ON THE DIMENSION OF SELF-AFFINE SETS AND MEASURES WITH
OVERLAPS
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ABSTRACT. In this paper we consider diagonally affine, planar IFS ® = {S;(z,y) = (aix + ti,1, fiy + ti2) }ir .
Combining the techniques of Hochman [9] and Feng, Hu [7] we compute the Hausdorff dimension of

the self-affine attractor and measures and we give an upper bound for the dimension of the exceptional

set of parameters.

1. INTRODUCTION AND STATEMENTS

The dimension theory of self-affine sets and measures is far away to be well understood. Even
in the special case of diagonally affine IFS, we don not have complete understanding. Falconer [3]
introduced a formula, the affinity dimension, which gives an upper bound for the upper box counting
dimension of self-affine sets, and proved that for almost every shift parameter if the contraction
ratios of the corresponding iterated function system (IFS) are less than 1/3 the Hausdorff and box
dimension coincide and equal to the given upper bound. Later this bound for contracting ratios was
extended by Solomyak [I7] to 1/2. For precise definition of affinity dimension in the special diagonal
case, see Section [3]

Shmerkin [15] studied a family of overlapping self-affine sets and measures generated by diagonal
matrices and by using the transversality method of self-similar measures calculated its dimension.
Later, Kdenméki and Shmerkin [12] calculated the box counting dimension of a special family of
self-affine sets allowing overlaps. Jordan, Pollicott and Simon [I1] considered randomly perturbed
self-affine sets and gave the Hausdorff and box dimension for a typical perturbation.

Recently, Fraser and Shmerkin [8] considered a family of overlapping self-affine sets related to the
Bedford-McMullen carpets. This result uses the recently developed new technique in the dimension
theory of self-similar sets by Hochman [9].

Our goal is to give a sufficient condition related to Hochman [9] for a family of self-affine sets
generated by diagonal matrices, which ensures that the Hausdorff and box dimension coincides and
equal to the bound given by Falconer [3].

Let

® = {Si(r,y) = (ix +ti1, Biy + ti2) }ioy (1.1)

be a contracting IFS on the plane such that S;([0,1]?) C [0,1]? and «y;,; € (—1,1) for every
i = 1,...,m. Let us denote the attractor of ® by A. Moreover, denote the projected iterated
function systems of similarities on the line by

Do ={fi(x) = iz +t;1}~, and Pg = {gi(x) = Bixz + ti2}ir - (1.2)
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Denote the attractors of ®, and ®3 by A, and Ag. It is easy to see that A, is the orthogonal
projection of A to the z-axis and Ag is the orthogonal projection of A to the y-axis.

We call a measure p self-affine if its compactly supported with support A and there exists a
p = (p1,...,pN) probability vector such that

N
p=> pipoS;t. (1.3)
=1

Let us define the entropy and the Lyapunov exponents of the measure p in the usual way. That
is

’ m m m

hy ==Y _pilogpi, Xa = — Y _piloglai|, and x5 := - _pilog|Bi|.
i=1 i=1 i=1

Jordan, Pollicott and Simon [II] gave a formula, called Lyapunov dimension, which is an upper
bound for the Hausdorff dimension of self-affine measures. We give a sufficient condition, which
ensures that the Hausdorff dimension is equal to this bound.

Condition. We say that an IFS G = { fi(x)},cs of similarities on the real line satisfies the Hochman-condition
if there exists an € > 0 such that for everyn >0

min {A(z,7) : 7,7 € S", 1 # 7} > &",

e 70) # £(0)
o0 ~(0 ~(0
A(7,7) = ’ 7
9= 1 = po1 F0) 2 7o)

If the parameters of the IFS G = {fi(x)},cs of similarities are algebraic, i.e. f;(0) and f;(0) are
algebraic numbers, then either the Hochman-condition holds or there is a complete overlap, that is,
there exist n > 1, and 7 # 7 € 8" such that f3(0) = f;(0), see [9, Lemma 5.10].

As an application of the results of Hochman [9] and Feng, Hu [7] the main results of our paper are
the following statements.

Theorem A. Let ® be an IFS in the form (1.1) and let u be a self-affine measure of the form ((1.3)).
Without loss of generality we may assume that xo < xg (i-e. the direction of y-axis is strong stable).

h
(1) If ®, satisfies the Hochman-condition and —* < 1. Then

Xo
h
dimpg p = —£.
Xo
h h
(2) If ®, and ®g satisfy the Hochman-condition and — <1 < . Then
XB Xo
. h,u — Xa
dimpg p=1+ —"——.
XB

Here we recall the Hausdorff dimension of a probability measure p,
dimpg p = inf {dimg A : u(A) = 1}.
For the basic properties of Hausdorff dimension we refer to [4].
As a consequence of Theorem A we can calculate the dimension of the attractor. Denote by s,

and sg the similarity dimensions of the IFSs ®, and ®4 respectively, i.e. s, and sg are the unique
solutions of the equations

m m
D lagl*e =1, and > |4 = 1. (1.4)
i=1 i=1
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Theorem B. Let ® be an IFS in the form (1.1) and let A be the attractor of ®. Without loss of
generality we may assume that sg < s4.

(1) If @, satisfies the Hochman-condition and sq < 1. Then
dimg A = dimg A = s,.
(2) If o and ®g satisfies the Hochman-condition and sg <1 < so. Then
dimy A = dimg A = d,
where d is the unique solution of > i |a;||Bi|Tt = 1.

Remark 1. Unfortunately, our method does not allow us to extend the result for the case 1 < 54, sg.
To examine this case, we would need a better understanding of overlapping self-similar sets in R?,
d > 2. We guess that if ®, and ®g satisfy the Hochman-condition and there is an i that a; # f;
(i.e. the IFS is strictly affine) then the dimension of the attractor is equal to the affinity dimension
and the dimension of self-affine measures are equal to the Lyapunov dimension.

By using the method of Fraser and Shmerkin [§], we can give some estimate on the exceptional
parameters.

Proposition C. Let ® be an IFS in the form (1.1)). Let us assume that max;.; {|a;| + |oy|} < 1
and Y"1 |Bi| < 1. Then there exists a set T C R*™ such that dimp T < 2m — 2 and for every
(ti,-- o tmi,ti2, . tm2) € R?™ /T the statements of Theorem A and Theorem B hold.

Peres and Shmerkin [14] showed that for every self-similar set in R or R? for any & > 0 there exists
a self-similar set contained in the original one with dimension e-close to the dimension of the original
set such that the IFS satisfies strong separation condition (SSC) and the functions share a common
contraction ratio. That is, the IFS is homogeneous. Later, Farkas [6] extended this result to RY. We
show that under the above conditions there exists a homogeneous self-affine set satisfying the strong
separation condition which approximates the dimension of the original set from below.

Theorem D. Let ® be an IFS in the form and let A be the attractor of ®. Without loss of
generality we may assume that sg < so. Suppose that either

(1) @, satisfies the Hochman-condition and s, < 1,
or

(2) @, Pg satisfy the Hochman-condition and sg <1 < sq.

Then for every € > 0 there exists a homogeneous affine IFS in the form
U = {Tj(x,y) = (az +ujn, By +uj0) iy (1.5)
with attractor T' C A such that it satisfies the SSC, i.e. Ty(T)NT;(T) =0 and
dimg A =dimp A =dimgp A — e < dimy I’ =dimpI’ = dimpgT.

A simple consequence of the result of approximating subsystems of self-similar IFSs by Peres and
Shmerkin [14, Proposition 6] and by Farkas [0, Proposition 1.9] is that the Hausdorff, packing and
box counting dimension of the self-similar sets are lower semi-continuous under the natural para-
metrization. For more general conformal setting, Jonker and Veerman [I0] showed this phenomena
earlier.

Remark 2. [t is an open question that when ® is an IFS in the form (1.1), is there a (not necessarily
homogeneous) affine IFS with SSC such that its attractor is contained in the attractor of ® and
approximates the upper box and packing dimension without the Hochman-condition?
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The motivation of this question is the following. The box and packing dimension of the attractor
of IFS in the form with SSC depend continuosly on the parameters and on the dimension of
the projections onto the axes, see for example [I, Theorem 4.1]. But the projections are self-similar
sets, whose dimension is lower semi-continuous. Thus, the box and packing dimension of self-affine
sets of IFS in the form would be lower semi-continuous under the natural parametrization.

A consequence of lower semi-continuity would be that the exceptional set, where the box and
packing dimension are not equal to the affinity dimension is small in topological sense. That is,
the exceptional set of parameters is of first Baire category. The proof is similar to Simon and So-
lomyak |16, Theorem 2.3]. Proposition C guarantees that the affinity dimension, which is continuous
under the natural parametrization, is equal to the box and packing dimension on a dense set, and the
affinity dimension is an upper bound for the box and packing dimension. By density, the continuity
points of the box and packing dimension must be the points, where it coincides with the affinity
dimension. But the continuity points of any function is a dense G4 set. Hence, the exceptional set is
in first Baire category.

2. PROOF OF THEOREM A

First we recall here some results and notations of Feng and Hu [7]. Let ¥ = {wz}f\i | be a

contracting, hyperbolic IFS mapping [0, 1]¢ into itself. Let ¥ = {1,... ,M}N be the corresponding
symbolic space, o the usual left-shift operator on ¥ and let m be a o-invariant ergodic measure on
>

Denote by II the corresponding natural projection, i.e. II(ig,i1,...) = limy o0 i, © -+ 0 95, (0).
Let P ={[1],...,[M]} be the partition of X, where [i] = {i € ¥ : iy = i} and denote by B the Borel
o-algebra of R

We define the projection entropy of m under II with respect to U (see [T, Definition 2.1]) as

hir(m) :== Hpy(P | o HI7'B) — H,,, (P | TI71B),

where H,, (£ | n) denotes the usual conditional entropy of £ given 7.

On the other hand, let us introduce the so-called conditional measures. Let m be a Borel probability
measure on [0,1]% and = a measurable partition of [0, 1]¢. Let 1 : [0,1]¢ — £ be the map associating
to each 2 € [0,1]¢ the atom ¢ € Z that contains . By definition, @ is a measurable subset of =
if and only if n~1Q is a measurable subset of [0,1]?. Let m be the push-forward of m under 7, in
other words, m(Q) = m(n~'Q) for every measurable set Q C =. A system of conditional measures
of m with respect to Z is a family (mg¢)¢ez of probability measures on [0, 1]¢ such that mg (&) =1 for
m-almost every ¢ € = given any measurable h : [0,1]% — R, the function ¢ € = [ h(z)dme(x) is
measurable and [ h(z)dm(z) = [[ h(z)dme(z)dm (). According to the classical result of Rokhlin,
for every measurable partition there exists a system of conditional measures and it is uniquely defined
except on a set of zero measure.

Let 7,7, and mg be the natural projections from the symbolic space X to A, A, and Ag w.r.t IFSs
¢, d, and Pg. That is, for a i= (ip,i1,...) € X

Tali) =D i1, iy, 75(0) =D ti, 2By Bi,y and (i) = (ma(i), ms(1)).
n=0 n=0

Let P = {p,..., pm}N be the ergodic, left-shift invariant Bernoulli-measure on 3. Then the
self-affine measure p is the push-down measure P by 7, that is, 4 = 7P = P o~ !. Define two
self-similar measures of ®, and ®g by po = (74)«P and pg = (wg).P. If it is not confusing, we

denote the projected entropies, by hr, := hr, (P), hry = hzy(P) and hy := hy(P).
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Proof of Theorem A(1). Applying [7, Theorem 2.11], we have

hy
dimyg po = °
Xo
. hﬂ'a h7r - hwa
dimpp = Ty A
Xa X3
By [9, Theorem 1.1]
h
dimpg po = —£.
(63
Hence, hy, = hy. By [7, Theorem 6.2] hy, < hy < h, which implies that h, = hy,. O

Proof of Theorem A(2). Let us define a lifted IFS on [0,1]* and a derived IFS on {0} x [0,1]?, as
follows
a\) = {S}(:{},y, Z) = (Cki.’IJ, Biy, pz) + (ti,lati,Qati,3)}._1 and

&= {gi(yvz) = (Biy, pz) + (ti’Q’ti’g)}m17

1=

where 0 < p < min; {|el,|5i|} and t; 3 € R are chosen such that
Si([0,1]%) N 8;(]0,1]%) = 0 and S;([0,1]%) N S;([0,1]%) = 0 for every i # j. (2.1)

Denote the natural projections of ® and & by 7 and 7 respectively. Let us define i = 7P and 1 = 7, P
the push-down measures. We denote the projected entropies by hz := hz(P) and hz := hz(P).

We note that the Lyapunov-exponents coincide for every measure i, iz, and p for the appropriate
directions.

Applying [7, Theorem 2.11], we have

h.  h.—h
dimpyp = o 4 Bm T e
Xa XB
N h.  h.—h h=—h
dimgpu = E A e 4 T -,
Xa X5 —logp
he.  h=—h,
dimgp = —2 T "5
X5 —logp

Since ® and ® satisfy the strong separation condition , applying [7, Corollary 4.16], we get that
hz = h, = hz.

Let us introduce measurable partitions of [0,1]3 by &(z,y) = {z} x {y} x [0,1] and 7(y) :=
[0,1] x {y} x [0,1]. Moreover, define a measurable partition of {0} x [0, 1]? by ((y) = {0} x y x [0,1]
and a measurable partition of [0,1]2 x {0} by n(y) = [0,1] x {y} x {0}. For a visualisation, see
Figure [1}

By Rokhlin’s Theorem there are families of conditional measures ﬁ%y, Hoys ﬁg and p, on the
partitions respectively, uniquely defined up to zero measure sets.

By definition of conditional measures and the partition 7, i = [ Hydus(y). On the other hand,

fi= [ 75 ydp(x,y) = [[ % ydu(x)dps(y). Thus,

Iy = /ﬁéyduZ(x) for pg-a.e. y.
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0. 0.5 1.0

§(x, y)

=

FiGURE 1. The lifted IFS and the visualisation of partitions &, 7, n and (.

Let proj : [0,1]* — {0} x [0,1]? be the orthogonal projection. Since (proj).fy = ﬁg for pg-a.e. y,
we get that

S = / (prof).fié., dull(w) for pg-ac. y. (2.2)
Applying [7, Theorem 6.2] we have
h,—h
dimy ﬁgy = —ulog; for p-a.e. (z,y)
hy — hx
dimg ﬁg = iTng for pg-a.e. y.
Using [7, Theorem 2.8] and [9, Theorem 1.1], we have that
h h
d]mH /-‘Lﬁ = T8 — 2]
XB XB

Thus, hr, = hy,. Therefore dimpy ﬁg = 0 for ug-a.e. y.

By (2.2), if ﬁg(R) = 0 for a Borel set R C {0} x {y} x [0,1] then (proj).as.,(R) = 0 for pl-a.e
z. Thus, by the definition of Hausdorff dimension dimg ﬁg > dimy (proj)*ﬁg,y = dimgy ﬁi,y for p-a.e
(z,y). Hence dimpy fo,y =0 for p-a.e. (x,y), which implies that hr = hy,.

Again using [7, Theorem 2.8] and [9, Theorem 1.1],
P,

dimpy po = =1.
o
Hence, hr, = Xo- Therefore
h hr—h h, —
dimg p = Mo 4 0T Mo _ 14 £ 22 Xa.
Xa Xp Xp
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3. PROOF OoF THEOREM B

Let us define the pressure function P(t) with respect to ® of the form (1.1]) in the following way

max {370 |ail’, 300 |G|} ifo<t<1
Po(t) =  max {322 Joll &l =, 300, |Aillo| ™} if 1<t <2 (3.1)
S (ol |B])H2 if t > 2.
Using [, Theorem 2.5] and [3, Proposition 5.1] we get that
dimpA < to, (3.2)

where t( is the unique solution of the equation Pg(tg) = 1.
Before we prove Theorem B, we need a technical lemma.

Lemma 3.1. Let G = {fi(x)},cs an IFS of similarities on the real line such that its similarity di-
mension is less than 1, that is )5 |f{(0)] < 1. Then for every left-shift invariant ergodic probability

measure v on 3 = SN
h

— <,
X
where h, is the entropy of v, X is the Lyapunov-exponent (i.e. x = — >, .slog|fi(0)|v([i])), and s

is the similarity dimension of G (i.e. the unique solution of the equation Y, s |f{(0)]" = 1).

Proof. The IFS G contains similarities then f;(x) = f;(0)z+ f;(0) for every i € S. Since ) ;s |f;(0)] <
1, there exist t; € R for i € S such that the IFS G’ = {f{(0)x + t;},_ satisfies the open set condition
(OSC). Let 7" be the natural projection w.r.t G’ from X to the attractor A’ of G’. Therefore, for
every ergodic left-shift invariant measure v, dimy 7, < dimg A’. The statement follows from the
fact that if the IFS G’ satisfies the OSC then dimpy w.v = % and dimg A’ = s. O

Proof of Theorem B(1). Using (]3.2)) we get

dimpA < s,4.
Let P := {|aq|**, ..., |am|*}" a Bernoulli-measure on 3 and p the corresponding self-affine meas-
ure. One can see that o < xg. Indeed, if xo > xp then by Lemma [3.1]
h
Sﬂzizsa&>3aa
XB XB

which is a contradiction.
Applying Theorem A(1)

h .
S0 = — =dimy p < dimy A < dimpA < s,.

«

Proof of Theorem B(2). Using (13.2) we have that
dimpA < d.

Define Bernoulli-measure P := {|oq |31, ..., [am] | B |9 }N on X and p the corresponding self-
affine measure. Once again, we show that x, < x3. If xo > xp then by applying Lemma we
get

h

sp> L =X Ly 15d>1,

Xg  XB

which is a contradiction.
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On the other hand, applying again Lemma

h
o<1 <14 (d—1)XE = 21
X3 Xa Xa
Applying Theorem A(2)
h, — B
d=1+"2"X _ gimy pu < dimg A < dimpA < d.
XB

4. PROOF OF THEOREM D

For an IFS G = {¢;};2, denote the kth iterate by GF = {tp;, o -+~ ot}

;.1 First, we state a
yer k=
technical lemma.

Lemma 4.1. Let G = {x — r;x + ti}f\il be an IFS of similarities on the real line and let ©(G) be
the attractor of G. Then for every ¢ > 0 there exists a K = K(g) > 0 such that for every k > K
there is a Fi, C G* such that

(1) f{(O) = fé(o) fO’f’ any f17f2 S ]:k‘7

(2) dimg ©(9) — ¢ < dimy O(Fy), where O(Fy) is the attractor of IFS F,

(3) Fi satisfies the SSC, i.e. f1(O(Fk)) N f2(O(Fk)) =0 for any f1 # fo € Fk.

The proof is a consequence of Orponen [13], Lemma 3.4] and Peres and Shmerkin [I4, Proposition 6],
therefore we omit it.

Lemma 4.2. Let ® be the IFS in the form and let ty be the unique root of the subadditive
pressure function t — Pg(t), defined in . Then for every € > 0 there exists a K = K(¢) that for
every k > K there is a homogeneous IFS Uy, in the form such that U, C ®F and for the root of
of the corresponding subadditive function Py, (ty,) =0

‘tq; — t\pk‘ < €.

Proof. Throughout the proof we follow the line of Peres and Shmerkin [I4, Proposition 6].

For every i = (i1,ia,...) € ¥ = {1,...,m}" let Xj(i) = 25:1 ¢;,;, where ¢; are the coordinate
vectors of R™, and m is the number of the functions in ®.

Denote the subadditive pressure function, defined in , by Ps and the root by te. Without

loss of generality, we may assume that 55 < s, where s, and sg denote the similarity dimension of
the systems ®, and ®g, see and ( . Thus,
5 <1 = aﬁ“’ +---tafr = (4.1)
Sa>1 = alﬁtq) Lot amﬁt‘b’l =1. (4.2)

Fix a p = (p1,...,pm) probability vector as follows, let p; := a ?if 5o < 1, and let p; := azﬂtq’ !
otherwise. Define P := {p,... ,pm} probability measure on X. Then [ X (i)dP(i) = k> ", pie;.

Let vy, := (1, ..., Ump) that |v;, —kp;| <1 for i =1,...,m. Then by multidimensional central
limit theorem there exists a ¢ > 0 independent of k£ that
P({ieX: Xp(i) =u,}) > ck™=. (4.3)

Define N, = {[i1,..., i) : §{n <k :4, =1} =v;;}. Then

ﬁNka L Hp > mﬂp P(fieD: Xu(i) = v;}). (4.4)
1=
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Thus, by (3) and ([4)

ENg, > k™ lel_kpl-
=1
Let ¥y be the IFS
W = {8 00 S iy, igleny
Observe that every function 7; € Wy has the form 7} : (z,y) — (Qrz + t’lyk,j,gky + 15, ;), Where

ar = 1%, a;}l’k and Ek =TI, Bfl’k, that is, ¥y is homogeneous. On the other hand, by using the
definition of subadditive pressure (3.1) the root satisfies the following formula

Hence, there exists a constant C' > 0 such that
log k
‘tCP_t‘I/k‘ <C i ’
which completes the proof. (I

Proof of Theorem D. Let ® be the IFS in the form (1.1]) with attractor A, and let ®, and ®3 be the
projected IFSs to the z- and y-axis with attractors A, and Ag.
First, let us suppose that condition (1) holds. By Theorem B(1) and [9, Corollary 1.2]

dimg A, =dimg A = s, = to.

Applying Lemma for every € > 0 there exists a homogeneous IFS ¥ C ®F for some k such that
|ts — tw| < &/2. On the other hand, it is easy to see that since @, satisfies the Hochman-condition
then every subset of <I>’oi satisfies the Hochman-condition for every k. Denote the attractor of ¥ by I'
and denote the projected IFS to the xz-axis by ¥, with attractor I',. Hence, applying Theorem B(1)
again,
dimyg 'y, =dimyg I’ = tg.

Applying Lemma for W, we get that there is a homogeneous IFS ¥/ C ®* for a k' that W/,
satisfies the SSC, and thus, ¥’. Moreover, for the attractor IV of ¥’

tp—e <ty —c/2<dimy T, <dimp I’ < to,

which proves the first case.
Now, we turn to the case when condition (2) holds. By Theorem B(2)
dimyg A = tp.

Applying Lemma for every € > 0 there exists a a homogeneous IFS ¥ C ®F for a k that
|to — tw| < €/2. Denote the attractor of ¥ by I' and denote the projected IFS to the y-axis by ¥z

with attractor I'3. Denote the contracting ratios of ¥ by & and 3 Since Vg is homogeneous and
satisfies the Hochman-condition, we have

log W
—log B\

Applying Lemma to W, there exists a homogeneous TFS W' C UF' for a k that W), satisfies the
SSC, and so ¥’. On the other hand,

dimH Fﬁ =

log #9’ S log §W
—K'logB ~ —logB

. €
dlmHFiB = Ty
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which implies that 7 > §U*' 3 5 Using (4.5)) for the root of the subadditive pressure of ¥’
1= gw'ah gr =1 > <ﬁ\lla§tw+s/2—1>k/ .
Hence, ty —¢/2 < tg and by Theorem B(2), dimy I" = tg which completes the proof. O

5. PROOF OF PROPOSITION C

Finally, we show a bound on the dimension of the exceptional parameters. The statement is based
on the dimension of exceptional parameters for self-similar IFSs.

Lemma 5.1. Let {r;}.", be a set of real numbers such that r; € (—1,1) for everyi=1,...,m and
max;; {|ri| + |rj|} < 1. Then there exists a set E C R™ such that dimp E < m — 1 and for every
(t1,...,tm) € R™/E the IFS G = {x — rix + t;}.~, satisfies the Hochman-condition.

The proof follows the method of Fraser and Shmerkin [8, Proposition 4.3]. Before we prove
Lemma [5.1, we need a technical lemma.

Lemma 5.2. Let {r;}", be a set of real numbers such that r; € (—1,1) for everyi=1,...,m and
max;.; {|ri| + |r;|} < 1. Then there are vectors a; € R™! such that the vectors {(a;,1 —r;)}iey are
linearly independent in R™ and the IFS G' = {g; : x — rix + a;};~, satisfies the strong separation
condition on [—1,1]™1.

The proof can be found in Simon and Solomyak [16, Proof of Theorem 2.1(b) and (c)], therefore
we omit it.

Let w be a non-zero vector in R™~1 and let Il, : £ — w - x be the linear projection to the line
determined by w. Then it is easy to see that

lvad,, (Mu(z) ~ (@) | = iz — yl. (5.1
Lemma 5.3. There exists a § > 0 such that for everyn >1 and everyi #7€ 8" ={1,...,m}"
max { |y (9:(0)) — w(g7(0))], [lgrady, (Mw(g:(0)) — Mu(g;(0))) [} > 6",

where g; are the functions defined in Lemma and g; denotes the composition gz = g;, ©---° g;,
(and similarly for gz).

Proof. Tt is enough to show that there exists a € > 0 that for every n > 1 and every 7 # 7 € S =
{1,.. .,m}" with i1 # ji

max { [T (g:(0)) — Tw(g5(0))], llgrad,, (Mw(g:(0)) — Mw(g5(0))) [} > e,

by choosing 6 = e min; {|r;|}. Let us argue by contradiction. Suppose that for every £ > 0 there exist
n >1and 7,7 € 8™ with i1 # j1 such that

max { [Iu(g:(0)) — T (g;(0)), llgrad,, (Mw(g:(0)) — w(g5(0))) ||} <.

By compactness and by letting ¢ — 0+, we get that there exists x,y € ©(G’) such that ||z — y| >
min,¢; {dist(g;(©(¢")), g;(©(¢")))} > 0 and [|grad,, (ILy(z) — Iy (y)) || = 0, where ©(G’) denotes the
attractor of G’. But by (5.1)), it is a contradiction. O

Proof of Lemma[5.1 Falconer showed in [2, Proof of Theorem 1] that the projections of G’ in
Lemma to lines in R™~! through the origin and the IFS G are linearly equivalent. That is,
for every (t1,...,tm) € R™ there exists a unique vector (zg,w) € R™ such that t; = zo + w - g;.
Thus, it is enough to show that there exists a set £ C R™~1 such that dimp E < m — 2 and the IFS
{x > rix 4+ Iy(g;)} satisfies the Hochman-condition for w € R™!/E.
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For a,j € 8" let Ajj(w) := Iy (g:(0)) — Iy (g7(0)). It follows from the definition of exceptional

set that -
reNU N U adcee

e>0 N=1n>N 1£7€S"
Since w + I1,(gz(0)) is linear, so w — Azjz(w) is. By Lemma A{Jl(—sn,z—:") is contained in a
(¢/6)"-neighbourhood of the hyperplane A;- 71 (0). Hence, U z5esn A; jl(—an, e™) can be covered by at
most Cm?*(§/e)™=2" balls with radius (¢/8)", where C is depending on m. Thus,

_ 2logm
. -1 n _n
dlmBﬂ7U Ai,j(_57€)§m_2+m
n>N 1£7eS™
By using the definition of packing dimension,
21
dimp F < limm—2+ﬂ =m — 2.
e—0 —log(e/9)
O

Proof of Proposition C. Let «; and B; be non-zero real numbers for ¢ = 1,...,m such that «;, 5; €

(—1,1), max;2; {|ai| + o[} < 1 and Y7, [8;] < 1. Then by Lemma [5.1] there exist sets By, By C
R™ such that dimp Ey,dimp Ey < m — 1 and the IFSs ®, = {z+— oz +1t;1}, ., and &g =
{z— Biz+ tm}ﬁl satisfy the Hochman-condition simultaneously for every (¢11,...,tm1) € R™/E;
and (t12,...,tm2) € R™/Ey. Thus, the IFS of the form satisfies the assumptions of Theorem A
and Theorem B for every (t11,...,tm.1,t12,---,tm2) € R*™/E} x Ey. By using the product property
of the packing dimension, we get dimp F1 X Fo < dimp E1 4+ dimp Fo < 2m — 2, which completes
the proof. O
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