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 Outline of the talk

1. Some aspects of quantum statistical mechanics. 

2. The density matrix and its equation of evolution.

3. Quantum spin and the Lindblad operators1 of a dissipative 
quantum process.  Coherence and decoherence in NMR.

4. NMR spectroscopy and why control is important.

5. Two dimensional NMR and  the Cramer-Rao bound.

1. I was kindly informed  at this meeting that although in the NMR literature these are 
usually refers to as Lindblad operators there are good reasons for calling them 
Kossakowski-Lindblad operators. 



The u2 term produces 
no measurable effect





The Hilbert space which occurs in quantum mechanics is a space of
square integrable functions mapping the set of possible
configurations into the complex numbers.  For the harmonic
oscillator  the Hilbert space is infinite dimensional. But in many
interesting cases it is effectively finite dimensional.

The Hilbert Space

John von
Neumann

Paul Dirac



Off Topic but Interesting….

What makes estimation easy makes control impossible.

Diffusion-like
Not wave-like



The Density Matrix



Controlling an Ensemble with a Single Control

dx1/dt = A(u)x1+Bw1    

dx2/dt = A(u)x2+Bw2
…………..

dxn/dt = A(u)xn+Bwn

y=(cx1 + cx2+ …+xn )  + n

The system is not controllable or observable.  There are something 
like 1023 copies of the same, or nearly the same, system. We can write 
an equation for the sample mean of the x’s, for the sample covariance, 
etc.  Multiplicative control is qualitative different from additive.

The actual problem involves many copies with almost the same 
dynamics

Ensemble description
With noise terms



Isospectral flow!



Wanted and Unwanted Dynamics

The lattice dynamics  interact
with the spin dynamics. We 
only hope to understand the spin 
Dynamics.   



The Reduced Density Equation
For tractability, separate the “lattice dynamics” from the spin 
dynamics, replacing the former by an effective random term. 
The resulting flow is no longer isospectral but is 
asymptotically stable to an equilibrium consistent with the 
Boltzmann distribution. 

Think:  blue is infinite
dimensional and
isospectral, green is finite
dimensional (spin only
Hilbert space) and
isospectral. Orange is
spin only, finite
dimensional, not
isospectral, the “master
equation”.







 Thinking like a Physicist and not a Geometer
Often examples involve  systems that take on only a few states so 
that the Schrodinger equation is thought of as being  
finite dimensional. These problems arise in the study of 
spin systems, but are also are good approximations for a number of 
systems in which electromagnetic radiation interacts with atomic 
systems. laser systems, spectroscopy, …

Instead of explaining
behavior in terms of  a
selection of vector
fields, explain it in
terms of a selection of
frequencies (which then
determine vector fields
through averaging).

E0

E1

E2

E3



Non Quadratics are more Controllable
     The harmonic oscillator describes much  in quantum

mechanics but control via shifting the minimum point of
the potential is not effective because the Lie algebra is
only  four dimensional.  Non-quadratic potentials are
necessary to increase the dimension of the Lie algebra



Boltzmann Distribution for a Physical System
in Equilibrium at Temperature T

Because magnetic moments  that are 
aligned with the magnetic field have a 
little less energy than those opposing it, 
the Boltzmann distribution implies they
are favored.

ρ(x)=(1/Z)exp-(E(x)/2kT)



Stochastic Equations Supporting Boltzman



The Density Equation from Statistical Mechanics



The Relevant Calculus for Stochastic Systems



The Density Equation from Statistical Mechanics



 How Much Can Control Help in Identification?







Decoherence-free subspaces in Lindblad model

This could be the subject of a talk in itself.



The Concept of Quantum Mechanical Spin
First postulated as property of the electron for the purpose of 
explaining aspects of fine structure of spectroscopic lines, (Uhlenbeck-
Gouldsmit).  Electron spin was first incorporated into  a �Schrodinger-
like description of physics by Pauli and then treated in a definitive way 
by Dirac. Spin itself is measured in units of angular momentum as 
is Plank’s constant.  The gyromagnetic ratio links the angular 
momentum to an associated magnetic moment which, in turn,  
accounts for most measurable  aspects of spin. Protons were 
discovered  to have spin in 1927 (Dennison) and in 1932 Heisenberg 
wrote a paper on nuclear structure in which the recently discovered 
neutron was postulated to have spin and a magnetic moment. 

In this talk it is the net spin of the nucleus that plays the basic  role,
although there is an important indirect effect (the chemical shift) 
involving electronic spin which also plays a role.



Angular Momentum and Magnetic Moment
Spin (angular momentum)  relative to a fixed direction in space is
quantized. The number of possible quantization levels depends
on the total momentum.  In the simplest cases (spin one-half
systems) the total momentum is such that the spin can be only plus
or minus 1/2 in suitable units.  Systems that consist of a collection
of n such states give rise to a Hermitean density matrix of
dimension 2n .by   2n.

Wolfgang
Pauli

Werner
Heisenberg



Measured  Response:  If QM is Unitary, why the Decay?
Radio Frequency Pulse input

Free Induction
Decay response

The frequency of the decaying oscillation reveals the strength of the 
effective magnetic field felt by the spinning nucleus. The decay 
is caused by decoherence.  

1940’s experiments 
of Purcell



The Block Equations

Bloch 
Nuclear Induction Purcell

Absorption

Bloch constructed this important 
phenomenological equation, valid 
in a rotating coordinate system, 
which applies to a particular type of 
time varying magnetic field.   

dxr/dt = (A+uB)x+ub

d
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The Linearization Dilemma

Small input makes linearization valid but gives small 
signal-to-noise ratio.  Large input give higher signal-to-noise
ratio but makes nonlinear analysis necessary.

 response Fourier transform



Qualitative Analysis Based on the Mean

If we keep u at zero there is no signal.  If we apply a pulse, rotating
the equilibrium state from x1 = 1, x2=0,x3=0 to x1 = 0, x2=1,x3=0, 
Then we get a signal that reveals the size of f. The actual signal with 
noise present can be expected to have similar behavior. 



Why are Radio Frequency Pulses Effective in moving x?

Let z be exp(-At)x  so that the equation for z takes the form

If Ax(0)=0 and if the frequency of u is matched to the frequency of
exp(At) there will be  secular terms and the solution for z will be
approximated by z(t) = exp(Ft)x(0).  Thus x is nearly exp(At)exp
(Ft)x(0).

dx/dt = (A+u(t)B)x

dz/dt = u(t)e-At BeAtz(t)



Decoherence and the Role of the Density Matrix
Each ψ has a phase angle but only |ψ | is related to probability,
Thus for a single particle phase is not detectable.  However for two
weakly interacting particles the relative phase angle matters.  The
size of the off-diagonals in ρ measures the conherence of the
relative phase angles.

Spin (angular momentum)  relative to a fixed direction in space is
quantized. The number of possible quantization levels depends
on the total momentum. In the simplest cases the total momentum is
such that the spin can be only plus or minus 1/2.  Systems that
consist of a collection of such states give rise to a density matrix of
dimension 2n .



The Density Equation from Statistical Mechanics



 Why is the spectroscopy problem so hard and why
do people keep working on it?

Gespard De Prony



An unfolded alpha

helix structure.

A folded structure

NMR can help determine 

the geometry!

The geometric structure of proteins 



Prony’s Problem (Slightly Simplified)



Background: The Linearized Prony Problem



 There is a structured matrix involved here.



 There is a structured matrix involved here.





 There is a structured matrix involved here.



Prony’s problem



The Fisher Information matrix tells why
Prony’s problem is difficult



It is nonsingular if b has nonzero entries and the
eigenvalues are distinct



Prony’s problem



Prony’s problem



The 2-D technique: modal mixing for better identification 

 The recorded
signal on this side



Two Dimensional NMR Improves the Cramer-Rao Bound



On to the Two-Dimensional Situation



The Two-Dimensional Jacobian



Getting to the Schur Product



In spectroscopic applications the spreading is caused by the shielding 
of the magnetic field by nearby electronic spins.  The extent of the 
shielding is is measured by the frequency shift and this, in turn, is 
determined by the geometry.





In Conclusion…

 

1. The density equation defines a flow on an adjoint orbit.  
measurement of its response to controlled inputs is an essential 
part of many processes of technological interest.

2. The Lindblad model is a description of the effect of unmodeled 
dynamics on the sub-system of interest.

3. Traditional NMR spectroscopy is limited by decoherence caused 
by interactions and modeled via Lindblad terms.

4. The Cramer-Rao bound provides a quantitative explanation of 
the effectiveness of what is called 2D NMR. 



A reference on the use of Cramer-Rao bounds in this context:  

R. W. Brockett, “Using Feedback to Improve System Identification” 
 in,  Control of Uncertain Systems: Modelling, Approximation, and
 Design  (Edited by B.A. Francis and J.C. Willems) Springer 
Lecture Notes in Control and Information Sciences, 2006.


