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ABSTRACT. We study the spectrum of Lyapunov exponents of a family
of partially hyperbolic and topologically transitive local diffeomorphisms
that are step skew-products over a horseshoe map, continuing previous
investigations. These maps are genuinely non-hyperbolic and the central
Lyapunov spectrum contains negative and positive values. We show
that, besides one gap, this spectrum is complete. We also investigate
how Lyapunov regular points with corresponding (central) exponents are
distributed in phase space. The principal ingredients of our proofs are
minimality of the underlying iterated function system and shadowing-
like arguments.

CONTENTS
1. Introduction 2
1.1. Step skew-product family 3
1.2.  The underlying IFS )
1.3. Back to the step skew-product map 7
1.4. Ingredients and organization 8
2. Dynamics of the IFS 9
2.1.  Choice of fundamental domains 9
2.2. Forward expanding itineraries 9
2.3.  Admissible backward expanding itineraries 11
2.4.  Admissible backward contracting itineraries 12
3.  Minimality 13
3.1. Some preliminary results 13
3.2.  Minimality 16
4. Approximating exponents with periodic orbits 18
4.1. Distortion estimates 18
4.2. Positive spectrum 19
4.3. Negative spectrum 22

2000 Mathematics Subject Classification. 37D25, 37TE05, 37D30, 37C29, 28D99.

Key words and phrases. Lyapunov exponents, non-contracting iterated function sys-
tems, minimality, partial hyperbolicity, homoclinic class, spectral gap.

This paper was partially supported by CNPq (research grant and Projeto Universal),
Faperj CNE, Pronex (Brazil), and Balzan Research Project of J. Palis. The authors thank
the hospitality of IMPAN Warsaw, DMat PUC-Rio, and IM UFRJ Rio de Janeiro. MR
was supported by Polish KBN Grant No 2P0 3A 034 25.

1



2 L. J. DIAZ, K. GELFERT, AND M. RAMS

4.4. Summary 23
5. Approximating Lyapunov exponents 23
5.1. Positive forward spectrum 23
5.2. Negative forward spectrum 30
5.3. Positive backward spectrum 34
5.4. Negative backward spectrum 35
5.5. Measures with full support 36
Appendix 37
References 38

1. INTRODUCTION

Our work is motivated by recent studies [5, 6, 7] of a class of local dif-
feomorphisms having a topologically transitive set that possesses hyperbolic
periodic points that have unstable manifolds with different dimensions. Such
dynamical systems genuinely lack uniform hyperbolicity and present a num-
ber of interesting new phenomena such as, for example, a gap in the spec-
trum of Lyapunov exponents of ergodic measures even though that the sys-
tem shows a strong form of topological transitivity (it is a homoclinic class,
see below). This strongly contrasts with properties of uniformly hyperbolic
systems for which the spectrum of Lyapunov exponents form a closed inter-
val and Lyapunov regular points with a given fixed value are dense in the
hyperbolic set. Such properties are immediate consequences of the existence
of corresponding coexisting invariant Gibbs measures (each with correspond-
ing exponents) that are supported on the entire uniformly hyperbolic set.

Motivated by such results, in the present paper we give a full analysis
of orbital Lyapunov exponents. We show that the spectrum of exponents,
besides one gap, is complete and, given any exponent in the spectrum, the
corresponding Lyapunov regular points are densly distributed in space. This
is a first step in understanding finer properties of the spectrum and perhaps
its multifractal properties. Our results are based on an analysis of strong
forms of minimality of the underlying iterated function system (IFS), an
equidistribution of contracting and expanding periodic orbits, and shad-
owing arguments to explicitly construct orbits with given exponents. In
particular, we invoke some general distortion arguments that allow to con-
sider maps that are C' smooth only. We restrict our considerations to a
specific class of maps, however the tools apply certainly in a much general
setting. Observe that the principal ingredient is the existence of expanding
(contracting) itineraries (see Sections 2.2, 2.3) that implies a strong form
of minimality. The existence of such itineraries are related to blender-like
structure that naturally appears in several partially hyperbolic dynamical
systems [3].
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FIGURE 1. The maps fo, fi and f; ', fi .

The step skew-product structure enables us to restrict our attention to the
underlying IFS generated by two maps. This IFS is not genuinely contract-
ing, mixing contraction and expansion. Investigating random iterations of
general non-contracting IFS, fractal properties and, in particular, relations
between Lyapunov exponents, dimension, and entropy have been studied
recently (see, for example, [8, 9, 11]). Such approaches focus on properties
of measures that are stationary with respect to the IFS and are “essen-
tially” contracting. Here we focus on the orbital behavior of the IFS, see
Theorem 1.3.

1.1. Step skew-product family. We study the following class of maps.
Given C = [0,1]? and a diffeomorphism ® of R? having a horseshoe I' in
C that is conjugate to the full shift o: ¥ — 3o on the symbolic space
Y, & {0,1}%, let ai, i = 0,1, be naturally associated sub-cubes of C
given by the “first level” rectangle in I', these rectangles are the connected
components of ®1([0,1]2)N[0,1]2. Let C = [0,1]3 and C; = C; x [0,1] and
consider the map F: C — R3 defined by

F(X) = (@), fi(z) if X=(F,z)eC,. (1.1)

Here fo, f1: [0,1] — [0,1] be C! injective maps satisfying properties (F0),
(F1), (FO1), and (Fp) specified below, compare Figure 1. To complete the
definition of F in C we will consider some appropriate C'-continuation of
F such that F(int(C \ |J, C;)) N C = 0.

Let us briefly recall some dynamical properties of the local diffeomorphism
F obtained in [5], compare Figure 2. We focus on the dynamics of F' on the
locally maximal invariant set A in C

AZATNAY, where A E () FF(C).
€N
By an appropriate choice of the horseshoe, F'|, is partially hyperbolic with
central direction E¢ = {(0°,0%)} x R and in fact a special type of transitive
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FiGUurE 2. The dynamics in the cube C

set (called homoclinic class, see [3] for a discussion of the role of homo-
clinic classes in dynamics). Associated to the two fixed points 6y, 6, of the
horseshoe map ® there are two fixed points Py = (0p, 1), P1 = (01,p1) (with
contracting central direction) and one fixed point Qo = (6p,0) (with ex-
panding central direction) of the map F. The definition of F' implies that
the saddles Py and Qg are involved in a heterodimensional cycle, that is,
the stable manifold of Py meets the unstable one of Qg and the unstable
manifold of Py meets the stable one of Qg (see [5, Section 2] for all details).
In A coexist intermingled hyperbolic sets with different dimension of their
unstable manifolds that give rise to a plenitude of heterodimensional cycles
associated to periodic points in A. This is the underlying mechanism to pro-
duce a rich dynamics mixing hyperbolicity of different types. This system
also exhibits a very rich fibre structure. The topological properties of the
non-hyperbolic homoclinic class A are studied in detail in [5].
Let us now specify our conditions.

(F0) The map fy is increasing and has exactly two hyperbolic fixed points,
the point go = 0 (repelling) and the point pg = 1 (attracting). Let
B = f,(0) >1and A = fj(1) € (0,1). The derivative f{ is decreasing
in [0, 1] and satisfies

A1 -
Fi-p1
(F1) The map f is an affine orientation reversing contraction
fi(@) E v (1 - ),

where 1 > v > A. We denote by p; the attracting fixed point of fi.
Note that fi(1) = 0.

(FO1) There is ko > 1 such that
v > pR 5 gRo=2 5 2 (1.3)
(FB) We have fi(x) € (0,1) for all z € [y,1] = [f1(0), 1].

1. (1.2)
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Conditions (F0) and (F1) imply that the system of the fibre maps {fo, f1}
is of cycle type and mixes expanding and contracting behavior. Condi-
tion (FO1) will guarantee the existence of appropriate contracting back-
ward itineraries, and (Fp) the existence of appropriate expanding backward
itineraries that use blender-like arguments (see Sections 2.3 and 2.2, respec-
tively).

Remark 1.1. There are several ways to achieve the above four conditions
simultaneously. Note that for given A € (0,1) conditions (F0) and (F01) are
clearly satisfied if 5 > 1 is sufficiently close to 1 and if 7y is chosen accordingly
to satisfy (1.3). To guarantee (Fp) it suffices to assume that the contraction
constant v in (F1) also satisfies v € (fo(y), 1) where y € (0,1) is the largest
point with f}(y) = 1. Note that then (f;!)'(z) > 1 for all z € (fo(y), 1].

1.2. The underlying IFS. The step skew-product structure of F' allows
us to reduce the study of its dynamics to the study of the IFS generated
by the maps fo, fi. We use the following notation. Every sequence & =
(... 6 1.60€1...) € Ty is given by € = £~.¢1, where ¢t € £ & {0,110 and
£ ey = {0,1}7N. We denote by (£...&m-1)% the periodic sequence &
of period m such that & = &1, for all ¢ and always refer to the smallest
period of a sequence.

Given finite sequences (&y...&,) and (§_p, ... &—1), we let

def
f[ﬁo..‘.ﬁn} = f{n ©--0 f§1 © f§0 : [Oa 1] - [07 1]

and

Jlecmo €21 = (feyo...ofe )= (f[g_m...g_l])_l-
We also let

Flem 1o bn] = Fieontn] © Flembr )

Note that the maps fj¢_ . ¢, are in general only defined on a closed subin-
terval of [0,1]. A finite sequence (§_, ... ¢_1) is said to be admissible for
a point z if the map fi¢_ . ¢ ) is well-defined at z. A one-sided infinite
sequence (...£_26_1.) € X, is said to be admissible for x if ({_p, ... {1)
is admissible for x for all m > 1. Note that the admissibility of a sequence
¢ does not depend on the symbols (§p&; ...). A two-sided infinite sequence
E=1(...£-1.8& ...) € Xy is said to be admissible for x if (... 2&_1.) is
admissible for z. By writing (z,&) we always suppose that £ is admissible
for x.

We study the spectrum of Lyapunov exponents of the IFS generated by
the maps fo, fi. Given a point p € [0,1] and a one-sided sequence £ =
(€01 ...) € ¥F, the forward Lyapunov exponent of p with respect to &7 is
defined by

def

1
X+(p, €)= lim —log |(fig, ..¢,_.)) (P)]

whenever this limit exists. Given a one-sided sequence {~ = (...£_1.) € X5
that is admissible for p, then the backward Lyapunov exponent of p with
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respect to £ is defined by

.\ def .. 1
X—(p. & )dzfnlggojnlog |(fie o e11) ()|

whenever this limit exists. Otherwise we denote by x n and x4 the lower and
the upper Lyapunov exponents defined by taking the lower and the upper
limit, respectively. Clearly, x4+ (x—) does not depend on the backward (the
forward) completion of the sequence. The same observation applies to x n
and .. Given a two-sided sequence { € g we denote by x4(p,&) the
corresponding values, whenever it makes sense (whenever £ is admissible
and the limit exists). Given a periodic sequence (& ...&n_1)% and a fixed

point p = piey. ¢, )2 = flgon.em1](P(go... €0_1)2), We have

1
X£(P: (0 &m1)") = —log |(figy ...6,,-11) ()] (1.4)
The following result about the Lyapunov spectrum was shown in [5].

Proposition 1.2 (Spectral gap). Under assumptions (F0), (F1), (F01),
and (Fg) the IFS satisfies

log 5 sup x+(p, &) < log 8 = log f3(0),
where the supremum is taken over all points p € [0,1] and sequences £+ €

33,60 # (€. &0Y), k> 0.

By Proposition 1.2 the (forward) spectrum of Lyapunov exponents of the
IFS contains a gap and has an isolated point at log 5. Note that, given any
pair (0,&) such that £t does not eventually consist of only 0's, its forward
orbit contains a point in the interval (0, 1) and by Proposition 1.2 the upper
exponent of (0, ) is less than log 8. Otherwise, if £ does eventually consist
of only 0's then the Lyapunov exponent of (0, &) is either log 8 and or log .
Similarly, given (1,&) such that £T does not consist only of 0's then the
first forward iterate is of the form (0,¢’) and we are in the previous case
obtaining the exponent log 8. Otherwise, the exponent of (1,¢) is log A.

Here we continue with these studies and provide full details about the
(forward and backward) Lyapunov spectrum. In particular, we show that
there are no further gaps. The following are our main results.

Theorem 1.3 (Lyapunov spectrum of the IFS). Under assumptions (F0),
(F1), (F01), and (Fg) the IFS satisfies the following.
Forward spectrum:

(i) For every x € [0,log E] the set of points y for which there exists
¢ € 33 with x4+ (y,£7) = x is dense in [0, 1].
(ii) For every x € [log\,0] there exists €T € X35 with x4 (y,£7) = x for
every y € [0, 1].
Backward spectrum:
(iii) For every x € [0,log E] and for every y € (0,1) there exists {~ € X
with x—(y,§7) = x-
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(iv) For every x € [log,0] the set of points y for which there exists
£ € Xy with x—(y,&) = x is dense in [0, 1].

The proof of Theorem 1.3 will be split into several steps and will be given
in Section 5. The IFS that we study is genuinely non-contracting as it
contains orbits with negative and orbits with positive Lyapunov exponent.
Thus, a priori we do not have at hand shadowing properties classically
used in hyperbolic theory. Nevertheless, because of the presence of certain
expanding itineraries, we are able to establish a shadowing-like property to
find (periodic) orbits with desired positive Lyapunov exponents. Likewise,
we will proceed to find (periodic) orbits with desired negative exponents for
which we will make use of certain contracting itineraries.

Remark 1.4. It might not be obvious why we need to consider backward
Lyapunov exponents separately. After all, for any ergodic measure and
any integrable potential, the forward and backward Birkhoff averages are
the same, both equal to the integral of the potential with respect to the
measure. S0, one might assume that the forward and backward Lyapunov
spectra must be equal. This intuition would be, however, wrong, as the
example we give in the appendix shows.

1.3. Back to the step skew-product map. Due to the skew product
structure and our hypotheses, the D F-invariant splitting F*° & E° & E**
given by
B R x {(04,0)}, E°E{0°0")} xR, E“X{0°} xR x{0}
is dominated (if expansion/contraction of ® are strong enough) and for every
Lyapunov regular point R € A coincides with the Oseledec splitting provided
by the multiplicative ergodic theorem. In particular, the Lyapunov exponent
associated to the central direction E¢ at such a point R is well-defined and,
in fact, is the Birkhoff average of the continuous function R — log ||[dF|ge ||
(R) ™ Tim ~log |dF"|,. || = lim ~ glo 1dF . |

Xe " nooon & ERll ™ n3so n =0 & E;k(m '
Given a Lyapunov regular point R = (r*,r% r) € A and the sequence £ =
(...&-1.80&1 - ..) € X9 associated to the point (7%, 7") in the two-dimensional
horseshoe I', we have

Xe(R) = x(r,) = i~ log (fig, ., ,)) (")

(analogous for forward /backward upper/lower Lyapunov exponent). Finally
note that the remaining exponents are associated to the stable and the
unstable directions F*® and E““, respectively, and are uniformly bounded
away from zero. The following is an immediate consequence of Theorem 1.3.

Corollary 1.5 (Complete spectrum). We have
{Xe(R): R € A} = [log \,log 8] U {log 3}.
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Let us observe that as a consequence of our results and the methods for
constructing non-hyperbolic ergodic measures with large support introduced
in [10] and further developed in [1] we can prove the following result that
strengthens Corollary 1.5.

Proposition 1.6. For every x € (log A, logg) there is an ergodic measure
w with full support in A such that x.(u) = x.

As the proof closely follows the ideas in [10, 1] we only provide a sketch
of it, see Section 5.5.

1.4. Ingredients and organization. To prove the above results, we study
minimality of the IF'S. Recall that, given a metric space X, amap f: X — X
is minimal if each closed subset Y C X such that f(Y) C Y is either empty
or coincides with X. Similarly, an iterated function system {f;}; of maps
fi: X — X is said to be forward minimal if each closed set ¥ C X such
that f;(Y) C Y for all 7 is empty or coincides with X. Given a point = € X,
let
O+(x) = {f[fio-..nn](x): ne 2;,71 > 0}

be the set of all images of z. Note that an IFS {f;}; of maps f;: X — X is
forward minimal if and only if for every z € X the set O (z) is dense in X.

In principle, we can also study backward minimality of an IF'S studying
the inverse maps fi_l. In our setting, when considering a characterization
using dense backward orbits, we have to observe that not all backward con-
catenations are admissible. Let

O (z) ¥ {finen..m_r)(): n € X3 admissible for x and n > 1}

be the set of all preimages of x under the IFS. Note that in our case we have
O~ (1) = {1} and O~ (0) = {0, 1} and thus the IFS is not backward minimal
as defined above. However, these two points are the only exceptional points
as stated in the following proposition.

Proposition 1.7 (Forward and almost backward minimality). For every
z € [0,1] the set O (x) is dense in [0,1]. For every x € (0,1) the set O~ (x)
is dense in [0, 1].

The investigation of minimal sets for an IFS is closely related to the
investigation of minimal sets of Markov systems or pseudo Markov systems
which occur in codimension one foliations. We further point out iterated
function systems of maps over the circle and Duminy’s theorem (see [14]).

The paper is organized as follows. In Section 2 we study dynamic prop-
erties of the underlying IFS such as expanding and contracting itineraries.
In Section 3 we establish minimality of the IFS. In Section 4 we explicitly
construct periodic orbits of the IFS with given approximate Lyapunov ex-
ponents. In Section 5 we provide the proof of Theorem 1.3 and explicitly
construct forward/backward orbits of the IFS that have a given Lyapunov
exponent. To do this we will make use of a number of shadowing arguments.
We will also provide a sketch of Proposition 1.6.
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FIGURE 3. Choice of fundamental domains

2. DYNAMICS OF THE IFS

In this section we start to study dynamical properties of the IFS generated
by the maps fy and fi.

2.1. Choice of fundamental domains. For small ¢ > 0, consider the
fundamental domains of fj

Io(t) = [fo ' (1), 1] and L) = [1—t, fo(1—1)]
and define N(¢) > 1 and M(t) > 0 the smallest integers such that

O@e)y ci=61 and (£ 0 fro fYD) (1) € To(t).

Note that fy o fo' ) (Io(t)) € [0,71] C [0,#] and thus M(t) > 0.

Lemma 2.1. There are arbitrarily small t > 0 with fév(t) (Io(t)) = Li(t).

Proof. As t — fN7t) is continuous, f¥71(0) = 0, and fV7Y(1) = 1,
by the mean value theorem for any N there exists ¢ = t(N) such that
t+ fV1(t) = 1. Tt is not difficult to see that t(N) accumulates at 0 as N
increases. (]

In the following we will assume that ¢ is chosen as in Lemma 2.1 and is
sufficiently close to 0 (see Proof of Lemma 2.3). Fixing such ¢ > 0, in what
follows we write

N = N(t), M= M(t),
Io=[fy '), 8] = Io(t), Li=[1—t fo(l—1)] = f(Io) = L(t).

2.2. Forward expanding itineraries. One of the key ingredients in our
construction is the existence of so-called expanding itineraries (see Lemma 2.5
and [5, Section 3.2] for details). Roughly speaking, our IFS shows sufficient
expansion such that any non-trivial interval under some appropriate iterate
eventually covers an appropriate fundamental domain of fy. Let us now
show how this follows from our hypotheses.
Definition 2.2 (Expanded successor). Given a closed subinterval J of
fo H(Io) U Iy let

ot | N if J C Iy,

Ni(J) = !
N +1 otherwise.

The expanded successor of J is defined by f[0N+(J)10M(J)](:])7 where M (J) is
the smallest integer M with f[0N+(J)10M](<]) NIy # 0.
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The next lemma justifies the terminology “expanded successor”. Note
that for its proof we require that ¢ was chosen sufficiently small.

Lemma 2.3 (Uniform expansion for expanded successors). Let J be a closed
subinterval of fy ' (Io) U Iy. Then
o A2 1=
|(f[0N+(J)10M(J)})/(fE)| >xE Z1_p1 >1 foralzel. (2.1)

Recall that s > 1 follows from condition (1.2) in (FO0).

Proof. For simplicity, to avoid lengthy discussion involving approximations,
let us assume that fo is linear in [0, fo(¢)] and in [1 —¢, fo(1 —¢)] (indeed, as
t is small this hypothesis is “almost true”). Recall that A = fj(1) € (0,1)
and 5 = f}(0) > 1. We claim that

)\ -
Observe now that by the mean value theorem there is y € fo(lp) such that
(Y () = (o)) Ata—=x) A=)

0 | fo(1o)| pt(l—p=1)  pA-p1)
The monotonicity of fj and y € fo(Ip) imply that (fON)/(x) > (fév)/(y) for
all z € I U fy '(Ip) and hence (2.2).

Now observe that the definition of N4 (J) implies that fév +(J)(J ) C[1—
t,1 — A2¢]. Hence we have
(£ o fro 3t ) () € 3T o fu([1 =1 = 224]) € f (r A2 e ).
Define M~ and M as the smallest positive integers satisfying

BM™ N> 7 ¢ and BMTANZE> ¢ (2.4)

Note that M~ < M(J) < M™* and thus

MU > (By)~
Using (2.2) and recalling that N+(J) < N +1and M) > ()7, we get

for all x € Iy. (2.2)

(2.3)

‘(M(J o fio N+(J) (@) > . )\ 1—A :)\72 1—\ _
- 5 1-81 p1-p1 ’
for all € J C f5*(Io) U Ip. This ends the proof of the lemma. O

Using Lemma 2.3 and arguing as in [5, Lemma 3.5, we have the following.

Remark 2.4 (Forward expanding itineraries). Given a closed interval J C
fo (Io) U In, we choose numbers ¢(J),n(J) € N, an itinerary (& ... En())
consisting of «(J) concatenated loops of type (0"10™), n; € {N,N + 1}
and m; € {M~,...,M™"}, and intervals Jy;, i = 0,...,¢(J), according to
the following rules:

e Let Jigy =J, ng = N+(J<0>), and mg = M(J<0>).
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e The interval Ji1y = fiomo1gno] (J<0>) is the expanded successor of J ).
Note that Jiqy N Io # 0 and Jiqy C (0,1].

e Arguing mductlvely, assume that for all j € {l,...,i} we have al-
ready defined the interval Ji;y C fi (Io) U I Wlth Jjy Nlo # 0
and numbers n; = Ny (J(;) and mj = M(J;) such that Jijq1y =
fiomi 10m3)(J(j)) s the expanded successor of Ji;). By Lemma 2.3
these intervals satisfy |Jy; 1y > s [Ji;| > 2T J].

e There is a smallest number ¢ = «(J) with J; C fq Y(Iy) U Iy for
all i = 0,...,¢(J) such that J, ) = f[onLlomL](J ) = fico...€a)(J)
contains the fundamental domain f; ' (Ip).

e By construction, the numbers «(J) and n(.J) are bounded from above
by constants depending only on the length of J.

The above construction result in the following slightly stronger version.

Lemma 2.5 (Forward expanding covering itineraries). There is € > 0 such
that for any T > 0 there is ny. (1) > 1 with the following property: given any
interval J C fy ' (Io) U Iy of length |J| > 7, there is an itinerary (po - .. pn),
n < n4(7), of concatenated loops of type (0™10™:) such that

© Sipnpu) () cither contains [f52(8) —e. £ (0] or [£5*(0) £5 (5)+<],
i ‘(f[po...pn})/(ﬂé‘ﬂ > s forallx € J.

Moreover, if the sequence (py . ..pn) is a concatenation of v loops (0™10™%)
then in the last estimate the expansion is bounded by »".

Proof. It sufﬁces to observe that we can apply the steps in Remark 2.4 to the
interval J = fo (Io) obtaining an integer 7 and a sequence (7 ...75;) such
that the interval J @ = Tmo (J ) covers fy *(Ip) and has length at least

| fy M )| Hence, in partlcular there exists some universal number € > 0
such that J<~>, and thus fig, . ¢.no...ns) (J) With n = n(J) either contains the

interval [f; 2(t) — ¢, fo ' (t)] or the interval [f, 2(t), fy ' (t) + €. O

2.3. Admissible backward expanding itineraries. In this section we
prove that to suitable intervals in [0, 1] we can associate an admissible com-
position of the maps f; L and f1 ! that is uniformly expanding. Using con-
dition (Fg) we fix @ > 1 and v, < v = f1(0) such that (compare Figure 1)

1 <a<min{y ™, f(f ()},

(fyH(x) >a forall z € [y, 1]. (2.5)

The existence of expanding backward itineraries follows using an argu-
ment from [2] that is in the heart of the concept of a blender (see, for
example, [3, Chapter 6.2]).

Lemma 2.6 (Backward expanding iterates). For every T > 0 there is an
integer n_(T) > 0 with the following property: given any closed interval
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J C [0,1] of length |J| > T, there is an itinerary of the form

(En. b1) = (01 E pippa.. E1), n<n (1),
such that
o fior 12 (fie_ninran o1 ](D) N[ 7]) D [, 10,
o |(fie e 1])’( )| > o forall x € JN fie ¢ ([y+,7]) and all
j= 1

Proof. Given 7 > 0, let J C [0,1] be an interval of length |J| > 7. Let
us construct the itinerary (£_,...£_1.). First, assume that [v.,~] is not
contained in J. Then there are two cases: if J C [v«, 1] we let £_; = 0 and
if J C [0,7] we let &1 = 1. Now define recursively the first block in the
itinerary, let £ = 1 and apply either

i) if fie ,. ¢ ,1(J) C [, 1] then let &_ ;1) = 0 and increase £ by 1, or

i) if fie ,.. ¢ ,1(J) C[0,7] then let {_(y41) = 1 and increase £ by 1, or

iii) fie_,...e_11(J) D [7«, 7] then stop the recursion.

Recalling the definition of o in (2.5), in i) and ii) we have [(fie_, ¢, ) ()] >
o for every x € J and k = 1,..., ¢ and hence | fle poen] (J)] > af|J|. Thus
the recursion stops after finitely many times ¢ < (7loga)~!. Also observe

f[f_g§71](‘]) N [7*7’7] = [’Y*”Y]
In the remaining case J D [, 7] there is no first block (£_;...&_1.).

Note that 1 € f;%([v«,7]) and that the mterval [Y+,7] is a?-expanded

by f1_2. Let k be the first positive with f; (f1 2(74)) < 7s. Then by
construction,

Fo P2 ey e () N s YD) D I, 1.

Consider now the sequence (£_,...£1.) = (0F12¢_,...&_1.). Since by the
choice of v, the map f !is a-expanding on [y, 1], one has that for all z € .J
with fie_ ¢ ,1(z) € [v,7] and for all j =1,...,n it holds

((fie_ye 1)) (@) = o
This completes the proof of the lemma. 0

2.4. Admissible backward contracting itineraries. We now see that
the IFS also shows sufficient backward contraction.

Definition 2.7 (Contracted predecessor). Given a closed subinterval J of

I U fg([l), let
o | N if JC Iy,
N_(]) ¥ Roc (2.6)
N +1 otherwise,

where N is given in Section 2.1. The contracted predecessor of J is

where kg is defined in (1.3).
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The next lemma justifies the terminology “contracted predecessor”. Re-
call the constant s¢ defined in (2.1).

Lemma 2.8 (Uniform contraction for contracted predecessors). Let J be
a closed subinterval of Iy U fo(I1). Then the contracted predecessor of J is
contained in Iy U fo(I1) and we have

((fry v ik ) (@) < 227 <1 forallz € J.
10 ]

Proof. As in the proof of Lemma 2.3 let us assume linearity of fj close to 0
and 1. The definition of N_(J) implies that
fo MRy c BT R e g
and thus
_ —N_(J)—k 1o 1ok
(o fy Ty c =yt R -y pRe 2
Cll—t,1-Mt]=10LUf(h),

where the last inclusion follows from (1.3). The estimate on the derivative
is obtained exactly as in Lemma 2.3. U

3. MINIMALITY

3.1. Some preliminary results. The following lemma will be used to es-
tablish backward minimality (Proposition 1.7) and to construct approxi-
mating repelling periodic orbits (Lemma 4.4) and shadowing orbits (Propo-
sition 5.1 and Theorem 1.3 (i)).

Lemma 3.1. Given A > 0 and 7 > 0 sufficiently small, there are numbers
M =My(A,7)>1 and 6 = 61(A) > 0 such that for every p € (A, 1 — A)
and every interval J C (A,1—A) of length |J| > T there is a finite sequence
(Mo - -Mm), m < M, such that

Proof. The proof of the lemma is an almost immediate consequence of
Lemma 2.5 if p is to the right of the fundamental domain [y. However,
it does require more care if p is to the left. To deal with the general case,
we consider the coverings S* of [A,1 — A] defined below. First recall the
choice of ¢ in Section 2.1, let € > 0 be given by Lemma 2.5, and define

L2 (20— fo' 1), IFE (20, 1 (1) + o).
We will use the following result whose proof we postpone.

Claim. There are positive integers mi, mo,f and two finite sets of finite
sequences

Si dIEf {(0m1 101)7 (0m1+1 102)7 teey (0m2 102)7 i = 0’ o E}
such that

C* = { Sl () (0. m) € 57}
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form two coverings of [A,1 — A] by open intervals, respectively.

Let 6 % 6, (A) > 0 be a common Lebesgue number of the coverings C*.

Note that there are numbers jo, no, mo > 0 such that fj5 gno 10m0]([0, 1))
is contained in f; (Iy)UIy. Thus the same inclusion holds for any subinterval
of [0,1]. We fix such numbers and some small 7 > 0 and consider a closed
interval J C (A,1 — A) with |J| > 7 and a point p € (A,1 — A). By our
choice of numbers H = f{150 gno 1 gmo] (/) is contained in fo H(Io) U Iy and has
length at least some number 7/ > 0 that depends only on 7.

By Lemma 2.5, there exists an itinerary (pg...pn), whose length is uni-
formly bounded from above by some number depending only on 7/, such
that fi,, ..., (H) covers either I= or IF. By the choice of 4, the interval
[p—0/2,p+ /2] is contained in some member fi, -, (IF) of the coverings
C*. Hence concatenating with this itinerary (7o ...v:) we have that

[p - 6/271) + 5/2] - f[lj() 0m0 10™0 pg ... pn Y0 ’Yk}(J)

By construction, the length of (1700™ 10™° py ... pn o .. V&) is bounded
from above by some number M, (A, 7).
We now prove the claim. Choose m; > 1 large enough such that

fom)(IZ) € (1= A1) and  fiomi yy(I7) C (0,A).

Note that the set figmi 1 (IZ) may not cover a fundamental domain of fj.
However, since fi(1) = 0 and IZ contains a fundamental domain of fj, we
can choose a number my > my such that fi(figmi](12) U ... U fiome)(12))
does cover a fundamental domain of fj in (0, A) (note that two consecutive
iterates of I= by fo overlap). Indeed, the number of fundamental domains of
fo covered tends to infinity as mg tends to infinity. Hence, we can consider
£ > 1 and the finite set of finite sequences

S ={(0m10", (0™*'10%),...,(0m™10"), i=0,...0}
such that

C™ = {fro) ) (0o m) €57}

forms a covering of [A,1 — A] by open intervals. The construction of C*
is similar, possibly after increasing mgj,mo, . This proves the claim and
finishes the proof of the lemma. O

The next result is a version of Lemma 3.1 for backwards iterates. It will
be used to establish forward minimality (Proposition 1.7) and to construct
shadowing orbits (Theorem 1.3 (iv)).

Lemma 3.2. Given A > 0 and 7 > 0 sufficiently small, there is a number
M = M_(A,7) > 1 such that for every closed interval J C (A,1 — A) of
length |J| > T there is a finite sequence (N—p, ...n—1), m < M, such that for
some k we have

f[777m-~777m+k+1'} (f[nfm+k+2~~-7771~] () N [, 1]) > [A/2,1],
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where v, is defined in (2.5).

Proof. Let j = j(A) be the smallest positive integer with f, 7 (v.) € (0,A/2).
Given any interval J C (A,1 — A) of length |J| > 7, consider the number
n_(7) and the finite sequence (... & pig+2...&-1) with k <n < n_(7)
provided by Lemma 2.6 asserting that

f[f_n...§,n+k;+1.}(f[g,n+k+2...£_1.](‘]) m [7*7 1]) D [’7*7 1]'

Hence, by definition of j we have

(f[oj-} © f[g—n~~-£fn+k+1~]) (f[§7n+k+2~--§71~](‘]) N 1)) 2 [A/2,1].

By construction, the length of the sequence (07¢_,,...£_1) is bounded from

def

above by M_(A,7) = j(A) +n_(7). To conclude the lemma it is enough
to take (n_pm, ...m—1) = (07 ... 1) O

The next lemma will help establishing a strong form of backward mini-
mality. Recall the definition of v in (F1) and of the fundamental domains
Iy, I1 in Section 2.1.

Lemma 3.3. Given sufficiently small A > 0, there are constants v =
v(A) € (0,1) and K = K(A) > 1 satisfying the following property. FEuv-
ery closed interval H C [A,1 — A] with |H| < v is either contained in a
fundamental domain of fo in [1 —t,1 — A] or there isn =n(H) < K such
that flion (H) is contained in a fundamental domain of fo in [1 —t,1— A].

Proof. Lett A > 0 be sufficiently small such that A < f&Q(V t). Fix v =
7(A) > 0 so that every interval in [A,1 — A] with length less than 7 is
contained in some fundamental domain of fy. Let & > 1 be the smallest
integer with f;*(I;) C (0,7t]. Choose v € (0, \*F1 D).

Let H C [A,1 — A] be an interval with |[H| < wv. If H C [1 —t,1 — A]
then it is contained in a fundamental domain of fy and we are done. Let us
assume that H intersects [A,1 —t) and let n = n(H) > 1 be the smallest
number such that f;"(H) C [0,~vt]. By our choice of A we have f;"(H) C
[f52(v1),vt] C [A,~1] and thus

fitoff™H)Cl—-t,1—yTAJC[1—t1-A]

Note that n < k. Since A~! is the maximum expansion of the inverse maps
of the IFS, we have

lfr o fymH) < Ay <

The choice of 7 guarantees that f; Lo fo "(H) is contained in a fundamental
domain of fy in [1 —¢,1 — A, ending the proof of the lemma. O
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3.2. Minimality. We now prove some results on minimality of the IFS.
First we provide the proof of Proposition 1.7.

Proof of Proposition 1.7. To prove backward minimality (density of O~ (x))
we argue by contradiction. Suppose that there is z € (0, 1) such that O~ (z)
is not dense in [0, 1]. Then [0, 1]\ O~ (z) contains a closed nontrivial interval
J C (0,1). Choose small A > 0 such that JU{x} C (A,1—A) and fix small
7 € (0,]J]). By Lemma 3.1, there are § > 0 and a finite sequence (1 . .. 7m,)
so that fi, ;.. (J) contains (v — /2,2 + 6/2). Thus J intersects O~ (z),
contradicting the choice of J.

The forward minimality (density of OT(z)) follows from Lemma 3.2. We
argue again by contradiction. Assume that there is x € (0, 1) such that [0, 1]\
O™ (x) contains a closed nontrivial interval J C (0,1). We have that x €
[A/2,1] for some A > 0. Applying Lemma 3.2 to A and J we get a sequence
(N—m --.n-1) such that x € [A/2,1] C fp,_.. .5, 1(J") for some subinterval
J' of J on which the sequence is admissible. Thus f, = ., (z) € J CJ,
contradicting the choice of J. U

We now establish some further results on uniform minimality for the IFS.

Lemma 3.4 (Uniform forward minimality). Given 7 > 0, there is M =
M (1) such that for every closed interval J C [0,1] with |J| > T there exists
a finite sequence (no ...Nm), m < M, such that fi,, . ,.1([0,1]) C J.

Proof. Recall that p; is the (attracting) fixed point of f;. Consider a cov-
ering I, ..., I of [0,1] consisting of intervals of length 7/4. By the forward
minimality in Proposition 1.7, there are finite sequences 77(1), . ,n(g) such
that for every ¢ = 1,...,¢ we have f, @) (p1) € I; and the distance from
fi(p1) to the boundary of I; is less than 7/10. As f1 is a uniform con-
traction, there is some sufficiently large number & (independent of i) such
that f[lk 4@1([0,1]) C I;. Note that the length of the finite sequences (1F (),
i=1,...,¢,is bounded by some M (7). To finish the proof it suffices to note
that any 1nterval J of length 7 contains some interval ;. O

Analogously, the following lemma that is an easy consequence of backward
minimality in Proposition 1.7 and compactness. Its proof we omit.

Lemma 3.5 (Uniform backward minimality). Given 7 > 0 and A > 0,
there are numbers M = M(1,A) and ¢ = (7, A) such that for every pair
of intervals J,H C [A,1 — A] with |J| > 7 and |H| < € there is a finite
sequence (N—m . ..M-1), m < M, that is admissible for all x € H and satisfies
f[n,m...nfy](H) cJ.

We will also need the following slightly strengthened version of Lemma 3.5,
controlling also the derivative.

Lemma 3.6 (Strong uniform backward minimality). Given 7 >0 and A >
0, there are numbers M = M(A,7) >0, K = K(r,A) € (0,1), and v =
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v(A) € (0,1) such that for every pair of closed intervals
JHC[A1-A] with |J|>7, |H <v

there is a finite sequence (N—m ...m-1), m < M, that is admissible for all
x € H and satisfies

f[n_m...n_1.]<H) cJ and |(f[77_m...17_1.]>/(x>‘ < K forallz € H.

Proof. The idea to obtain uniform contraction is to follow for a long time a
backward contracting itinerary (provided by Lemma 2.8) applied to H and
to use uniform backward minimality from Lemma 3.5 to put H inside J.
The first one involves an arbitrarily small derivative, while the second one
gives some uniformly bounded correction term. We now provide the details.

Given 7,A, let M = M(7r,A) and € = (1, A) be the numbers provided
by Lemma 3.5. Furthermore, let v = v(A) and K = K(A) be the numbers
provided by Lemma 3.3.

Let JJH C [A,1 — A] with |J| > 7 and |H| < v. As in the proof of
Lemma 3.3 define

o H if HCl-t1-A]
fito fo_n(H) (H) otherwise,

where n(H) is the smallest number with f(;n(H)(H) C [0,~vt]. We let n =
n(H) and nM) be the empty sequence in the first case and ") = (10") in
the second case. Hence, by this choice, as in Lemma 3.3 the interval H' is
contained in a fundamental domain of fy in [1 —¢,1 — A] and n < K.
Let k = k(H) > 0 be the smallest number such that H” = fy*(H') C
I U fo(I1). Note that k is uniformly bounded from above by some number
L = L(A). Recall the definition of s in (2.1). Let ¢ > 1 be the smallest
number with
%—K )\—(k+n+1+M) <e. (3.1)

In particular, we have
(L+ K+ 14 M)|log A| + |loge]

(<1+ og 7

Applying consecutively ¢ times Lemma 2.8 to the interval H” and recall-
ing (2.6), we obtain a finite sequence 7(?) of maximal length

C(N_(H")+ko+1) < L(N + ko +2)
such that

and
| (Fiy@ ok g0 ) (@)] < 2 EA"FFHD - for all 2 € H.

This together with (3.1) and v < 1 imply

H"| < sty < g
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We now apply Lemma 3.5 to the intervals J and H"’ and get a finite
sequence 7 of maximal length M that is admissible for every z € H” and
such that

fiyen (H") C L

Hence, by (3.1) we obtain that for all x € H we have
| (@) @ 08 ) (@)] < s AT (M) <

Now it is enough to take

(N ---m-1) = (n® ™ 07 )
and note that by the above choices m is uniformly bounded from above by
some number that depends on 7 and A only. This proves the lemma. ([l

4. APPROXIMATING EXPONENTS WITH PERIODIC ORBITS

We will show that for every point with an upper positive/negative Lya-
punov exponent there exists a periodic point close-by with roughly the same
exponent.

4.1. Distortion estimates. We first provide some simple distortion re-
sults. Since we will apply them to both forward and backward iterates of
the IF'S, let us consider a general setting.

Given a set Z and a differentiable map g on Z, we denote by

/
Dist gz < sup \g/(x)\
zyez |9 ()l
the mazimal distortion of g on Z. Consider the IFS generated by two C!

maps go,g1: J — [0,1] for some closed sub-interval J C [0,1]. For ¥ > 0
define

D)= maxx maxx (Dist glia—/2.0+0/2007) (4.1)

Clearly, D(9) — 1 as ¥ — 0.

Lemma 4.1 (Distortion at hyperbolic times). Let (p,£T) € [0,1] x X7,
x>0,e>0, K>1, andn > 1 satisfy x —2¢ > 0,

1 n —E€
(g[go..,gn})’(p)’ > o eI and
1 (4.2)
(g[gn—m+1§n]),(g[§0§nfm] (p)) Z ? em(X_E) for a” m = 17 ct 7n‘
Let ¥ > 0 be small enough such that D(9) < € and Jy41 C [0,1] be an inter-
val of length less than ¥ K~ containing 9ito... £ (P) such that (ge, .. gn])_l | s
is well-defined for every k =0, ..., n. Then for every k=0, ..., n we have

[Je] <9 RO where T = (gl e0) (1) (4.3)

and
Dist ge, |7, < D(9) < €°. (4.4)
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Note that (4.3) is related to a hyperbolic time defined in (4.8).

Proof. Let J,11 be an interval satisfying the hypothesis of the lemma and
consider the sequence of intervals Ji. Arguing inductively, assume that there
is some k € {1, ..., n+ 1} such that for every £ =k, ..., n + 1 we have

1Jp| < 9e~T1=00-2¢) < g
and hence distortion is bounded in between. Using (4.2) and (4.3) we have
[ Te—1] < D@O)" 2 (gie,_, . e2) 9lgo.. 65—} ()| [Tt
< D)2 Kem (R0 | g ) < e (PR (x=2e)

Note that the assumption holds for ¥ = n + 1. Hence, by induction, we
get (4.3) for every k =1, ..., n+ 1 and thus (4.4) also holds. This proves
the lemma. (]

Lemma 4.2 (Distortion along contracting orbit). Let (p,£7) € [0,1] x ©F,
x <0,e>0, and K > 1 satisfy x +2¢ <0 and

|(9[§0.._§n,1})/(p)| < Ke ™IXI=9)  for qlin > 1. (4.5)

Let ¥ > 0 be small enough such that D(9) < e*. Let J C [0,1] be an interval
of length less than 9 K~ containing p and n > 1 be such that [0 bn_1] S
well-defined. Then

[ Jn| < |J| K e X729 <99 where = gy e () (4.6)

and
Dist gigy...¢,_1)l7 < D)™ <™. (4.7)

Proof. By hypothesis |J| <9 K~! <. Given n > 1, assume that we have

|Je| <9e X729 <9 and thus  Dist ge |y, < D) < €°
for every k =0,...,n—1. As J,, = g¢,,_,(Jn—1) we have

| Jn| < |J| Ke ™ XI=8) D9y < |J| K e ™IXI=2) < g9,

Hence, by induction, we yield (4.6) and thus (4.7) for every n > 1. O

4.2. Positive spectrum. We will use the previous distortion lemmas to
establish results about shadowing by periodic orbits with positive exponent.

Given numbers y > ¢ > 0, a point p € [0, 1], and an one-sided sequence
£ = (&€ ...) € B, we call a number n > 1 a Pliss hyperbolic time for
(p, &) with exponent x —e > 0 if

|(figo... €)' (P)] = "D and
}(f[énferl5n])/(f[£0£n_m](p))| Z 6"’4()(75) for all m — 1’ .

Remark 4.3 (Abundance of hyperbolic times). It is easy to check that if
X4+ (p,&T) > x—e > 0 then (p, £T) has infinitely many hyperbolic times with
exponent x — €.

(4.8)
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Lemma 4.4. Given x > 0 and e € (0, ), there is A > 0 such that for every
p € (0,1) and every sequence £ € B3 so that Y, (p,&T) € (x —&,x +¢) we
have the following:

(i) there are infinitely many Pliss hyperbolic times n for (p, &%) with
ezponent X — € so that fig, ¢, 1(p) € (A, 1—A),

(ii) there exist a point q € (0,1) arbitrarily close to p and a periodic
sequence 1 = (Mo...Mk—1)> € Yo such that Jimowme_11(@) = q and
x(a,m) € (x —&,x +e).
Proof. Choose small A; Ay € (0,1) such that A < Ay and
o fl(z)>1ifxe€[0,A] and fi(z) <1ifz €[l — Ag, 1],
e fo(1—2Ap) <1-—A, and
° f12([0, 1]) C (Ao, 1-— Ao)
Let x >0,e>0,p € (0,1), and £ € £ such that x, (p,£T) > x —e > 0.

To prove (i), note that x, (p, ") > 0 and p € (0, 1) together imply that £+
contains infinitely many 1’s. Indeed, otherwise we would have Y, (p,{") =
log A < 0. Thus, in what follows we can consider hyperbolic times n such
that the sequence (& ...&,) contains at least two symbols 1’s.

Considering one such time n, by the definition of hyperbolic time we
have ]fén (figo.en_11(@))| > 1 and thus &, = 0. The choice of Ag implies
f[&o...ﬁnfl](p) ¢ [1 — Ay, ”' Thus f[&o‘..gn](P) = f[ﬁo...ﬁn,l 0] (p) ¢ [1 -4, 1]'
Thus, it remains to check that either fi¢, . ¢,1(p) is not close to 0 or that the
hyperbolic time n can be replaced by some possibly larger hyperbolic time
n' with fie, ¢ ,)(p) € [0,A]. By our choice of n there is £ < n such that
&=1land § =0forallie {{+1,...,n}. We have to consider two cases:

(a) If &1 = 1 then fig,. ¢, 1e1(P) = figo... e, »121(P) € f7([0,1]) and hence

fioto e () = FE(f2(0)) = F2(0) > Ag > A
and we are done.

(b) If &1 = 0 then, since (& ...&,) contains at least two 1’s, there is m > 1
such that §& =0 for alli € {m,..., ¢ —1} and &,—1 = 1. Let

Dit1 = figo..e)(@) and Gy =1 Dit1-
If ppy1 & (0,A] then P,y = fie..e,(p) € [A, 1 — A] and we are done.
Otherwise, if P, € (0, A] we will get a contradiction. Indeed, assume that
Pny1 € (0,A]. Note that &,,—1 = 1 implies p,, € f1([0,1]) = [0,~]. Since fy
is “almost linear” close to 0 and close to 1, there are positive constants K
and K5 independent of small A such that

(figesren)) Besr) = (Fo7) Perr) < Ka ﬁnﬂ,
41

— —-m — 1 _ﬁ g
(fiem o) @) = (£57™) (Br) < Ko 1_7] =K, -~
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Note also that g, = P,/ (by definition of fi), p,, < v and thus g,, >
(1 —7) (by choice of m), and p,,,; < A. Putting together these inequalities
we get

|(Figmea)) @)l = 105 0 fr o f5™) (D)

A D A
< <K1 ) Yy <K2 7]?5_;,_1 ) < Kl KQ .
Pot1 y(1—7) 1—y

Noting that n — m — oo as A — 0, the previous inequality implies that the
sequence (& ...&y) is not (x — €)-expanding for p,,, = fig,..c,,_,](P) contra-
dicting that n is a hyperbolic time with exponent x — . This contradiction
concludes the proof of (i).

Let us now show (ii). By Remark 4.3, for sufficiently small ¢ > 0 there
exist infinitely many hyperbolic times n with exponent xy — ¢ and by (i)
we can assume that p, 1 = fig..¢,(P) € (A, 1~ A). If n is a hyperbolic
time, then (p,£1), x, &, K = 1, and n satisfy the hypothesis of Lemma 4.1.
Moreover, as X, (p,{T) € (x—¢, x+¢) if the hyperbolic time n is sufficiently
large then

et 0cte) > ‘(f[go...sn])/(p)‘ > et (x—e) (4.9)
Let 9 € (0,A/2) be as in Lemma 4.1. Considering the interval of length ¥,
Jn1 = [Pug1 — 9/2,Dpi1 +9/2] C (A/2,1 - A/2),
by this lemma we have that
| Jo] < em D209 where  Jo = (fieo. e0]) " (Jnt1)- (4.10)

We can assume that n is large enough so that Jy C [p — §/2,p + §/2],
where § = 6(A/2) is as in Lemma 3.1. Hence, applying this lemma to the
interval J,41 C (A/2,1—A/2) of length |J,41| = ¥ we get a finite sequence
n=(No...Nm) so that

f[no...nm}(‘]n-Fl) ) [p - 5/2,]7 + 5/2] D Jo
with m bounded by some number M = M,(A/2,;9) independent of n.
Hence, by (4.10)

f[§0~--§nn0.--nm](J0) D Jo
and thus there exists a point ¢ € Jy that is fixed under the map f[go... €0 ]
Using (4.9), the distortion bound (4.4), and |f/| > Ain (F0), (F1), we obtain

108 | (figo..um-nn) (@] _ (n+1) (x € ~ log D(9)) L (m+1)logA
n+m+ 2 - n+m+ 2 n+m+2
We get an analogous upper bound provided by (4.9) and |f/| < 3 in (FO0).
Since we can chose n sufficiently large and since m is independent of n, we
verify that this exponent is sufficiently close to x and that |Jy| is small.
Hence the periodic point ¢ is close to p, ending the proof of Lemma 4.4. [

We close this subsection by recalling the following result.
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Proposition 4.5 ([5, Proposition 3.10]). For every ¢ > 0 there exists a
finite sequence (&y...&n—1) such that the map fi¢o..6n_1] has an expanding
fized point whose Lyapunov exponent is in (0,¢€).

4.3. Negative spectrum. Analogously to Lemma 4.4 we establish the fol-
lowing result about shadowing by periodic orbits with negative exponents.
Note that here we require additionally that the forward exponent, that is to
be approximated, is well-defined since we base our constructions on uniform
forward contractions as in the estimates in (4.5).

Lemma 4.6. Given x < 0 and € > 0 small enough, for every p € (0,1) and
every sequence £ € Z;r so that x4+ (p, &) < x +¢& < 0, there exist a point
q € (0,1) arbitrarily close to p and a periodic sequence n = (1o ...Mp—1)% €
Yo such that fi,. p. (@) = q and x(q,m) € (x — &, x +¢€).

Proof. As x4+ (p,&") is well-defined, for given € € (0, |x|/2) there exists some
constant K > 1 so that for every n > 1 we have

LD < (g o @) < Ke M9 )
Choose ¥ > 0 so small that D()) < e, where D(?)) in defined in (4.1). Let
J C (0,1) be an open interval containing p with |J| < 9 K~!. Recall that
we denote by p; the attracting fixed point of fi. By Proposition 1.7 there
is a finite sequence (7o ...7,) such that fi, . 1(p1) is in the interior of J.
Hence for every ¢ big enough we have

f[le no.mm]([(), 1]) C J. (4.12)

In particular, for every n > 1 we have

f[{o‘..ﬁn_l 14770...17m}(‘]) cJ

and thus there exists a point ¢ = ¢(n) € J fixed by themap fie, ¢ 1¢0..mm]-
In view of (4.11), we can apply Lemma 4.2 to the interval J containing p
and g and yield

|(Figo.. 00" (0)] < K €7 (X729,
Using |f!| < B, a crude estimate for the derivative of the remaining orbit is

1

T | (Freo..-nr 14m0mm)) (@)

< logK —n(|x|—2¢e) ({L+m+1)logp

- n+l+m+1 n+f+m+1
We also get an analogous lower bound using (4.11) and |f/| > A. Note that
m and £ are fixed. Thus, by choosing n sufficiently large, this exponent is
sufficiently close to x. Finally, taking ¢} small, the point ¢ can be taken
arbitrarily close to p. This proves the lemma. O

We close this subsection by recalling the following result.
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Lemma 4.7 ([5, Proposition 3.9]). For every ¢ > 0 there exists a finite
sequence (& . ..&n—1) such that fie, ¢, ) is uniformly contracting in [0,1]
and has a fized point in (0,1) whose Lyapunov exponent is in (—¢,0).

4.4. Summary. Observe that our methods derived in the previous sections
immediately provide the following result.

Proposition 4.8. Given x € (log A, logg) and e, > 0, there is a point q €
(0,1) and a periodic sequencen = (ng . ..Mk—1)* € X such that fnowm_ (@) =
¢ {fmoem)(@: £=0,...,k—=1} is d-dense in [0,1], and x(¢q,n) € (x —¢€, x +
g).

The rough idea of the proof of this proposition is the following. Note that
our method to construct periodic orbits with some approximate exponent
is to jump from a periodic orbit to another one using minimality. Observe
also that given y we can construct a é-dense set of periodic orbits with
exponent close to x. Now, using minimality, we can jump from a periodic
orbit to the next one to get a new periodic orbit with exponent close to y.
By construction, this periodic orbit is J-dense.

5. APPROXIMATING LYAPUNOV EXPONENTS

In this section we will prove Theorem 1.3 showing that the spectrum of
Lyapunov exponents is almost complete: it contains 0 and has no further
gap besides the one in Proposition 1.2 (recall the definition of 5 given there).

5.1. Positive forward spectrum. Property (i) in Theorem 1.3 is a con-
sequence of the minimality of the IFS and the next two propositions.

Proposition 5.1. Consider sequences of points (z;)i, x; € (0,1), and of se-
quences (€9);, €0 € BT with positive upper exponents {x; o Xy (24, €D) >
0}. Then for any accumulation point x of (x:)i there is (y,£7) € (0,1) x X3
with x+(y,6%) = x.

Proposition 5.2. For any x € (0,log E] the set of points z for which there
exists a sequence T € ¥ such that Y, (z,£T) = x is dense in [0, 1].

We will first prove the above two propositions and then Theorem 1.3 (i).

Proof of Proposition 5.1. We can freely assume, possibly after passing to a
subsequence, that lim; o, x; = x. By Lemma 4.4 (ii), we can also assume

that all the pairs (z;,£@) are periodic, that is, &) = (5(()i) .. 5558),1)2 and

f[g(“ €0 ](xz) = x; for some £(i) > 1. Indeed, otherwise we can replace
0 Sei)—1

each (x;,§ (i)) by some periodic pair with Lyapunov exponent x/ sufficiently
close to x; so that lim; ,o x; = Xx. Recall that Lyapunov exponents are
constant along orbits. Hence, possibly after replacing x; by some iterate, by
Lemma 4.4 (i) we can assume that there exists A > 0 so that x; € (A, 1—A)
for every i.
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Step 0: Choice of auxiliary sequences. Since the Lyapunov exponents
;i converge to Y, there exists a sequence €; monotonically decreasing to 0
such that |x; — x| < & for every i. Recall also that each (x;,£®) is periodic
and hence uniformly hyperbolic (backward and forward in time). Thus,
given x; and &;, there exists K; > 1 such that for every k > 1 we have

L kGa—e _ S Y (s
K © = )(f 0.0 (@)

7

< K; ek (xitei)

In particular, for every multiple m = L ¢; of the period of (z;,£) and every
k=1,...,m we have

L k(e | /
— HEERS i i i i
K © <|( [sf,ﬁ_m..sﬁn)]) (Fego_.e0
Further choose a sequence 9; — 0 such that D(9;) < e for every i. Finally,
given A and 9; K; ', let M; = My (A,9;K; ') and 6; = 6,(A) be the
numbers provided by Lemma 3.1.

We will now choose sequences (N;);>1 of integers and (/;);>1 of intervals

(xi))\ < K;ebtute)  (5.1)

recursively. Each point in I; will circle close to the periodic orbit (xi,f(i))
and then jump to the next interval I;1 1. The circling will be large compared
to the jump. The final orbit will pass these intervals consecutively. See
Figure 4.

Let I; be some small interval whose interior contains x1. We now define
I;, i > 2, recursively. For N; = L; {; some sufficiently large multiple of the
period of (:ci,f(i)) we choose an interval J(x;, N;) C I; of length ¢; K;l
whose interior contains x; such that
T (o g0 )7 (I (@a N2)) € (0,1), (5.2)

PR3O
By (5.1) we can apply Lemma 4.1. In particular, (4.4) and the choice of ¥J;
above imply

Dist ff(i)|J(i) < D(l?l) <ef, forallk=0,...,N; —1. (5.3)
k k
Moreover, by (4.3) we have
TS | < 9y e Niba—2e0), (5.4)

We can demand that N; was chosen large enough so that
I = (feo o )N Ny) € L (5.5)
[50 -~€N_L.71]

Note that this remains true if we increase N;. Applying Lemma 3.1 to
the interval J(z;, V;) of length ; K;l and the point x;11, we get a point

yi € J(z;, N;) and a sequence (n(()i) .. -777(72—1) of length m; < M; such that

f[né”-”h(i)ﬂ (¥i) = Tit1.

Let
def
Iip1 = f[m()i)mn%)rl](‘](xiaNi))'
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fiegep...q () = o2

—e—/ I

T2
jump - f[nél) iy 1]
J(x1,N1) p—-o0—e—
hn
circle periodic orbit [ o (21) =21
lesVest . () )
f—tt 77, =
Z1

FIGURE 4. First step in the construction of (y,£) in the
proof of Proposition 5.1.

Observe that if we choose L; and hence N; large (by circulating the corre-
sponding periodic orbit several times) by (5.4) the interval Jéz)
arbitrarily small. By construction we have
, . . -1c7 )
(f[ié”uf%z_ln o0 )7 (i) C L

ml—l

can be taken

This recursively defines a sequence of 9-tuples (z;, § @ xi, &0, Ky, 95, Ii, mi, n(i)).
Notice again that all the above stated properties remain true if we replace
N; by some larger multiple of the period of (z;,&®). We will adjust our
choice of N; in Step 2.

Step 1: Construction of the pair (y,£"). Let

def

Zy = I,

1
Z = (f[§(1> O Lm0 ]> (I2),

EN =170 " Thn) 1
7 def -1 -1 I
2 (T st ) o Ui oot y)
and so on. By construction, the sequence (Z;);>0 is a family of nested
decreasing compact non-empty intervals. Thus, the intersection ﬂi21 Z;
contains some point y € (0, 1). Finally, we define the one-sided sequence &

by concatenating the segments @ EN (i)__ @ n(i),_l as follows

of (1 1 1 ’
€+d:f ()- 55\]1) 17 () nml 1§ ’ §N2 1770 ’ 777(%2 b

To complete Step 1, define the auxiliary sequence (n;);>0 by

def def

ng =0, n; =n;_1+ N; +m,.

Step 2: Lyapunov exponent of (y,£1). By construction, the orbit of
(y,€T) “shadows” the orbit of (z;41,£0+D) for the time ng, ..., n;+ Njpq —1
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(with small distortion) and thereafter passes some “finite transition” for the
time n; + Nit1,...,n;+ Niy1 +mir1 — 1 to arrive at a neighborhood of ;2.
To estimate the “finite-time Lyapunov exponent”, we distinguish two cases:
Case 1: Estimating log ’(f[£0-~~£ni+n]),(y)| with n = 0,...,N;y1 — 1.
By uniform expansion in (5.1), the distortion control in (5.3), and A <
|f01s 111 < B for the derivative at the transitions we have
i
H <C*Nk5k Kk_leNk(Xk*Ek)Amk> e~ TEiI+1 qu_ll e (Xit1—€it1) <
k=1
i
< H (eNkEk K, eNk(Xk+€k)ﬁmk> " K en(Xir1teit1)
k=1
Hence
10 | (fieo... £, 1)) ¥)] ~ Lk (log Ky + my log ) +log Ky
nit+n N 2 k=1 (Nk + my)

n S ey Nilxe + 2e1) n n(Xit1 + 2€i41)
n;+n ni+n '

The first term can be made arbitrarily small, less than e;11/2, if N; was
chosen sufficiently big. For the second term observe that

S Ni(xe + 2¢1) < Z_:l; Nk(Xk+25k>+Ni(Xi+25i) < 5i+1+Ni(Xi+25i)
n; + 1 = L_:llNk-f—Nz‘ n; +n - 2 n; +n

if N; was chosen big enough. Thus, putting together the previous estimates,
we obtain

10g}(f[go...gni+n])/(y)‘ <

(N; +n) ( max{x;, Xi+1} + 2 max{e;, €¢+1})
n; +n

n;+n

<égi1+

< max{xs, Xi+1} + 3¢

The corresponding lower bound can be derived analogously.

Case 2: Estimating log|(fj,. ()| withn=0,...,mi1 — 1.

-gni+Ni+1 +n
Similarily to Case 1, we can estimate

i+1 7
H <€*Nk5k Kk_leNk(Xk*Ek)> . H AL\ <
k=1 k=1

i+1 )
< ’(f[§0§n1+Nl+l+n])/(y)| < H (eNkEk Kk eNk(Xk+€k)> . H ﬁmk . ﬁn

k=1 k=1
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Hence,
log ‘(f[fo...§"i+Nl.+1+n])/(y)’ < ;;1 (log K, + my log ﬁ)
n; + Nit1+n - Niy1
L Nk + 2¢
+ 2= Vel k) + Xit+1 + 2€i41.
Ni1

As in the Case 1 the first two terms can be made arbitrarily small, less than
€i+1/2, if Nij;1 is chosen sufficiently big. Thus, we obtain
108 [(flgo... s,y ) W)
n; + N1 +n

The corresponding lower bound can be derived analogously. This completes
the estimates in Case 2.

Putting together Cases 1 and 2, we obtain that for every ¢ > 1 and every
n=20,...,Njp1+m;r1 — 1 we have
log | (fieo. 0. 10)' ()

n; +n

< Xit1 + 3€iq1-

min{x;, Xi+1} — 3¢&; < < max{x;, Xi+1} + 3&;.

Since g; — 0 and x; — X, this proves x1(y,£") = x. This completes the
proof of Proposition 5.1. ([l

Proof of Proposition 5.2. Recall the definition of E in Proposition 1.2. By
Proposition 5.1 there exists a pair (y,(") € (0,1) x X3 with forward Lya-

punov exponent x4 (y, (") = log 8.

Let x € (0,log B ] and fix some decreasing sequence £; — 0. Choose any
open interval Iy C (0,1). We claim that this interval contains a point z
such that y, (z,&%) = x for some sequence T € B . Let J; = fi(Ip). By
Proposition 1.7 the set O~ (y) is dense in [0, 1] and hence there are a point
y1 € Ji and a finite sequence n") such that

f[nu)](yl) =Yy
Consider the point z; and the one-sided sequence w®) € Z; defined by
w1 E fil ) €Ly and WM = 19t

Observe that x4 (z1,w®) = 8 > x > 0. Since the first iterate of (z1,w™®)
is contracting, there exists a number n; > 2 satisfying

1
ni

€1

log ‘(f[wu) LM ])/(iﬁl)! >X =5
0 W1

If ny is the smallest number with this property then

1 ’ €1

z log }(f[w(()l)---wx(cllﬁ) (ml)} <x-— ) for every k=1,...,n1 — 1.
Recall that |f{|,|f1] < 5, thus

1 g1 log B8
| )| < x— 2 .
- Og\(f[w(()n_._wslll]) (z1)] < x 2
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Hence, by continuity of the derivative, we can choose an interval I; C I
containing z1 such that for all x € I; we have

1 , log
x—er< o -log ‘(f[wé”---wiﬁlﬂ) ()] < x+ e
1 /
i log (f[wél)...w,il,)l]) (x)‘ <x+e foreveryk=1,...,n; — 1.

Let us now start a recursion. Given ¢ > 1 assume that we have already
constructed a one-sided finite sequence w® of length n; > 1 and an interval
I, C I;_1 such that for all x € I, we have

log

)

+ & (56)

1
x—& < —log|(fio o )@ <x+
n; 0 W1

and

1
z log ‘(f[ @ @ )’(az)‘ <x+e forevery k=mn;_1+1,...,n;—1. (5.7)
Wo Wi

To construct the segment of the one-sided sequence w1 we proceed as
above. For that recall again that f; is contracting and hence there exists a
smallest number m; > 1 for which

log |(ff“ o f[w(()z’)mw(i) })/(x)’ <0, forallzel.

Consider the closed interval
def .
Tt = S0 fuo o)

By Proposition 1.7 the set O~ (y) is dense in [0, 1|. Hence there exist a point
yis1 € Jiy1 and a finite sequence n(+1 such that S0 (Yit1) = y. Let

def

: -1
zip1 = (fi" o f[wg”.. (z‘)_l]) (yi+1) € Li

LW
and define the one-sided infinite sequence

lit1) def w(()i) L@ 1 n(iJrl) ¢t

n;—
Since fi is contracting, for all kK =1,...,m; we have
/ /
log ‘(f[w(()i+1)mw7(:;1l)+k]) (l’i+1)| < log ’(f[w(()i+l)mw;ii+_ll)]) (xi+1)|
!
— log ’(f["-’(()i)"'wiji)fl]) (xi—i-l)‘,
(i+1) (%)

where in the equality we use that w, =w,’ forevery k=1,...,n; — 1.
Hence, since z; 11 € I;, for all k =1,...,m; we hence have
1 /
ok gy ) (@)
/ 1 / (5.8)
< i i i — i i i
oy 10g\(f[w(<)>._w7<”>71}) (ziy1)] < ni log\(f[wéx_wf”)iﬂ) (ziy1)]

<X+5i7
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where the last inequality follows from (5.7). Observe that the forward orbits
of (xiy1,w ™) and (y,¢) eventually coincide, hence they have the same
exponent x4 (211, w ) =1log 8 > . Thus, fixed small €1, there exists
a first number n;1 > n; + m; for which
Eit1
5
Since n;41 is the smallest number with this property we have

1 /

7 log ’(f[wé”“...w,?jf)]) (zit1)] < x —

1 ; ; (2 —~
niey 08 }(f[wé WG ) (@ig1)| > x

€i+1
2 (5.9)
for alk=n;+m;+1,...,n541 — 1.

Thus, as | fgl, | fi] < B,
1
ni+1

giv1  log B
log‘(f[w(()iﬂ)mw(iﬂ) })/(xi+1)’ <X — s R .

5.10
njp1—1 2 Ni+1 ( )

By continuity, by (5.10) and (5.9) we can choose a closed interval I;;; C I;
containing x;41 such that for all x € I;14

b + &€i41 (5.11)

lo
log |(f[w(()i+1)mw(z‘+1) 1])/@3)‘ <x-+

X —Eit1 <
Ni+1 nip1— Ni4+1
and forall x € [;;; andall k=n; +m; +1,...,n;01 — 1
1 /
% log } (f[""(()”l)“'wl(gijll)}) (l‘)‘ <X+ €it1- (512)
Moreover, by (5.8) we can assume that for all x € [;y; and all k =1,...,m;
1 /
m log | (f[w(()ile)mwiliZilk)_l]) (l‘)‘ <x+ 251" (5.13)

In this way we construct a sequence (I;);>1 of nested decreasing compact
intervals such that ()~ I; contains a point z. We also consider the one-sided
“limit” sequence

Fdef () oyt
& —ilglolow €2y

By construction, (5.11), (5.12), and (5.13) guarantee that X, (z,&1) = x.
Finally, as the choice of the first interval Iy was arbitrary, this proves that
the set of points z with the claimed property is dense in [0, 1]. O

We are now ready to prove Theorem 1.3 property (i).

Proof of Theorem 1.8 (i). Consider any x € (0,log3] and any z € (0,1).
By Proposition 5.2 there is a pair (w, o") such that X, (w,0") = x. By
Proposition 5.1 there is a pair (y,£7) € (0,1) x X3 such that x4 (y, &%) = x.
Take any 6 > 0. By Proposition 1.7 the backward orbit O~ (y) of y is dense
in [0,1] and thus there are a point 7 € (z — 0,z + 0) and a finite sequence 7
such that f, () = y. Consider the one-sided sequence n¢1 and note that
the Lyapunov exponents of (7,7£1) and (y,£") coincide. The fact that &
can be taken arbitrarily small proves the claim in the case x € (0,log E ].
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Likewise, for x = 0, by Proposition 4.5 and Proposition 5.1 there exists
a pair (y,£7) € (0,1) x X3 such that x4 (y,£T) = 0. Arguing as above,
we conclude that the set of points z for which there exists ¢+ € % with
X+(z,&T) =0 is dense in [0, 1]. O

5.2. Negative forward spectrum. Property (ii) in Theorem 1.3 is a con-
sequence of the minimality of the IF'S and the following proposition.

Proposition 5.3. For every x € [log\,0) and every € € (0,|x|) the set of
points y for which there is a periodic sequence & = (&...&p—1)% € Lo with
® f[fOn-fkfl](y) =Y
b [07 1] - Wl.(g)c(y7 f[fo...fk_l}); and
* x(¥,§) e (x —ex+e)
is dense in [0, 1].
Proof. Consider y € [logA,0). Fix € > 0 and a closed interval J; C (0,1) of
length 91 > 0. We will construct a periodic pair (y, (§...&—1)%) € J1 x X9
with exponent in (x — &, x +¢) and W (¥, figo...er ) 2 [0, 1].

Consider the fixed attracting pair (1,0%) with exponent x(1,0%) = log \.
By Lemma 4.7 there is p € (0,1) and a finite sequence ({p...(,) such that
(p, (Co . .. Cn)?) is periodic attracting with negative exponent x(p, (Co . . . (u)%)
close to 0.

Fix ¥/ > 0 such that

Jo = [p—12/2,p+V2/2] C WD, fico...ca]) C (0, 1).
def

Let M = max{M (¥1), M(92)}, where M (1), M(¥2) > 1 are the numbers
provided by Lemma 3.4. Applying Lemma 3.4 to the interval Jo we get a
finite sequence 7(? of length |n®)| < M(93) < M such that

S ([0,1]) € J2 € Wi (P figo... cu)
and thus for any £ > 1 we have

Fin (oo ([0, 11) = (figon..ca) (Fi@1(10:1])) € (fic...c)) (J2) C Jo.
Applying Lemma 3.4 to the interval J; we get a finite sequence n) of length
In™M] < M(9;) < M such that for all > 1

T (Go..-caytor ] (10, 1)) = Fy) (f o...caye0m) ([0, 1) € Ty
and thus
Fin® (6o ca)t 0 g0 (J1) C 1.
Considering the periodic sequence £ = £(r) defined by

E= (- &)= D (Co... G 0 )2

we get a periodic point y = y(r) € J; such y = Jin® (o)t o7 n(l)](y).
We now show that r and ¢ can be chosen such that (y, &) is an attracting
pair with exponent x(y,&) close to x and [0,1] C W*(y, fj ). Let us

0 Ek—1]
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circle periodic orbit ] f[£(2)£(2) 5(2’ ](yz) = Y2

/ Yo Y\f@) ]

circle periodic orbit / [ \f[g(l)g(l) £ ](y1)=y1
0 S2 SNy-—1

I

JE

Y1 f[,]u) W

Mg —1

0 1

FIGURE 5. First steps in the construction of £ in the proof
of Theorem 1.3 (ii).

refrain from all details and only point out the essential steps. Recall that
J2 € (0,1). Hence, if 7 > 1 is large then fi, ) (¢, ¢,y 0r1([0,1]) is close to 1.

The number r marks some fixed finite transition from Js to a small neigh-
borhood of the fixed point 1. The finite sequences 7? and n® mark the
transitions from J; to Jo (where the exponent is close to 0) and from a
neighborhood close to 1 (where the exponent is log A\) to the interval Ji,
respectively. Recall that the lengths of these sequences are bounded by M.
Finally, the numbers r and ¢ mark the repetition of loops at 1 (exponent
close to log A) and at the periodic point p (exponent 0). Note that x/log A
can be approximated arbitrarily closely by rational numbers. Thus we can
choose the numbers r, ¢ > 1 large and such that

r-logA+¢-0
o ~ X. (5.14)
Hence, when the numbers r and ¢ are chosen large enough, though respecting
the approximation in (5.14), by simple distortion estimates we can guarantee
that this composed map fig,..¢, ) is a contraction in J; and hence has a
unique fixed point y with x(y,&) ~ x. This also guarantees that [0,1] C
Ws(ya f[{ofk_l])

Finally, as the choice of the initial interval J; C (0,1) was arbitrary,
the set of points y for which there is £& € g such that (y, &) is periodic,
X(,§) € (x —&,x +¢), and [0,1] C W (y, fi,...¢,_,)) is dense in [0, 1],
proving the proposition. U

Proof of Theorem 1.3 (ii). Fix x € [log A,0]. We will construct a sequence
¢t € %7 with x4 (y,£T) = x for every y € [0,1]. See Figure 5 for an
illustration.

Step 0: Choice of auxiliary sequences. Let Jy = [0,1]. Fixing some
monotonically decreasing sequence ¢; — 0, we choose sequences of points y;,
numbers K;, ¥;, M;, and intervals J; as follows.

By Proposition 5.3, for every i > 1 there is a periodic pair (y;, %) €
(0,1) x X9 of period ¢; with negative exponent y; € (x — &;,x + &;). By
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shrinking €;, we can assume that x; + 3g; < 0. Further, by uniform hyper-
bolicity (backward and forward in time) of the closed orbit of (y;, @), there
exists K; > 1 such that for every n > 1 we have

L —nlpal+=:) / —n(lxil—:

R i i) < i i A < . Xil 51)‘ .
K © <o ew ) i)l < Kie (5.15)
Choose a sequence ¥; — 0 such that D(9;) < e® for every i. Let J; be the
interval centered at y; of length ;K 1 Without loss of generality, we can
assume that vJ; is so small that J; C (0,1). Let N; be some multiple of the

period of (y;, ™) that will be speciﬁed below. By Lemma 3.4, for each J;,

there are a number M; <= M (%K 1Y > 1 and a finite sequence ¥ of length
i = [n®] < M; such that f,w,([0,1]) C J;.

For every i > 1 we apply Lemma 4.2 to (y;, 3% )) and the interval J; and, by

our choice of ¥; and (5.15), we obtain that for every z € J; andn =1,..., N;

Dist f ) .0 4|7, < D) < e (5.16)
(€6 - &nlq]'
By (5.15) and (5.16) for every x € J; and n = 1,..., N; we have
1
= o nllxal+2e0) . NI - o~ nIxal—2¢4)
K < |0 )V @] < Kie ‘ (5.17)

In particular, as y; is periodic and N; is a multiple of its period, if
2log K; — log ¥;

N; >

~ bal =2
(we will further specify N; below) then
Tig..e0_y W) © Ji

Moreover, by our choice of n(?, in particular f[n“)féi)“.é%) 1}(,]2;1) c J;.

Recursively, this fixes a sequence of 8-tuples (y;, @, x4, &4, Ki,ﬁi,mi,n(i)).
Notice that all the above stated properties remain true if we replace N; be
some larger multiple of the period of (y;,&("). We will adjust our choice of
N; in Step 2.

Step 1: Construction of £T. The one-side sequence £+ € Z; is ob-
tained by concatenating finite repetitions of periodic parts of £ and some
transition sequences n®. More precisely, let

) e G a2 e e (5aw)

To complete Step 1 define the auxiliary sequence (n;);>0 by

et e

ngd—EfO n,‘dZEfni_1+mi+Ni.
Step 2: Lyapunov exponent of (y,£") for arbitrary y € [0,1]. Ob-
serve that, after some finite transition of length my < Mj, the trajectory
of (y,&T) jumps to the neighborhood J; of y;. Further the orbit of (y,&T)
“shadows” the orbit of (y;11, §(i+1)) for the time n;,...,n; + N;y1 — 1 (with
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small distortion) and thereafter passes some “finite transition” for the time
n; + Niy1,-..,n;+ Niy1 +m;1 — 1 to arrive at a neighborhood of y; 2. Re-
call that we have chosen a sequence of 8-tuples (y;, W, x4, €5, Ky, 95, mys, ).
We will now estimate the exponent and, in particular, specify the choice of
N; (this choice is done after selecting the sequence of 8-tuples). The cal-
culations are essentially the same as in the proof of Proposition 5.1. We
distinguish two cases.

Case 1: Estimating log|(fi¢,..¢, ..])'(¥)] with n =0,...,m;y1 — 1. By
uniform contraction (5.17) and X < |f{|,|f1] < 5 we have

i

|(figo... e, 4a) (W) = H ( —1 ,—Np |Xk|+25k)) H AL\

k=1

Hence, as n < mp41,

log ‘(f[go...gni+n})/(y)‘ Zk | log K, + Z 1 My log A
ni+n a >t (M + Ni)

ke Nallxl + 2ex)
ni+n '

As the first term of the right-hand side depends only on those values of the
initially fixed 8-tuple which have index less or equal than ¢ 4+ 1, it can be
made arbitrarily small in absolute value, less than &;41/2, if N; is chosen
sufficiently big. For the second term observe that

ke Nl +2e0) ST Ni(xel +2e)  Ni(lxal + 260)
ni+n Zk Lmeg 4+ Ng) 40 S (g + N) +n
_€Z+1 . z(|Xz| "‘251')

-2 Zzzl(mk—i-Nk) +n
if IV; was chosen big enough. Thus,

10g | (figo... 0. ))' ()]
n;+n

> —|xi| — 3max{e;, g;41}-

The corresponding upper bound can be derived analogously.

Case 2: Estimating log |(f[£0m£n_+m_+1+n]) (y)| withn=0,..., Ny — 1.
By uniform contraction (5.17) and A < |fjl,|fi| < 8 we have

—1 ,—N 2 1 - i 2g4
|(figo...n, +mz+1+n] = H ( Hhod Ek))‘mk> Kie rbsif2ein),
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Hence
log ‘(f[go...gnﬁmiﬂﬂl)’(y)‘ - 22:1 ( — log K, + my log /\) —log K1
n; +miy1+n - 22:1 (Nk + mk)
_ St Ni(xwl + 2e) _ n(|xit1] + 2€i41)
n; +mMiy1 +n n; + M1 + 1N '

The first term on the right-hand side can be made small in absolute value,
less than €;11/2, if N; was chosen big. As before, for the second term observe

ke Nallel + 2ex) o St Nillxl +2¢)

ng +miy1 +n -2 ng + M1 +n
if N; was chosen big enough. Thus, if NV; is large enough, we obtain

log ‘ (f[&) &ni+mi+1+n})/(y) ‘
n;+mi4+1+n
The corresponding upper bound can be derived analogously.

Putting together Cases 1 and 2 we obtain that for every ¢ > 1 and every
n=20,...,Nj41+mir1 — 1 we have

log |(figo... 0. +n)) ()]
n; +n

Since g; — 0 and x; — ¥, this proves that x4 (y,&") = x. This concludes

the proof of (ii) of Theorem 1.3. O

> —max{|xi|, [Xi+1|} — 3max{e;, 41}

—max{|xil, [Xi+1]} —3&: < < —min{|xi|, [Xit+1[} + 3&:.

5.3. Positive backward spectrum.

Proof of Theorem 1.3 (iii). The proof is very similar to the one of Theo-
rem 1.3 (i). We will only sketch the essential changes. First, given an
exponent, we will find a sequence of periodic orbits with approximately that
exponent by taking into account results above. Then we will follow these pe-
riodic orbits in the reverse direction and construct an admissible backward
trajectory consecutively following these orbits. In this step we will make
use of the Lemma 3.6 (strong uniform backward minimality) that provides
admissible trajectories following the analogous steps of Proposition 5.1 (note
that admissibility was not a problem for forward trajectories).

Fix x € [0,log 3], y € (0,1), and A > 0 with y € [A,1— A]. Consider the
IFS generated by the maps g; = fi_1 and consider the associated distortion
constant D(-) as defined in (4.1). Fix sequences ¢; — 0, ¥; — 0 with
D(9;) < e®. Let v = v(A) > 0 be given as in Lemma 3.6. Let Jy C [A,1-A]
be centered at y and of length |Jp| < v.

Observe that |log A\| < log f and thus —x € [log A,0]. This can, for
example, be seen from Proposition 5.2 and Lemma 4.4 and the fact that
Lyapunov exponents of a periodic orbit reverse sign when considering the
inverse orbit.

By Proposition 5.3, for every i > 1 there is a periodic pair (y;,£®) of
period ¢; with negative exponent x; € (x — &;, X + &;). Further, by uniform
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hyperbolicity of the orbit of (y;, £("), there exists K; > 1 such that for every
n > 1 we have (5.15). Choose an interval J; centered at y; and of length
9, K ;1. By the choice of y; and 1; we can assume that J; C [A,1 — A] and
|J;| < v for every i > 1. We apply Lemma 3.6 to the intervals J = J; and
H = J;_1. By this lemma, for each J; there are M; 4 M(A, 19in1) > 1and
a finite sequence 7 of length m; o ]n(i)| < M; admissible for all z € J;_4
so that f[n(i)_](t]i—l) C J;.

This fixes a sequence of 9-tuples (y;, €9, x4, €1, Ky, 9, Ij, mi, V) to which
we can apply Steps 1 and 2 as in proof of Proposition 5.1. ([l

5.4. Negative backward spectrum.

Proof of Theorem 1.3 (iv). Consider any x € [log\,0] and any z € (0,1).
Let us first assume that

there is a pair (y,£7) € (0,1) x 5 with x_(y,{7) = x. (5.19)

By Proposition 1.7 the forward orbit O (y) of y is dense in (0,1). Thus,
given & > 0, there are a point § € (z — 0,z + J) and a finite sequence 7 such
that f[,] (y) = y. Consider the one-sided sequence £~ n € 35 and note that
the backward Lyapunov exponents of (7,£ n) and (y,&”) coincide. As ¢
can be arbitrarily small, this will prove the theorem.

What remains to show is (5.19). Fix A > 0 small. By Theorem 1.3
(ii) and Lemma 4.6, there exists a sequence of periodic pairs (x;,& (i)) such
that z; € (2A,1 — 2A) and lim; x; = x. As in the proof of item (iii) of
the Theorem, consider the IFS generated by the maps g, = f L and the
associated distortion constant D(-) defined in (4.1). Fix ¢; — 0 and ¥; — 0
satisfying D(¢;) < e and |x; — x| < &;. By uniform hyperbolicity of the
closed orbit of (z;,£(®), there exists K; > 1 such that for every n > 1 we
have (5.1).

As in Step 0 in the proof of Proposition 5.1, for every i > 1 let I; be
some interval containing x; in its interior and choose IN; > 1 and an interval
Ji = J(x;, N;) C (A, 1= A) of length 19in1 containing z; such that

, _ N — , VLT o~ Ni(|xs|—2¢)
’f[55'3v,~-5911(°7’)| ‘(f[iilki~~-591~]) (Ji)| < Vie

as in (5.4) and (5.5). Given A and 9; K; ', let M; = M_(A,9;K; ) be as in
Lemma 3.2. Applying this lemma to J; and the point z;11, we find y; € J;
and a finite sequence (") with |7(?| < M; such that ((?).) is admissible for
yi and i1 = [0 (yi). By shrinking J;, we can assume that J; contains y;

and that (n().) is admissible everywhere on .J;. Finally, assuming that N;
was chosen large enough, we have

frewn(Ji) C I

and thus, by construction,

fp eoy(Tix1) C Ty where I = fi (i)
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This fixes a sequence of 9-tuples (z;,£9, x4, 4, Ki, Vs, Ij, mi, 1) to which
we can apply Steps 1 and 2 as in proof of Proposition 5.1 to construct a pair
(y,&7) satisfying x—(y,£~) = x. This finishes the proof of the theorem. [

5.5. Measures with full support. The proof of Proposition 1.6 follows
combining our construction of shadowing periodic orbits, using minimal-
ity, and the approximation methods in [1, 10]. We refrain ourselves from
providing all details and only sketch the key ingredients.

The case of non-hyperbolic measures xy = 0 is a bit more subtle but follows
as in [1].

Let us consider the case x € (log A, 0).
Step 1. Given two periodic points P;, P» with negative central exponents,
given numbers 61,02 € (0,1) with 61 + 02 < 1 and 6 > 0, following our
constructions in Section 4, we obtain a new periodic point P3 whose orbit
is d-dense in A and mimics the orbit of P; during a fraction of time ~ 6,
and the orbit of P» during a fraction of time ~ 65. As this point can be
chosen with arbitrarily large period, if 81 +62 ~ 1 then the central Lyapunov
exponent of P is approximately 01 x.(P1) + Oaxc(P2).
We now sketch how to construct this point. Let P; = (ps, (& ... £5.)%),
i = 1,2. Our construction (see Lemma 4.6) provides a point p3 ~ p; that
is periodic for a sequence n = (1o . ..7x)% of the form ng...n, = (& .. .5,111)6
and n;...n; = (& .. .57212)’” for some large numbers £, m and r < i < j < k.
This implies that the orbit of the point P3 = (p3,n) is close to the one of P
for the initial time and passes close to the one of P, for some intermediate
time.
Step 2. Consider now a sequence of numbers sz, € (0,1) with [], -, 25, > 0.
Assume that there is a sequence of periodic points R, such that y.(Ro) €
(x,0) and that for each n the orbit of R,, is 1/n-dense in A, satisfies x.(Ry,) ~
(X +xc(Rn—1))/2 and that the orbit of R,, shadows the orbit of R,_; during
a proportion of time ~ 1—z,. Now for each n consider the periodic measure
tn, uniformly distributed on the orbit of R,,. Then the sequence p,, converges
to an ergodic measure p with full support in A and whose central Lyapunov
exponent is x. For details see [1, Lemmas 2.5 and 2.1].
We now explain how the orbits R, are constructed. Assume that R, is
already constructed. Since the spectrum is complete in (log A, 0), there is a
central contracting point (),,+1 whose central Lyapunov exponent is

X — XC(Rn) + 231, Xc(Rn)
21, '

XC(Qn-i—l) ~

Note that this number is negative and smaller than x.(R,) and therefore
there is a periodic point with approximately such an exponent. Using Step
1, we construct the periodic orbit R,; that mimics the orbit R,, during a
fraction ~ 1— sz, the orbit of Q41 during a fraction ~ ¢,, and is 1/n-dense
in A. By construction, the exponent of R, is approximately

(1 - %n)Xc(Rn) + %an(Qn-H) ~ (X + XC(RTL))/Q
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as desired. B

For the case x € (0,log ) we proceed analogously, considering the inverse
map.

This proves the proposition.

APPENDIX

Here we give an example of C*° invertible map on a compact set, for
which the set of possible forward Lyapunov exponent differs from the set
of backward Lyapunov exponents. This will be a map on R?*, but we will
present it as a map on X x [0, 1]? in the same way as in the main body of
the paper we presented a map acting on R? as a map on Yo x [0, 1].

Define T': 5 x [0,1]? — 33 x R0, 1] by

T(&,2,t) Z (08, feo (@), (1)),
We will assume ¢(¢) to have a (topologically) attracting fixed point at 0, a
repelling fixed point at 1, and no other fixed points. The attracting point at
0 will be a very flat (infinite degree) parabolic point. The homeomorphisms
fi+ are defined by

o fO,t = fO?fl,t = fl —tfort < &,

e fon={z ==z} fi1=f,

e fo+([0,1]) = [0,1] for all ¢,
where fp, f1 are like in the main part of the paper (hence T restricted to
{t = 0} is exactly the map we studied).

Let us denote by A the set of points whose trajectories never leave Yo X
[0, 1]2, this set is open and nonempty. We can divide A4 into Ag = AN{t = 0},
Aq :Aﬂ{t: 1} and A, :A\(AOUAl).

We are now ready to calculate the (forward and backward) Lyapunov
exponents that are simply the forward and backward Birkhoff averages of
the potential log |%fwo,t’7 like in the main part of the paper. For points in Ay

the forward and backward spectra are both equal to [log A\, 5]U{log §}. For
points in A the forward and backward spectra are both equal to [log A, 0].
For points in A, the backward spectrum is also [log A, 0] because those points
converge to Ay under backward iterations of T

The difference is the forward spectrum on A,. With the right choice of g
it will be equal to [log A, log f], that is, it will not have a gap.

The reason for the gap in Ag is that we cannot spend a long time around
x = 0 (using the map fy) and then come back in a short time — whenever
we are close to 0, we must have spent a lot of time around x = 1 (using
the map fy to stay there) before and the Birkhoff sums of log |f'| gathered
in those two time periods cancel each other almost completely, leading to
the drop of the Lyapunov exponent (we have to be exactly at z = 0 or the
Lyapunov exponent is at most log #). This is no longer true for points in A,.
Indeed, when we have small £ > 0, the preimage y; = fi tl (0) is strictly inside
[0, 1], and hence we can get there using only bounded number of iterations of
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for = fo. If g"(t) converge to 0 sufficiently slowly, this lets us to construct a
point the forward Lyapunov spectrum at which takes any prescribed value

in (log 3,log ).
Remark 5.4. A simpler example was shown to us by Michat Misiurewicz,
[13].

10.

11.

12.

13.
14.

15.

REFERENCES

. Ch. Bonatti, L. J. Diaz, and A. Gorodetski, Non-hyperbolic ergodic measures with

large support, Nonlinearity 23 (2010), 687-705.

C. Bonatti, L. J. Diaz, and M. Viana, Discontinuity of Hausdorff dimension and limit
capacity on arcs of diffeomorphisms, Ergodic Theory Dynam. Systems 9 (1989), 403—
425.

C. Bonatti, L. J. Diaz, and M. Viana, Dynamics Beyond Uniform Hyperbolicity.
A Global Geometric and Probabilistic Perspective, Mathematical Physics, III (En-
cyclopaedia of Mathematical Sciences, 102), Springer, Berlin, 2005.

. L. J. Diaz and T. Fisher, Symbolic extensions for partially hyperbolic diffeomorphisms,

Discrete Contin. Dyn. Sys. 29 (2011), 1419-1441.
L. J. Diaz and K. Gelfert, Procupine-like horseshoes: Transitivity, Lyapunov spectrum,
and phase transitions, Fund. Math. 216 (2012), 55-100.

. L. J. Diaz, K. Gelfert, and M. Rams, Rich phase transitions in step skew products,

Nonlinearity 24 (2011), 3391-3412.

L. J. Diaz, V. Horita, I. Rios, and M. Sambarino, Destroying horseshoes via heterodi-
mensional cycles: generating bifurcations inside homoclinic classes, Ergodic Theory
Dynam. Systems 29 (2009), 433-473.

A. H. Fan, K. Simon, and H. R. Té6th, Contracting on average random IFS with
repelling fized point, J. Stat. Phys. 122 (2006), 169-193.

D.-J. Feng and H. Hu, Dimension theory of iterated function systems, Comm. Pure
Appl. Math. (2009), 1435-1500.

A. Gorodetski, Yu. Ilyashenko, V. Kleptsyn, and M. Nalsky, Nonremowvable zero Lya-
punov exponents, Funct. Anal. Appl. 39 (2005), 27-38.

J. Jaroszewska and M. Rams, On the Hausdorff dimension of invariant measures of
weakly contracting on average measurable IFS, J. Stat. Phys. 132 (2008), 907-919.
R. Leplaideur, K. Oliveira, and 1. Rios, Equilibrium states for partially hyperbolic
horseshoes, Ergodic Theory Dynam. Systems 31 (2010), 179-195.

M. Misiurewicz, private communication.

A. Navas, Groups of Circle Diffeomorphisms, Chicago Lectures in Mathematics, Uni-
versity of Chicago Press, 2011.

P. Walters, An Introduction to Ergodic Theory, Graduate Texts in Mathematics 79,
Springer, 1981.

DEPARTAMENTO DE MATEMATICA PUC-RI10, MARQUES DE SAO VICENTE 225, GAVEA,

R10 DE JANEIRO 225453-900, BRAZIL

FE-mail address: lodiaz@mat.puc-rio.br

INSTITUTO DE MATEMATICA UNIVERSIDADE FEDERAL DO RIO DE JANEIRO, AV. ATHOS

DA SILVEIRA RAMOS 149, CIDADE UNIVERSITARIA - ILHA DO FUNDAO, RIO DE JANEIRO
21945-909, BrAZIL

E-mail address: gelfert@im.ufrj.br

INSTITUTE OF MATHEMATICS, POLISH ACADEMY OF SCIENCES, UL. SNIADECKICH 8,

00-956 WARSZAWA, POLAND

E-mail address: m.rams@impan.gov.pl



