UPPER AND LOWER FAST KHINTCHINE SPECTRA IN
CONTINUED FRACTIONS

LINGMIN LIAO AND MICHAL RAMS

ABSTRACT. Every z € [0,1) can be expanded as a continued fraction:
z = [a1(x),az2(x), --]. Let ¢ : N = N be a function with ¥(n)/n — oo
as n — 0o. The (upper, lower) fast Khintchine spectrum for 9 is defined
as the Hausdorff dimension of the set of numbers z € (0,1) for which
the (upper, lower) limit of ﬁ >_j—,loga;(z) is equal to 1. The fast
Khintchine spectrum was determined by Fan, Liao, Wang, and Wu.
We calculate the upper and lower fast Khintchine spectra. These three
spectra can be different.

1. INTRODUCTION

Each irrational number z € [0, 1) admits a unique infinite continued frac-
tion expansion of the form

(1.1) x =

al (LE) + 1
az(x) + ———

az(z) +

where the integers a,(z), called the partial quotients of x, can be generated

by using the Gauss transformation 7" : [0,1) — [0, 1) defined by

T(0):=0, T(z) = é (mod 1), for z € (0,1).

In fact, let a1(x) = |z~!] (|- stands for the integral part), then a,(x) =
a1 (T"1(x)) for n > 2. For simplicity, (1.1) is often written as x = [ay, ag, - - -].
For any x € (0,1), the Khintchine exponent of z is defined by the limit
(if it exists)
1 ... +logay,
£(z) = Tim ogai(x)+---+loga (x)

n—o0 n

Khintchine [5] proved that for Lebesgue almost all points x, we have
1
log a;(x)
= —————dx = 2.6854....
&) /0 (1+z)log2 v
Let ¥ : N — N and let @ > 0. Define

E(,a) = {x €10,1): nh_{go log a; () +¢(n)+ log ay, () _ a} '
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When ¢ (n) = n, the set E(¢, «) is a level set of the Khintchine exponent,
whose Hausdorff dimension is determined in [2]. The function of the Haus-
dorff dimension associated to each « is called the Khintchine spectrum.
Later, in [3], the authors studied the fast Khintchine spectrum, i.e. the
Hausdorff dimension of E(i,a) where 1 satisfies that ¢ (n)/n — oo as
n — oo. In this case, it turns out that the Hausdorff dimension does not
depend on the level a, but only on the increasing rate of ¢». More precisely,
let ¢ and ¥ be two functions defined on N. We say ¢ and ¢ are equivalent

if ggz; — 1 as n — 0o. We denote the Hausdorff dimension by dimg. The

authors of [3] proved the following theorem.

Theorem 1.1 ([3]). Let ¢ : N — N with )(n)/n — oo as n — oo. If ¢ is
equivalent to an increasing function, then for all a« > 0, E(¢) # 0 and

Hlﬁ’ with B = liﬁsogp W

Otherwise, E(¢,a) =0 for all a > 0.

dimyg E(¢, o) =

When the sets E(1), ) are not empty, the dimensional function associated
to ¢ (and «) is called the fast Khintchine spectrum in [3].
In this note, we consider the following sets

E(¢) = {x €1[0,1] : hzr;sip log a: (x) _:p(n;_ log an(x) _ 1} ’

and

E(p) = {a: e[0,1] : hnrgg.}f log ai(x) +¢(n;t log ay, () _ 1}‘

Their Hausdorff dimensions are called upper and lower fast Khintchine spec-
tra.

Remark that we only consider the level a = 1 here, since for other levels
the Hausdorff dimension will not change, as in Theorem 1.1.

Theorem 1.2. Assume that v : N — N satisfy ¥(n)/n — oo as n — oo.
Write

lim inf M =logb and limsup M = log B.
n—o0 n n—00 n
Assume b, B € (1,00]. Then
dimy E(¢) = L and dimpg E(¢) = b
i T 1+b = 1B

We remark that the three values 5,b and B are in general different even
though we always have the relation b < B < 3. We also remark that the set
E(¢) and E(¢) are always nonempty.
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2. PRELIMINARY

For any n > 1 and (ay,as9, - ,a,) € N, define
In(alaaQa T aan) = {:U € [07 1) : al(l') =at,- - 7an(x) = an}7
which is the set of numbers starting with (aj,--- ,a,) in their continued

fraction expansions, and is called a basic interval of order n. The length of
a basic interval will be denoted by |I,,].

Proposition 2.1 ([5]). For anyn > 1 and (a1, -+ ,a,) € N,

n —2 n
(2.1) <2”Hak> < |In(ay, - ,an)| < <H ak>
k=1 k=1

The following lemma is used to calculate the lower bound of the Hausdorff
dimension of E(v).

Let {sp}n>1 be a sequence of integers and ¢ > 2 be some fixed integer.
Set

-2

F({sn}pli;0) :=={z €[0,1) : s, < an(z) < lsy, foralln > 1}.
Lemma 2.2 ([2]). Under the assumption that s, — oo as n — 0o, one has
. . 1Og Sn+1 )
dimyg F({sp}o1;¢) = [ 2+ limsup ———————

In fact, Lemma 2.2 has a more general form. Let s := {s,}n,>1 and
t := {tn}n>1 be two sequences of real numbers such that s, > 1,¢, > 1 for
all n > 1. Consider the following set

F(s,t):={xz €[0,1): s < an(x) < sply, for alln>1}.
Lemma 2.3. Assume that s, — o0 as n — 0o, and

log(t, — 1)

lim =0.
n—oo  log sy,
Then
log sp41 !
dimpy F(s,t) = (2 + lim sup ) .
n—oo 10g 8182+ 8y

The proof of Lemma 2.3 is essentially contained in the proof of the lower
bound of the dimension of E(¢) in Subsection 3.2. So the details are left
for the reader. A special case of Lemma 2.3 can be found in [6].

The next lemma is useful for the upper bound of the Hausdorff dimensions
of B(1) and E(1).

Lemma 2.4 ([7]). For anya > 1,b>1,

T T ].
dimg{z : an(x) > a? vn > 1} =dimg{z : ap(x) > a® 0.} = T
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3. PROOFS

3.1. Dimension of E(i). We first calculate the Hausdorff dimension of
E(1). Recall that

E(Y) = {at €1[0,1) : limsup logay(x) + - + log an(x) = 1}.
We will only give the proof for 1 < b < co. The case b = oo can be obtained
by a standard limit procedure.
Upper bound: For z € E(1), let S, (z) := logai(x)+---+loga,(z). Then
for any § > 0, there are infinitely many n’s such that S, (z) > ¥ (n)(1 — 9).
This implies that there exist infinitely many ¢ < n such that

loga;(x) > —=(1 —9).

By the definition of b, for any € > 0, )(n) > (b — &)™ for all n > 1. Thus,
we have infinitely many i’s, such that

(b _ng)nu _5) > (b—2¢).

log a;(z) >

By Lemma 2.4, the Hausdorff dimension of E(¢) is bounded by 1/(1+ (b—
2¢)) from above. Letting ¢ — 0, we obtain the upper bound.

Lower bound: We define a real sequence {¢, }22 ; as follows. Let ¢; = ev@

and
¥(2)
~ . € ~h—
CQ:mln{ — cll’ et
C1

Assume that ¢, has been already well defined, then set

_ _fevtth L
Cpn+1 = IMIN§ =5 = H Ck .
[Tz Gk

k=1

Now for all n > 1, take ¢,, = |&,] + 2, where |-] stands for the integer part.
Then we can check that

1
(3.1) lim sup 98 Cnl
n—oo logcy + -+ +logcy

By the definition of b, we can further check that there exist infinitely many
~ e (n+1)
n, such that ¢, = I

<b-—1+4e¢.

Thus we have

:1Ek.

= 1.

. logey +--- +logey,
3.2 |
2 T
Define

E({cn}) ={z€10,1) : ¢, < an(x) < 2¢y, for all n > 1}.

By (3.2), E({ea}) C E(¥).

To apply Lemma 2.2, we need the condition ¢,, — oo as n — oo which is
not necessarily satisfied. So, some modifications on the subset E({c,}) are
needed. By the condition that ¢(n)/n — oo as n — oo, we can choose a
sequence {ny}7°, such that for each k > 1,

¥(n)

2 > k2 when n > ny.
n
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Take o, =2 if 1 <n < ny and
an =k+1, when ny <n < ngyq.
Then it is easy to see

. loga; +---+logay, . log cvn 41
lim =0 and lim =
n—00 P(n) n—oo log g + -+ - + log a,

Since ¢, > 2 and «y, > 2 for all n > 1, we have
log ¢,, <log(cn + o) <logey, + logay,, Vn > 1.

So, by taking s, = ¢, + a, for each n > 1, we get
Jimn sup log sy + - - + log sp,

=1.
n—00 Y(n)

Define
E({sn}) :={x €0,1) : 55, < an(x) < 28y, for all n > 1}.
Then E({s,}) C E(¢)). As s, — 00 as n — oo, by Lemma 2.2, we have

. . log 8,41 -
imy E({sn}) ( + lglsgp log sy + -+ log s,

Note that
. log sp41
im sup
n—oo 10g sy + -+ +logsy,
1
— lim sup Og(cn—i-l + Oén-i-l)
n—oo log(cr + 1) + -+ +log(cn + an)
< limsup log ¢ip1 + log apg1
n—00 10g(01 + 011) + -+ 10g(cn + an)
1 |
< limsup 8 Cni1 + lim sup 08 Ont1
n—oo logecy +---+logey, n—oo logai + -+ logay,
< b—-1+4¢e.
Hence,
1

dimg E(y) > dimy E({sn}) > brite

3.2. Dimension of E(¢)). Recall that

.. Jdogai(z) + - +logay(z)
E(y) = {x €[0,1): l%nrggf ! o) = 1}.

As in the calculation of the Hausdorff dimension of E(¢), we will only give
the proof for 1 < B < oo and the easy case B = oo is left for the reader.

Upper bound: By the definition of B, for any & > 0, there is a sequence
{n;} such that

$(ni) > (B —e)™.
Denoting Sy, (z) = logai(x)+---+logan(z), for all z € E(v), for any 6 > 0,
we have
Sp(x) > (n)(1 =96), Vn > 1.
Thus
Sp; () > (B —¢)"(1—9).

(3
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Then there exists j < n; such that
loga;(x) > (B —&)"(1—68)/n; > (B — 2¢).
As n; goes to infinity, we will have infinitely many such j’s. Thus by Lemma

2.4, the Hausdorff dimension of E(v)) is bounded by 1/(1 + (B — 2¢)) from
above. The upper bound then follows.

Lower bound: We will construct a nonempty subset of E(z)). Thus the
following proof also shows that the set E(v) is always nonempty.
For any € > 0, define

A; = supexp{y(n)(B +€)™").

This is the smallest function satisfying

(3:3) A < AP and A > @)
Let o
¥(n)
Since for all i € N, A; > exp{9(i)(B +¢)"} = @) we have
Z> log A, 51,
¥(n)

We start by showing the following proposition.

Proposition 3.1. We have Z < oo.

Since lim sup,,_, W = log B, we have for n large enough,

P(n) < (B+e/2)".
Thus
A; < exp{(B+¢/2)"(B+¢)""}.
Since (B + ¢/2)"/(B + €)™ goes to 0 as n — oo, we have the supremum
in the definition of A; can be obtained for the first time by some t; > 1.
Remark that for many consecutive i’s the t; will be the same. More precisely,
ti =tix1 =+ =1,. Let us write n; = t;,. Then n; < n;41. Notice that for
these n;, we have
10g An, = 1!}(”1)7
and for k € (n;—1, nil,

log Ap = ¥(n;)(B + )™,

Thus
> logAr= Y (n)(B+e) < C ().
k=n;_1+1 k=n;_1+1

Suppose {n;} are defined as above. Denote Syt := > ;_, ¥ (k). Proposi-
tion 3.1 follows directly from the following two lemmas.

Lemma 3.2. The following liminf is finite:

P X 2
lim inf —~ < oo.
n—00 1[}(n)
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Proof. For ¢ > 0, we will show that there exist infinitely many ¢, such that
P(i) > eS;_19. If not, we will have

Snw = Sn—lw + w(n) < (1 + 5>Sn—1¢-

Thus log S
lim sup log Sn9 <log(1+¢),
n
which is impossible since we have
1
lim sup log¥(n) = B > log(1 +¢).
n

Write [; the sequence such that 1(l;) > S5;,_11. Then

Sy, Sy _ i 1
LY S+ () <1+1 <o
) ¥(ls) €
and the conclusion follows. O
Lemma 3.3. If
Sntp
L :=liminf —= < o0,
n—oo 1h(n)
then g
lim inf ¥ < oo
Proof. Let my, be the sequence such that
i S =L
k—o00 w(mk)

Then each my, is in some (n;_1,n;]. Thus

St =St S () < Lepim)+ S ()

j:karl j:mk+1
n;
<(L+e) > v().
Jj=myg

Since for j € [myg,n;] C (nj—1,n;l,

v0) < e,
we have
Sy < C - (L+e)y(ni).
Then the result follows. O

We continue the estimation of the lower bound. Let ¢; be a sequence
decreasing to 0. (We will see g; = 1/i are OK.) Construct x by choosing
a;(z) in the interval
(A7 (1 — &), A7 (1 + &)

(3 (3

Choose ¢; such that
" log(l+e;
lim Z‘jfl g( ]) -0
n—oo ’l/}(n)
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Then
i 1loga]( ) . %Z?:ﬂOgAj

liminf —=/—————— =liminf &=¥—————= =

N—00 P(n) N—00 ¥(n)
So such constructed x’s are indeed in the set E(1). Denote by E the set of
those z’s.

To estimate the Hausdorff dimension, we define a probability measure u

on E. For each position, we distribute the probability evenly. That is for
each possible a;, we give the probability

1 1
A7 ), A7 (1 v e 2047

Thus for each basic interval I, = I,,(a1, ... a,), we have

u(ln) = =49

By (2.1)
L] =~ J[(Al%) 2

To calculate the local dimension of x € E, we will use a smaller interval D,
included in I,,:

Dn = Uan+1>Ai/+Zl(1 —€n+1) Inti(ar, s anany).

Since a; € [Ail/Z(l—ai), Al/Z(l—i—az)] and A; grows super-exponentially, the
Hausdorff dimension will be determined by calculating the local dimension
log p(Dn)
log |Dy,|
(See Section 4 of Jordan and Rams [4].)
The length of this interval is

—1/Z
1D, & |L| - A, 10

lim inf

We have
—log u(D,) = —log (I, Z log(2¢;) + Z log A;.

Let us choose €; such that | > " 10g(2€i)] < log An+1. By the property
that A; 11 < AB+€ we deduce that for big n,

1 1
~] ) > log(2e;) log Apt1 ~ s log Api1.
ogu(D Z og(2ei)+— ;(B+ o) 0g Ant1 ~ ZB+e—1) 0g Ant1

Now we calculate —log | Dy |:

1 1
—log|Dy| = —log || + log Apt1 =~ —2log p(Dy) + 7 log Apt1-
Thus
—logu(Dn) —log u(Dn) _ 1
—log|Dn| ~ —2logu(D,) + Llog A, Llog Ant1
g [ Dnl 08 #(Dn) + 7108 Ani1 g 4 ZEESHL

1 1
> = .
- 2+B+e-—-1 B+1+¢
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Then the lower bound follows from the Frostman Lemma (see [1]).
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