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Weightpattern
• Integral weights Ü Labellinqs of the Dynkindiagam
F- (re . . . ..tn)

with integers riez .

• The Weyl group W =L si. . . . . .sn ) acts on the weight r by
Tim -Ti and adding Ti to all Tj such that j is a node

adjacent to i .

• The fundamental weight Wi is defined by Tj = dij .
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Fundamentalpresentationsn
• Nodesin Dynkindiagram És Fundamental weights

• Fundamental weight wi → Fundamental representa tion Vlwi)

• Type Anz : Vlwi) = ÁC
"

for i. i. . . .in -1

• Type Dn : V (Wi) = Ni ¢" for i -- ti . - yn-2 t two half -spin

representativas Vlst) #-) •
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Exceptional types : later .
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Fix Q :C"" xd"- CI as before . Asubspace VEO
"

is isotropía if

Qlviw) foral v.WEV .
The isotropía Grassmannian is

IGln.ru/--fVeGrln,2n)/Visisotropic} .

The homogéneas Space 5012N
,

×

is One of the two

connecled Components of IGC" 2h) .

- Each of these
connected Components
is callad a variety→ 5012N.CH/p.,-.P/Vl5DorPlVl5D os leven , oddirspb
pure spinors .
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EYP projective B = upper - triangular matrices in Ghln,
e)
.

Sr ↳ GL (n , ¢ ) ( permuta tion matices.
Sdnubertvarieties-GLCmd-ffsnBWB.lu Glen, e)IB ,

Xw = BWBIB-arsttfz.at
Let Wp , = Csxd . The Schubert varieties

. in Gfp
,

are those

of the form Xw = 13¥? , where B is the Borel subegroup contained

inpx
.
W E W/Wpx

• The dimensión of Xw is the length otw .

• Each Schubert variety Xw contains an open cell Yw = Bwpxfp
,

such that XWIYW is a union of Schubert varieties of smaller

dimensión
.

• Schubert varieties are Cohen- Macaulay , normal .
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with canonical basis es . . . ., en .
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The assignment Crrlk , n) → IP ( N'

W 1-7 lwir . . - awu]

is a well - defined map called the Plmückerembeddmg .
For indices ii. → in

we denote by Pi . . . .in (W) the project on of 41W) to the

coordinante [ cien .
- - nein = 17

.

Exampten Fork = 2 , we have Pij = - Pji , heno the Plücker

coordinantes fit into a skau- symmetñc matrix P. Then Girl 2. n)

is the projective algebraic variety defined by an the Pfaffians
of the 4x4 Mirrors of P .



Example ( type Dn)

2h I

Pick the hyperbolic basis es , _ . . , en , G- , . . . , lñ of ¢ with

respect to Q, that is,

Q (arert - itanentaieit . - - tañen , besa . -
-tbnentbiq# - → bien) = i.%eaib.it ,naí bi

v N

Then the big open cell (Waid) in IG ( n , 2n) is spanned by
therows of matrices of the form ( INX ) where In is the nxn

identity matrix and Xisa skew -symmetric matrix



Example The big open Cell in Gr (3,6) is given by matrices of the

form :

EE
.

÷
.
÷:*:) Quinto

forall V , W rowc

° ④ with itSelf : Xi
, y
= O = X

#S
= X3,6

• ① with ② : X 2,4 t X e.s
= O

• ① with ③ Xz, y t Xe,6=0

• ② with ③ Xz,s t Xr, 6=0



→ GIR,↳ PCVWX)
• Plücker coordinantes are the Pfaffians of X of alt sizes . Tkey correspond
to subsets of { 1 . . . . .

n} of even cardinal ity .

• lf a- 2Mt 1 is odd , the 2mi 2m Pfaffians 01 X are the defining
cquations of the intersection oqsome Schubert variety with our Open

Cell .

• It is known that those Pfaffians span the generic Gorenstein ideal

with resolution of format ( 1in , ni 1) .



Example
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Let M = ( óoto ? - És " ¥0:) and Xitssuew-XI.6-X2.co
symmetric part .1- 2 3 I I I

Any given subset of { TI ,53 of cardinal ity 2 determines a

Uniqve skuu
- symmetric 2×2 minor of M and X .

The subsets { T , IJ , { Í , 53 and { I , -3 ] correspond to { TÚ ,
3} , {Ti 2,53 '

and { T , 2 , -33 , whose comesponding determinantes are the squares of the pfaffians

oftheappropriate 2×2 skew- symmetric minors .



ln general , Extrema Plücker coordina tes are labelled by elements
WEW)Wp .
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To parametrize the poset Wfwp , we start with the fundamental

weight Wi and act by simple reflections .



Miekepresentation

Def. A fundamental representation is minor if the Weyl group
acts trisitively on its set of weights .

• For Type An ,
all fundamental representations are minuswle .

• For type Dn ,
the minuscule representativo are the two half-

spin representativo .

Exampkoqnon-m.ws#represenkrtionG--SLl3
, e) , V = adjoint representativa

T = diagonal matrices

µ
- 1 2 Is I - 2g,

1 1 - I - I

↳
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• For type Es ,
then are two ( dual) minuswle representativas

01 dimensión 27
. They are determined by the welt known configuration

0127 lines on a cubic surface .

• For Type Ez , then is one minuscule rep : of dimensión 56

→ blow- up of seven points ingeneral position in Complex proj . plana .

• Then are no minuscule representa tions in Type Es .
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et G be of exceptional type and PEG a

standard maximal para bolic subgroup stabilising a minuscule

fundamental weight .
Then then exists an open subset UECYP

Such that for T e WEO#
a

and for re IEWEZ#z, the intersecan

Xr MU is One of the following
• complete intersection

• var
. of pure spinors

• variety of complexo ( minas (2 , 4) t ideal ( X. Y) ) (Herzog '

74
, kustin'

• Huneke- Ulrich ideal of deviation 2 ( PFLX) t ideal ( 4. X) (kustin '

86)
• 2×2 mirrors of a 2×3 '

generic matrix

• 4x4 Pfaffians ofa 6×6 skuu- symmetric matrix



Methodus
.

• We use descriptions of the minuscule representativas
by Vavilov

, Luzgarv & Pevzner

• Hands - on inspector assisted by Macaulay 2
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Image : Visual basic

representativas : anatas ( Dh , Wn)
(Plotkin , Semenov , Vavilov)


