation f, the tangent space f,(T,C?),p € (C?,S). does not contain
¢. In fact, f*(TpCQ) contains a line ¢ (# () near fy,..., 0., 1yq,...1I,. Moreover
(¢ () If £ C f(T,C?), then w(f, (") # 0. This leads to a contradiction, since f is
isotropic. Therefore any singular point of 7 o f comes from a singular point of f. Thus

the number of Whitney umbrellas of 7o f is equal to the number of open umbrellas of f.
O

Therefore we have, by Gaffney’s formula,

Proposition 5.3 For an isotropic map-germ f : (C?,0) — (C*,0) with sp-cod(f) < oo,
we have
Segre, = 27 + 3u;.

Proof: By Gaffney’s formula 26 = Segre, —Whitney(mo f). We have shown that § = d;4u;
and u; = Whitney(r o f). Therefore we have

Segre, = 20 + Whitney(w o f) = 2(6; + uy) + uy = 26; + 3uy.

O
Example 5.4 (open umbrella): For the isotropic map-germ
2 2 3 2 4
fou = (x1;$27p17p2) =\t y W, Utv gt : (C 70) - (C 70>
Rr=Gr = f*Oy sp-cod(fou) =0, 8d(fou) =0, =0, uy =1, § =1, Segre, = 3.
Example 5.5 (multiple open umbrella) For the isotropic map-germ
ot u) == (8%, u, t* £u?t, qut): (C?,0) — (C*0). Ry 2 Gy = [*Oop; sp-cod(fL,,) =
1, Sd( £ )=0,6=1u = 2 0 = 3, Segre, = 8. There is no difference between “diff”
and ‘symp”.
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Example 5.6 Consider the family f, : (C%,0) — (C%,0)
2 5 3 9, 25 4 3
Ialu,t) == | 7, u, ©° +ut® + Au't, gt Jrg)\Ut = (21, 72,1, P2)-

Then f is isotropic. The mapping f) has an isolated singularity at 0 if and only if \ # 0,
and then sp-cod(f\) = 2. Suppose moreover \ # 0, %. Then we have sp-cod(fy) =
2, diff-cod(fy) = 1 and dimc Gy, 2 f1"Oy = 1 = sd(fn) = 1. We see that f) is
trivial under diffeomorphisms and not trivial under symplectomorphisms: A\ gives the
“symplectic moduli” Ry, 2 Gy, 2 f1"O4. Thus, in symplectic codimension 2, a difference
between “diff” and “symp” appears. Note that f) is quasi-homogeneous and we have
5[ = Q,UI = 2,5 = 4, Segre4 = 10.

An algebraic formula for the number u; of open umbrellas is known:

Lemma 5.7 [23] For f: (C?,5) — (C*,0), we have

where Jy is the ideal generated by the 2-minors of the Jacobi matriz of f.
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