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Quantum Channel � Mathematics

A1 , A2 � C∗-algebras
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A linear map Φ : A1 −→ A2

i) is positive if

a ≥ 0 =⇒ Φ(a) ≥ 0

ii) is k-positive if
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iii) is Completely Positive if it is k-positive for all k = 1, 2, . . .
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Φµ : Md −→ Md

Φµ(a) = µ Id Tr a− a ; µ ≥ 1

Theorem:

k + 1 > µ ≥ k

Φµ is k-positive but NOT (k + 1)-positive

µ ≥ d , Φµ is CP
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SOS f = f2
1 + f2
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SOS =⇒ PSD

PSD =⇒ SOS ????

f(x) � YES

f(x1, . . . , xn) & f � quadratic form � YES
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Proof � Artin 1927
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Quantum Channel

dimHk = dk <∞ , k = 1, 2

B(Hk) � C∗-algebra

De�nition:

A Quantum Channel is represented by a Completely Positive Map

Φ : B(H1) −→ B(H2)
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]
TrΦ(ρ) = Trρ � trace preserving channel

Φ̃(I) = I � unital channel
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Φ : B(H) −→ B(H)
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Ψ+ =
1√
d

d∑
α=1

eα⊗ eα −→ P+ = |Ψ+〉〈Ψ+|

ρΦ = (1l⊗Φ)P+
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Schmidt number

Schmidt decomposition
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e1, e2, . . . ∈ H1 & f1, f2, . . . ∈ H2

ψ =
∑
α

λα eα⊗ fα

λα ≥ 0 ,
∑
α

λ2
α = 1

Schmidt number

SN(ψ) = number of nonvanishing λα

ψ is separable ⇐⇒ SN(ψ) = 1



Entangling Properties of Quantum Channels

Schmidt number

Schmidt decomposition

ψ ∈ H1⊗H2

e1, e2, . . . ∈ H1 & f1, f2, . . . ∈ H2

ψ =
∑
α

λα eα⊗ fα

λα ≥ 0 ,
∑
α

λ2
α = 1

Schmidt number

SN(ψ) = number of nonvanishing λα

ψ is separable ⇐⇒ SN(ψ) = 1



Entangling Properties of Quantum Channels

Schmidt number

Schmidt decomposition

ψ ∈ H1⊗H2

e1, e2, . . . ∈ H1 & f1, f2, . . . ∈ H2

ψ =
∑
α

λα eα⊗ fα

λα ≥ 0 ,
∑
α

λ2
α = 1

Schmidt number

SN(ψ) = number of nonvanishing λα

ψ is separable ⇐⇒ SN(ψ) = 1



Entangling Properties of Quantum Channels

Schmidt number

ρ � density operator in H⊗H

ρ =
∑
k

pk|ψk〉〈ψk|

ψk ∈ H⊗H

Schmidt number

SN(ρ) = min
pk,ψk

{
max
k

SN(ψk)
}

1 ≤ SN(ρ) ≤ d

ρ is separable ⇐⇒ SN(ρ) = 1



Entangling Properties of Quantum Channels

Schmidt number

ρ � density operator in H⊗H

ρ =
∑
k

pk|ψk〉〈ψk|

ψk ∈ H⊗H

Schmidt number

SN(ρ) = min
pk,ψk

{
max
k

SN(ψk)
}

1 ≤ SN(ρ) ≤ d

ρ is separable ⇐⇒ SN(ρ) = 1



Entangling Properties of Quantum Channels

Schmidt number

ρ � density operator in H⊗H

ρ =
∑
k

pk|ψk〉〈ψk|

ψk ∈ H⊗H

Schmidt number

SN(ρ) = min
pk,ψk

{
max
k

SN(ψk)
}

1 ≤ SN(ρ) ≤ d

ρ is separable ⇐⇒ SN(ρ) = 1



Entangling Properties of Quantum Channels

Schmidt number

ρ � density operator in H⊗H

ρ =
∑
k

pk|ψk〉〈ψk|

ψk ∈ H⊗H

Schmidt number

SN(ρ) = min
pk,ψk

{
max
k

SN(ψk)
}

1 ≤ SN(ρ) ≤ d

ρ is separable ⇐⇒ SN(ρ) = 1



Entangling Properties of Quantum Channels

Sk = { ρ | SN(ρ) ≤ k }

(k-separable states)

Separable states = S1 ⊂ S2 ⊂ . . . ⊂ Sd = all states

Theorem

If

Φ : Md −→ Md � k-positive ,

then
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Schmidt number of Φ
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r-Partially Entanglement Breaking Channel
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(
(1l⊗Φ)ρ

)
≤ r , for all states ρ

Theorem

Φ is r-PEB ⇐⇒ SN(Φ) ≤ r

EB = 1-PEB ⊂ 2-PEB ⊂ . . . ⊂ d-PEB = all quantum channels
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Φ(a) = I =⇒ (1l⊗Φ)ρ = separable state !!!

Φ � 1-PEB = EB

separable channel
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Example 3 � controlling SN

Φf (a) =
d− df
d2 − 1

Tr a I +
d2f − 1

d2 − 1
a

0 ≤ f ≤ 1 � control parameter

f = 1 −→ Φ1(a) = a

f = 0 −→ Φ0(a) =
1

d2 − 1

[
dTr a I − a

]
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Example 3 � controlling SN

Φf (a) =
d− df
d2 − 1

Tr a I +
d2f − 1

d2 − 1
a

0 ≤ f ≤ 1 � control parameter

Φf is r-PEB but NOT (r − 1)-PEB

r − 1

d
< f ≤ r

d
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Conclusions

1 Quantum Channels are of primary importance in QM!

2 Schmidt number of a Quantum Channel

3 characterization of Quantum Channels

4 controlling entangling properties of Quantum Channels


