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» Any pair of closed analytic subsets X, Y c C™ satisfies so-called tojasiewicz
regular separation property at any point of X nY:

v¥x%e X nY, 3c,v > 0 such that for some neighbourhood U of x% we have
p(x, X)+p(x,Y)2cp(x,XnY)" for xeU (1)

where p is the distance induced by the standard Hermitian norm on C”
(Lojasiewicz)

> IfxP¢int(XNnY), thenv>1

» X and Y satisfy (1) with a constant v > 1 if and only if there exist a
neighbourhood U’ of x° and a constant ¢’ > 0 such that

p(x,Y)2c'p(x,XnY) for xeUnX
(Lojasiewicz, Cygan—Tworzewski, Denkowski)

» Any exponent v satisfying (1) is called a regular separation exponent of X and
Y at x%. The infimum of such exponents is called the tojasiewicz exponent of X
and Y at x° and is denoted by £(X, Y;x?); it is a regular separation exponent
itself (Spodzieja).
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tojasiewicz exponent and hyperplane sections

Theorem Let X and Y be closed analytic subsets in C™ and x° € X n Y such
that £(X, Y;x%) > 1. Then for a general hyperplane Hp through x°:

L(X N Hy, Y nHy;x%) < £(X,Y;x°).

Proposition Let X be a closed analytic subset in C™ and x° € X. Then for a
general hyperplane Hy through x°, there exist ¢ > 0 and a neighbourhood U of x°
such that:

p(x, X nHp) <cp(x,X) forxelUn Hp.

Proof of the theorem We may assume x° = 0. If v is a regular separation
exponent for X and Y at 0, then v > £(X,Y;0) > 1, and for some ¢’ >0 we have:

p(x,Y) > c'p(x,XnY) for xeX near 0.
By the proposition, for a general Hy, there exists ¢ > 0 such that:
p(x, XN YnHy) <cp(x,XnY)” forxeHynear0.
Combining these relations gives
p(x, Y Hy) 2 p(x,Y)>c p(x,XnY) >(c[c) p(x, XY nHy)"”

for x € X n Hy near 0.



Proof of the proposition We work in a small neighbourhood of x° = 0

e P set of all hyperplanes of C™ through 0
e The distance between H, K ¢ P! is the angle

(M, K) = arccos (|{v, W)|/(|v| w])) € [0,7/2]

- v and w normal vectors to H and K respectively
- (-, —) standard Hermitian product on C”

» Consider the set X' := {(H,x) e P" 1 xC" |xe Hn X}. By a theorem of
Mostowski, in a neighbourhood of a generic (Hp,0), say in

U:={(H,x) eP" ' xC"| 4(Ho, H) < a and x| < b},

X is Lipschitz equisingular over P™1 x {0}, i.e., for any (H,0) e n (P x {0}),
there is a (germ of) Lipschitz homeomorphism

@: (B < C™,(H,0)) » (BP™' xC™, (H,0))

(with a Lipschitz inverse) such that po ¢ = p and p(X) = P! x (Hn X), where
p is the projection on the first factor.
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Actually, if h=(hy,...,hy-1) are coordinates in ™1 around Hy such that
hl(HO) — e = hm—l(HO) =0,

and if x = (x1,...,xn) are Cartesian coordinates in C”, then, locally near (Hp,0),
the standard “constant” vector fields 95, on P! x {0} can be lifted to Lipschitz

vector fields v; on P! x C™ such that the flows of v; preserve X'. So, v; is of the
form

vi(h,x) = On;(h,x) + Z wje(h, x) Ox, (h, x),
=1
so that v;(h,0) = 9y, (h,0) and there exists a constant ¢’ > 0 such that
|wje(h,x)| < c’|x| near 0

for all j, £.
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» %€ Hp; we want to prove p(y°, X n Hy) < cp(y°, X).
Let y! € X be one of the closest points to y° (i.e., p(y° X) = |y! - y°|), and
choose H; € P™! such that y' € H; and < (Hp, Hy) is as small as possible.

Lemma If (Hy,y') ¢U (i.e., if <(Ho, Hy) > a), then 32’ > 0 depending only on a
such that

=¥z a1y
In particular, since 0 € X n Hy, we have

p(y®, X 0 Ho) <|y° < (1/a")p(y°, X).

Proof We may assume Hy: xp, = 0, the orthogonal projection of y* onto Hy is
y?=(y#,0,...,0) and Hy: X, = gix1. Thus, if <(Ho, H1) > a, we must have

cosX(Ho, H1) =1/\/1+|qi]2<a; and |q1] > a.
We may always assume |y° — y!| < (1/10) |y”).

Thus,

y? =y <Iy' = y°1 < (1/10) [y°| and |y®-0| = |yj] > (9/10)[y°].
It follows that
ly® =y > Iyt = y? =il lyi] > a2 (9/10) |y°).



Now, assume (Hy,y) e, and let h' = (hi,
Consider

At _1) be the coordinates of H;
m-1
v(h,x) = - Z h} vi(h, x)
j=1
m-1 1 m m-1 1
=- Z h; O, (h,x) + Z ( - Z h; m,,(h,x))axé(h,x),
j=1 =1 j=1
and look at the integral curve v(t) = (h(t),x(t)) of v starting at (Hy,y!):
. m-1
hi(t) =-hi, X(t) == h w;(h,x),
j=1

hi(0) =hl,  x(0)=y;.
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o Flow of v; preserve X and vy(0) e X = (t) e X
o hi(t)=hi(1-t) = hj(1) =0 = x(1) € Ho
e The length L of the restriction of x(t) to [0, 1] satisfies:

m-1 m
L:= /;1|>'<(t)|dt§c1/01j; (|h}|-(;|m,e(7(t))|))dt

1
< bt [ Ix(6)]de < el 1x(0)] < caly® - x(0)
It follows that

p(y% X 1 Hp) <]y = x(1)] < |y® = x(0)| + x(0) = x(1)| < [y°® = x(0)| + L
<(1+c)ly® = x(0)| = (L+a) p(y°, X)
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tLojasiewicz exponent and order of tangency
X and Y analytic submanifolds of C™ of dimension p

» We say that the order of tangency between X and Y at x° is > k if there exist
parametrizations

q: (U, %) - (X,x%) and ¢":(U,u°) - (Y,x°),
(U open subset of CP) such that
q(u) = q'(u) = o(Ju - u”)
0

as u—>u

» The order of tangency between X and Y at x° is the supremum of such
integers k; it denoted by s(X, Y;x°).

Proposition Assume that s(X, Y;x%) is finite. If £(X,Y;x%) >1, then

s(X,Y;x%) < L(X,Y;x%) - 1.
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Proof Write s:=s(X,Y;x%), £:=L(X,Y;x°), and C™ = CP x CyP.

In a neighbourhood of x° = 0,
X: y=1f(x)

for some analytic function f = (f;,...,fn-p): (C£,0) - (CJ7P,0).
Similarly, Y: y = g(x); we may assume g = 0.

> s’ :=smallest integer k for which there exists a multi-index « with |a| = k
and D*(f - g)(0) £0

Thens=s"-1.
Each f; has the Taylor expansion
fi(x) = Fi(x) + o(|x|")
where F; is a homogeneous polynomial of degree r;. We may assume r; < r;, so
that r; = 5'.
Let m: C§ x CJ""P — Cf be the standard projection, and look at

m(XnY)={xeCE; f(x)=0}.

Lemma If a line L through 0 is not contained in the tangent cone C of
m(XNnY)at0, then p(x,7(XNY))~|x| for x € L.



So, if F1 #0 on L, then for any x € L:
RGN~ X = I and [fi(x)] < alx|" < alx|*
- px,m(XNnY))~|x| (by the lemma)
It follows that for any (x,y) e 71 (L) n X = {(x,y); xe L and y = f(x)}:
Cp((xoy), V) = [F()] ~ xS
- p((x,y), X Y) ~ x|
Now the tojasiewicz exponent L satisfies:
p((x,),Y) 2 cp((x,9), X n V)~ ie, |xI > c|x|”.

Sos' <L, and hence, s=s"-1<L-1.
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Using the theorem, we only obtain £ > s

» Suppose xp is an isolated point of X nY. Then 3¢’ > 0 such that:
p(x,Y) 2 p(x, X0 Y)* = |x=x%F for xeX near x°,

or equivalently, p(q(u), Y) > c’|q(u) — q(u°)|* for u near u°. Since q is locally
bi-Lipschitz, there is a constant ¢” > 0 such that

clg(u) = q(u®)|F > " |u-u®|* for u near u°.

Since s is the order of tangency,

0

% for u near u°.

p(q(u),Y) <lq(u) - q'(u)l < c"u-u
Combining these relations gives :

" u—u®* < p(q(u),Y) <" ju—-u®F for u near u°.
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» If dimX nY =n>0, then take n general hyperplanes Hi, ..., H, through x°,
so that
XnYnHin--nH,

is an isolated intersection. Write

s; = order of tangency

’ of XnHyn—nH;and YnHyn--nH;at x°

tojasiewicz exponent

Clearly, s < s1, and by induction, s; < s;y1. By the theorem £; > L;.1. So
altogether:
§<51 < <5, <Ly<Lp 1 << L.
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Thank you for your attention!
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