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Lagrange-Burmann series

>From: edwa...Q@sunrise.Stanford.EDU (Larry Edwards)
>Date: 7 Nov 91 00:13:58 GMT

>0Organization: Stanford University

>Is there any general method for finding the inverse
>of a taylor series?

>That is given some arbitrary taylor series
>(assuming it does have an inverse)

>is there some way of constructing the taylor series
>of its inverse.
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(...) VWhat the guy wanted was something like
the Burmann-Lagrange formula.

On page 150|1 of Louis Comtet ¢Advanced
Combinatorics’

Reidel 1974

one will find the required formulas.

J.W. Nienhuys,

Research Group Discrete Mathematics

Dept. of Mathematics and Computing Science
Eindhoven University of Technology

P.0. BOX 513, 5600 MB Eindhoven

The Netherlands
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Inverting a local univalent analytic map y = f(x), taking at x = xp
a value yp.

F(F (1)) = F(o) + Z . [(X_X(’) FOG0)] e

yo X=Xo
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Inverting a local univalent analytic map y = f(x), taking at x = xp
a value yp.

F(F (1)) = F(o) + Z . [(X_X(’) FOG0)] e

yo X=Xo

In particular, for F(x) = x one gets the inverse series

O Y (E SNy

X=Xg
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Is it a simple formula?

@ Optical illusion caused by misuse of the symbol [ - |x=x,-
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Is it a simple formula?

@ Optical illusion caused by misuse of the symbol [ - |x=x,-
o After differentiating one gets expressions not defined at xp.

e.g. for n=2.

() e -

o[ x=x ] ) =y — (x=x)fM(x) | (1) (x
o[ e ] [ ] F ()
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Is it a simple formula?

@ Optical illusion caused by misuse of the symbol [ - |x=x,-

o After differentiating one gets expressions not defined at xp.

@ One can't substitute x = xg. An additional passage to the
limit necessary.

() e -

o[ x=x ] ) =y — (x=x) W) | (1 (x
o[ e ] [ ] F ()

e.g. for n=2.
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Using the Taylor expansion

F(x) = f(x0) + F (x0) (x — x0) + %f(z)(Xo)(X —x0)? + o(|x — x0l?),
(1)
F(x) = F(x0) + £ (x0)(x = x0) + o(|x = x0l), (2)
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Using the Taylor expansion

F(x) = f(x0) + F (x0) (x — x0) + %f(z)(Xo)(X —x0)? + o(|x — x0l?),

(1)
FW(x) = fBD(x0) + F(x0)(x — x0) + o(|x — xol), (2)
one gets
im ) —y0— (x —x)fN(x) _ 1P (x) (3)
X=x0 (f(x) = y0)? 2 (M (x0)?’
im [X) —y0— (x =x0)fM(x0) _ 1 fP(x) ()
X=X (f(x) = y0)? 2 fW(x0)?"

@ This shows that the substitution x = xg makes no sense.

@ Derivatives of higher order appear in effect of passing to the
limit
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@ The larger n is the more complicated expression one gets,
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@ The larger n is the more complicated expression one gets,
@ a compact formula is hard to imagine.

In fact, the problem reduces to division of power series:
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@ The larger n is the more complicated expression one gets,
@ a compact formula is hard to imagine.

In fact, the problem reduces to division of power series:
one has to find the Taylor expansion
(equivalently: sequence of derivatives at xp) of the function

g(x) = ﬁ analytic at xp.
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@ The larger n is the more complicated expression one gets,
@ a compact formula is hard to imagine.
In fact, the problem reduces to division of power series:

one has to find the Taylor expansion
(equivalently: sequence of derivatives at xp) of the function

g(x) = f);sioyo analytic at xp.
The probﬁem of division of power series was solved by Wronski in

1811, we will show the formula at the end of the talk.
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@ The larger n is the more complicated expression one gets,
@ a compact formula is hard to imagine.

In fact, the problem reduces to division of power series:

one has to find the Taylor expansion

(equivalently: sequence of derivatives at xp) of the function

g(x) = f);sioyo analytic at xp.

The probﬁem of division of power series was solved by Wronski in
1811, we will show the formula at the end of the talk.

Using only derivatives one gets

X — X0

gx) = (x) — o
iy 09—y~ (=) ()
e () -w?
o = 2O 0 (=) ()~ () o)~

(f(x) = »0)?
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Taylor's expansion allows to compute every particular derivative of

g at xp
1
g(x) = W(XO)v
_1£(2
1 _ 2
gM(x) = W(Xo)a
1M fB) 4 1£(2)2
g(z)(XO) = : £(1)3 2 (%0),
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Taylor's expansion allows to compute every particular derivative of

g at xp
1
g(x) = W(XO)v
_1£(2
1 _ 2
gM(x) = W(Xo)a
1M fB) 4 1£(2)2
g(z)(XO) = : £(1)3 2 (%0),

but it is hard to see from that a general formula in terms of
derivatives of f at xp.
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We can observe that well known 1-cocycles on the group of
diffeomorphisms appear

o the affine cocycle

228 o) = Ty 00) )

@ and the projective one (the Schwartz derivative)

—3g( F)FB3) _ %f(2)2
(x0) =
F(1)2

(x0); (6)
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We can observe that well known 1-cocycles on the group of
diffeomorphisms appear

o the affine cocycle

228 o) = Ty 00) )

@ and the projective one (the Schwartz derivative)

—3g( F)FB3) _ %f(2)2

XO) = F(1)2 (X0)7 (6)

but this relation reflecting geometry of higher jets is still not well
understood.
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To obtain algebraic formula equivalent to that of

Lagrange-Bilirmann we first express it algebraically by derivatives of
X—Xo
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To obtain algebraic formula equivalent to that of
Lagrange-Bilirmann we first express it algebraically by derivatives of
g(x) = ﬁ at xp.

We need the following numbers

Definition

For every natural number m > 0 and a sequence (i1, i2, /3. ..) of
integers almost all equal to zero we define numbers a,(1 bis. by the
following reccurence
(m) o~ . .o :
i ip.is.. = 0, if at least one among the indices (i1,i2,03...) s

negative or iy + 2ip + 3i3... # m, and

(0) _
90,0,0,... 1, (7)
(m+1) (m) §
A in,izyes — D=1, Tt Ik+1)a'1, sik—1s0k+Lsik41—1sik2,-- (8)
k>1
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Immediate: a(m) =1 for all m.
m,0,0,...
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(m)

Immediate: a,,§, =1 forall m.
Next five nonzero groups of terms in this reccurence

(5)

@ a? (;,000...
4
) a?,g,o,o,. =1 a%%,ooo“.
3

NG a300,.. =1L, 921,00,. — 9 91.2,0,0,0, ...

2 —q 2,0,.. = 5 23 _ 2@ —3 20
1,.. SN C) %1)0 =93 ((),%,070,.. =9, %%,100...

0,1,.. — L 3 _ _

2,01, =1L, 3%,(;,1,0,. =4 3? %,100
20,00,1,. = L 91,0,0,1,0,...

50
0,0,0,0,1,...
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(m)

Immediate: a,,§, =1 forall m.
Next five nonzero groups of terms in this reccurence

(5)
@ a? (;,0 ,0,0,...
4
) a?,g,o,o,. =1 a%%,ooo“.
" e a?,t;,o, =1 3%,%,0,0,.. =0, 3% g,oo 0,...
e 2?07 ) 3 J— J—
a’. =1 @) 11,0,. = 30.2,00,.. = 3 420,1,0,0,...
d,1,. b ( -1 (4) _ (5)
90,0,1,... — 1 3%,(;,1,0,. =4 3? %,100
20,00,1,. = L 91,0,0,1,0,...
5)
0,0,0,0,1,...
Solution in a compact form (Faa di Bruno (1825-1888)),
|
(m) _ m:
ail’i27i3"' - /1|/2|/3 1|’12|’23|’3 : (9)
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They appear in the higher chain rule of Faa di Bruno

m

(hog)™ =3 (Wog). > a7, [T (0

k=0 iy +2ip+3i3+...=m, r>1
i+i+iz+...=k

where for i, = 0 we put g := 1 and summation is restricted to
ir > 0.
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Iterating the Leibniz rule in the higher chain rule with h(z) := i—?
in the Lagrange-Biirmann formula we get

e
n:

(11)
n—1

- Z ot i ﬂ Z H (n—m)
- m=0 m (n — k)' /1,12713, g .

i1 +2ip+3i3+...=m, r>1
i1+i2+f3+...:k

Tomasz Maszczyk
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Iterating the Leibniz rule and applying the higher chain rule to the
composition Ho G of H(z) := " and

G(x) = f(;)__XOyO = fW(x) + %f(z)(xo)(x —x0) + %f(3)(x0)(x — x0)? +
(12)

in the Lagrange-Bilirmann formula we get
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F(f'(y)) = F(xo) "
o . Frt N
+nz::1n![ (”;1>;<k+2—1>§m’k.,_-(nm)](x°)<;;1)_(

where

~ " ’yr ir
Tmpe = (1)Kl Y a,(l,,-l,;3,...H<r+1) B

iy +2ip+3i3+...=m, r>1
i1+i+i3+...=k

F(r+1)
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Intriguing cancellations

@ Really a mess because of the double summation in the square
bracket with binomial coefficients.
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Intriguing cancellations

@ Really a mess because of the double summation in the square
bracket with binomial coefficients.

@ But, surprisingly, computing succeeding terms of the
expansion one can see that all binomial coefficients cancel.
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Intriguing cancellations

@ Really a mess because of the double summation in the square
bracket with binomial coefficients.

@ But, surprisingly, computing succeeding terms of the
expansion one can see that all binomial coefficients cancel.

@ We are to show that Wronski's formula, free of these
redundant coefficients, explains this cancellation.
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Wronski's solution

Wronski considers expansions
[o.¢]
F(x) = F(x0) + Y _ cnFa(),
n=1

where
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Wronski's solution

Wronski considers expansions

F(x) = F(x0) + Y _ cnFa(),
n=1

where

Folx) = 2(F() = 30)", £(0) = yo.

The Biirmann-Lagrange formula, at least on the formal level, is an
easy consequence of the fact that functionals L,, where

Lo(F) = K X = X0 >nF(1)(X)} " (16)

f(x) = yo X=x0
satisfy

Lm(Fn) - 5m,n~ (17)
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Not a real solution.
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Not a real solution.
To get an effective formula Wronski uses “loi supréme”

1 1
/:1( ) L. /:r(li)1 F(1)
(n) ") ()
oo R F
Ch = I 1 1 (x0) (18)
AR, A
Fl(n) . Frsz)l F,S”)
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n

Using the higher chain rule for h(z) := (z;{o)

the identity

, &(x) = f(x), and

(Sihe-mn)  =bu

Z=Y0

one gets

FP00)= > &, TIf%0).  (19)

i) +2ip+3i3+...=m, r>1
i+itiz+...=k
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Using the higher chain rule for h(z) := (z?!/o)", g(x) := f(x), and
the identity

(Sihe-mn)  =bu

z=yp
one gets
AP0 = Y am, T 700 (19)
i) +2ip+3i3+...=m, r>1
i+itiz+...=k
in particular
FiM(x) =0, dlak>m, (20)
S (x0) = FI™(x). (21)
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Substituting to Wronski's formula we get

1 1
Fl( )L ngl F(1)
/:1(”) . F(ﬁ)l F(n)
Ch = f(l)n(an:l) (XO)a (22)

where in first n — 1 columns of the determinant we substitute (19).
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Using quantities (15), as we did for the Biirmann-Lagrange
formula, it can be simplified as follows

1 0 --- 0 F)
o 1 7271 1 -
_ ) Y
F(f 1( XO) Zil : 0 F(n=2) (XO) (f(
=1 .
: ' 1 F0-1)
Yl ot Yl F(n)

(23)
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Using quantities (15), as we did for the Biirmann-Lagrange
formula, it can be simplified as follows

1 0 --- 0 F)
© 4 72,1 1
_ ) Y
F(f1(y)) = F(x0) + Zﬁ Co o0 F2) | (xo) <f(
=1 .
: ' 1 F0-1)
Yl ot Yl F(n)
(23)

where

Ymp= A T (24)

i1 +2ip+3i34...=m, r>1
i+i+i3+...=k

Tomasz Maszczyk Wronski's “loi supréme” versus the Lagrange-Biirmann formula



masz Maszczyk n formula



e.g.

72,1
73,1
V4,1
75,1

71,
72,
73,
Y4,

Y2 = 371,
Va2 = 37+ 47, Va3 = 671,
Y52 = 10m172+57v3, 53 = 159% + 1072,

Tomasz Maszczyk
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hence

1 0o F®
F1) XO <y—yo>2+1 W1 Fe (XO)<y—yo)
F(2) f(D(xg) 6 3y FO £ (x0)
1 0 0 F®
1 m 1 0 F® (o) (220
24| v2 3y 1 FO Y FD(x)
Y3 37% + 4y, 671 F (4)
1 0 0 0 FO
" 1 0 0 F® B
v 37 1 0 F® |(x) (L2
2 4) ) (x0)
v3 372+ 4y 671 1 F
Y4 107172 +5y3 1592 + 107 10y F©®)

Tomasz Maszczyk
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In particular, for F(x) = x we get

Y1 1 0 .- 0

S L : )
f_l(Y):Xo-FZ_;(ln)! : 0 (XO)(;EI)()};

7n,1 PPN NN NN Pyn’n_l
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In particular, for F(x) = x we get

Y1 1 0 .- 0
Z10 oy — (-1 - Y=y
: : 1
fyn’l o« o o “ e o« e "yn’n_l
i.e.
) s X0 L (Y ?
FD(xo) 2 \FD(x)
1 0
1ilm 1 y=w\ 1M
1 (%) ( L S (AT
6 3 F(1) 24
2oen (xo) 3 3V 44y 6y 1
Y1 1 0 0 5
i Y2 3’)/1 1 0 Yy —X
120 | s 372 + 4y, 671 | (o) FD(x0) +
Y4 107172 + 573 1592 +1072 107
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@ Note the systematic way in which the coefficients arise: all the
determinants are obtained by truncating the same matrix.
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@ Note the systematic way in which the coefficients arise: all the
determinants are obtained by truncating the same matrix.
It appears as an iceberg emerging from the sea.
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Appendix |. Division of power series

Since multiplication of power series is simple (according to
Cauchy's rule) it is enough to invert the denominator. One can
assume that it doesn’t vanish at xo = 0.

Wronski's formula (1811)

1
=sot+six+--+sx"+---, (25
a+aix+---+apx"+--- 0 " ’ ( )
0 0 ao al
n(n+1) 0 0 ai a
_(=1) >
Sn = n+1
9o
dp d1 -+ dp-2 dp-1
ay a» -+ ap—1 an
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Appendix Il. Zeros of analytic functions

In 1868 de Morgan used it to the following asymptotic formula for
the root of an analytic function ag + a;jx 4+ --- + apx” +---. If
that series has exactly one root x; of minimal absolute value and in
some disc around xp = 0 containing xj that series converges

. Sp—1
x1 = lim .
n—oo S,
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