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Coherent states indexed by elements of a group

Let (7 be alocally compact topological group with & left Haar measure dv.
A Its modular function: dv(gx) = AXdv(g), g xIn G

Def1: AHilbertspace (4, ¢, ) has a system {qag}- of coherent states,

labeled by elements g of GIf;
(1) there |5 & representation { Rep) T g = T of G by the unitary operators T, on 4,
(1) there is & vector dg in 5 suchthat b, = T,l¢p ] and for arbitrany win 5 we have that

(wu) = | \(w,¢g>\2dv(g)‘ 1]
(7
A polarization of (1) gives the equalty
(Wwa) =) <w1,¢g><wz,¢g>cfv(g), wl,wziﬂﬁ.‘ 2 |
(r

Remark : The condition (2] 15 equivalent to the square integrability of the representation.



Square Integrable Representation

Def 2 : Let The unitary Rep of & in a Hilbert space (4, < =), The coefficients of Tare
complex-valued functions on & of the form:

G3gt Cuylg) =<u,Tghv 5 |
u, v are arbitrany fixed vectors in g,

Def3: Anirreducible Rep. (T.#) of 15 called square integrable If it has a nonzero square
Integrable coefficient,

Theorem 1 (Lhuflo - Maore, JEA, 1978)

Let (T, .4) be a square Integrable Rep of &, Then, 31 operator £ on &, self-adjoint positive,
sermi-invariant with weight A~ satisfing

“ CU,F:CH",N Aripay) =% H,H; L K_IEF;,K_IEF > ‘
for all w.u’ 5, and all v.v' i Dowm £7H2)

Remark: & If G15 unimodular (4 = 1), £15 a multiplication by scalar
& [F 15 not unimodular, then £ not bounded.



The Coherent State transform

Def 4 : The coherent state transform 15 the map
W 5 — LHG.dv) |

defined by

b > Wl = (6@, ).gin G|

This transformation 1s an isometry (Up the a multiplicative constant).

Wie canwrite IS inversion on its range as

0= 2| MO,

@

oy > 015 @ constant.



Coherent States indexed by elements of a Quotient Space

o Let £ be a closed subgroup of G.

et X = G/K homogeneous space with a measure v invariant under the action of &
« Denote o X — & a Borel section {inthe principal bundle & — &K ).

oLet T, bealcontinous) unitary Rep of & ina Hilbert space (4,{ ., 3.

Def 5 Avector g in s will e treated as reference state if for all . in £

T,l90] = 3o, |
The mapping z = 1) define a character of the subgroup £
The set of vectors {4, ) defined by

by = Tyoldol, x iﬂ}f‘

form a family of coherent states If

[ XX 80,3 b2, b0} =  bu. o)

X




Representation square integrable modulo subgroup & section
Def6: (J.F Anfoine) The Rep T15 square integrable modulo & o) If there ex1sts & non zero

vactor dg In 4 such that
0 < | avix) Tolxbo), do )¢ do, Tolk)do)} = { §,4:0) <, ¥in 5

X
where A5 15 a bounded, positive, Invertible operator with a densely defined (possibly

Lnbounded) imverse and the Infegral converges waakly.

Def 7: Coherent states {4, |, indexed by points x in X, are defined as the orbite of ¢g under
[, through the representation Tand the section o

0, = Tyolon] = |0, >

Remark : & The square integrability condition can be witten as a resolution of the identity

I AN, < bl = 4
X

aff A7 is bounded, the set {9, 1 is caled aframe. 45 = ¢, ¢ = 0, {0, i5 called atight frame.




The reduced Coherent State Transform

Def§: The reduced Coherent State Transform 15 the unitary map
§ - IHE )|

defined by

Wi 0 B Wrgd’[[b](?f:l ={ ¢]=¢:':>j- ‘

We canwnte Its Imversion on its range W,,,09 ) as:

Wglf) = | A0V, £in Waa(5)
X

Remark : These formula acquires a simpler form when 4 15 a multiple of the 1dentity.



The Landau Problem

1930



Em= (m+1/2)B, m=0,1,2....

=
e




Interest on Landau Problem

Quantum Hall Effect
P a4
Classical Hall effect

4 Klitzing et al., Nobel Price, 1985

Quantifization of the
Conductance of Hall courant

(IQHE)



S

Works of Laughlin, Kohomoto, Nijs,
Nightinagale, and Thouless

ug.

Quantization of the Conductance:
has a geometric Nature

@ Mathematicians are
Interested with study Quantum Hall
Effect by different ways



ODjectifs of the ta

» To construct coherent states (CS)
attached to Landau levels in three type of
geometry.

» To characterize bound states ( L? -
eigenfunctions) of the particle by mean of
coherent state transforms (CST).



3 type of geometry

1. Euclidean plane: b
=

2. Poincaré upper half-plane:

&

3. Riemann spher%’é’
- TY/







Coherent states via Schradinger Rep of the Heisenberg group

B Coherent states attached to Landau levels are constructed via a Rep of the Helsenberg group
G = H; onthe Hilbert space LA(®, 48

ose W1 = epil - Byt + 2m) ule- i)
oy inHE = 0, win L4®, 48 and & in B, called Schrdinger representation.

B The UnitImRep pg 15 square integrable modulo: the center B of Hy and the section op defined
from Hy/R=R* into Hy by oo(x,y) = (x.y,0). By Theorem [2)4] 3 operator X in Z2(®, 4&) sefi-adjoint,
positive and semi-invanant such that

| Cwnpsti0l6n] s 0léal vz bt = (v va) (K02 )

R

g
]

for all yy, wy in L4, 4€) and d1, by in Dom(X ). Here, Hy is unimodular and £ is the identity.
B A5 reference state, we choose the function &,, of LA, d¢) defined by

T
&nlt) =  JEmnl) exp(—;—aﬁ’) Halt) m=0,1,.. \
where &N and Kyl ) 15 the wmth Hermite polynomial




W The coherent states attached to the wth Landau level, labelled by elements (x,y) of the coset
space B andm = 0,1, ., are defined by

Digyan = PEOU(T Y Dr
VWawe functions of these C5 are given [y

Diigramll) (J_meﬂ') EXP( J_ﬁyﬂ—?’ff E(FJ J_I) ) m(ﬁ-ﬁl)-‘

W The square integranility of the Unit I Rep oz modulo the subgroup [ reformulated as & resolution
of the Identity. (Denote |(x,y),B,m == i 5m)

L ppan = | AUz ), B.m < m B (x y)
5

Remark: Form = 0and 8 = 2 these CS reduceto

L 2 .
D)= 0= 1 g -1+ Jito- L2 of), o= x-pine

These C3 coinclde with wave functions of the "nonspreading wave packets' of the harmonic
oscillator, firsty constructed by Schrddinger 1926
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with spaces of bound states of the particle. This provides us with a new characterization of two-
citnensional Euclidean Landan states,



Hyperbolic Landau problem

1987 - Contet : the Landau problem has been generalized to the typerbolic plans |

1965 - Aslaken and Klauder : Cs where constructed in connection with the affine group.

1992 - Daubechies : role of affine coherent states in continuous wavelet transformation

2002 - Sakaguchi and Rayachi - a kind of annihilation creation operators for affine coherent states
@+ other authors

B The Harmiltonian on the Poincaré upper-haff plane H* = 1 = z +ain €, Imd > 0

P

Hp =y (— @J —ZEByaI

acting in the Hilbert space L2H?, y™drdy).
WThe spectrum of Hz inthe Hilbert space L4H?, y™dxdy) consists of two parts: (1) an absolutely
continuous spectrum in (=eo, 0] (2) a finite number of infinitely degenerate eigenvalues:

Ei = (B-m)B-m-1) 0=m {B—% when 28 = 1

B Spaces of bound states
ES0) = Join 1202, y i), Hag=Eo ||




Coherent states via a representation the affine group
W The affine group is the set A{R) = I x B The qroup law s given by

E)E ) = 4 ) |
A{R) is endowed with the left Haar measure
dv(x,y) = (2my) “drdy. |
AR ) is nonunimodular with modular function Ax,y) = yh
B W focus onthe Rep . of AJR) inthe Hilbert space 24}, & ™€)

na(xONE) = exp(amxt)p0E), ¢ in LAY, & dE) \
The Rep 7. is square intagrable. By the Duflo-Moore theorem 3 & operator acting in LR & de)
self-adjcint, positive and semi-invariant with weight A™ such that

,i Conmatenvn Y male)va oo Jdviay) = (p1,02) < KTyK Ty, > ‘
A(R)

L
]

for all yy, u in Doe(ET) and all oy, o in L2 £748) and X7 is the operator given by

I I T ‘
]

KT[wlie) = &7 yiE), win Dem(X ™)




W As "vacuum vector" we choose the function ¥z, of 2[Ry &7 dk) defined by

T(28 - m)

!

Yamlt) = ( ] ?aﬂ%-ﬁﬁ;”"ﬁﬂ"”}l ()

where & in B and LE,”:'(.II Laguerre polynomial.

B The coherent states labelled by elements (x,y) of the group AJR), B> O andwm = 0,1,..., are
definedby ©  ®ppipm = T4lr [ ¥s0]

Wawe functions of these CS are of the form

4

TeB-m)) Ty .
O R O e ™

!

B The square integrability of the UIR 74 can be reformulated as & resolution of the 1dentity
(denote (x,), 8. == ®ppiam). The unity of LAMRy 7 dE) is sobved as

-1
J'L?[R:h'g-'ldlf.] = ':'.E',m ! alp) ifLL(I,_}’)'(I,f),E,P?E e (I,Jf:l,ﬂ,??ﬂ ‘

where ¢ 5, equals the norm square i LAWY E7AE) of the state K l‘P B
Remark : Form =0, | (x,y),8,0 = coincides with affine CS constructed by Aslaken and Klauder



Coherent state transforms and characterization theorem
W We identify A {R) with B2 =10 = r+iyin€, Tl » 0; byseting £ = r+iy=(y)
B The conerent state transform

Wo ' [AREETAE) = D)

5 defined by

Wy J0l0 = 5l | BnEWE (B
R:

Thanks to the square Integrability of the UIR 14, W 15 &N Isometrcal embedding.

B Charactenization theorarm for space of hound states:
Theorem: FOr28 2 1, mmn Ty and m = B- 112, we have that

Wiul L BEE40) ] = calH2)
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Spherical Landau problem
o 1971 - Dirac: the earler works on the mofion of & charged particle on & sphere Under influence

0f 5t

&

G

o 1971,

jonary normal magnedc feld
1948 - Ransh-Chandra - exstence of bound states of an electron according to Dirac monopale
197
the Harm

—

Wirand Yang - cefined avector potarmial on - sub-gpaces (denifed elgenfinctions of
tonian comesponding to their vactor potenfial a5 sections

1972 - Radclifte and Perelomoy conerent states aeled by paints of spnere, called spin

(3, Niave been Intraduced witinthe group theoretical formalism.
1979 - Kllider: The path inteqral using these spin conierent states has been inroduced &5
tecral over the bwo-clmensional sphere.

1999 - Aschler and Granert: Conerent state path ntegral for spin % I én arnirary maqnetic feld
o+ Oifer Altors




BThe Hamiltonian on

he Riemann sphere € wion {0} ZS% we consider

Hy=-(1+z

)2 a(14?) Ll ihf) R 5

ok i iz

-2

acting in the Hilbert space L2(S?) = 72 53( +\z\) duiz),

duz) = 7 drdy being the Lehesque measure on C=R*

W The spectrum of 5 consists on an mfmite number of eigenvalues Of the form

BS = Ot D +mbn+ 1), m=012,.|

With finate degeneracy = 25+ 2m + 1.

W Spaces of hound states

z:ﬁfaf*) pinIXSY),  Hay-= Emtpl\




Coherent states via representation of ST(2)

B The ST2) 15 the unitary group of the second order with unity determinant,

El

W Every UnitIr Rep of ST/(2) 15 equivalent to one of the representation 7, j = 0, % 1,3,..acling

Inthe Hilbert space 7, of polynomials of 2/ degree

Tglh)e) = (mm)%( BE_?J pin®,
where
SU{E)f}g:{ EE rg,|r;az|"2+|ﬁ|‘?:1.
The scalar product inthe Hilbert space T 15 given by

0wy, = @0 (1) ™ oy @‘

¥




B he quaien space ST = sphere §°. The point of this sphere is determined by the unit
vector o, o° = 1. Let gg be the element of ST2) which transforms the north pole vector (0,0, 1) into
the vector o = (smﬁms(p, sin Bsin p, cos 8).

0 Ferelomov's coherent states ¥ 5. labeled by elements
Var=Tes) &)

wave functions of these C5 can be wiitten as

of the sphere and defined by

(&)
IPE = 17 .

e+ ae- Y

— ﬂz'tﬂ? _'ﬂﬂ:ﬂ?
0= o8 ,B-smze

We identify the sphere S with the extended cormplex plane by using the stereographic projection

A .

)

7= -tan—e™*

One obtains the C5 ¥, labeled by the stereographic coordinate z &5

IP .= (_ 1 }flﬂé'zwlyﬁ;r'.




BThe CS attached to the sphencal Landau level 22 laheled by points z of € wnton{eo) are
obtained by taking; = B+mandy = B Thelr Wave functions are

u+¢zf] E{ (F,—:;-)(Haz)] "

14| 14

1P.'r,.ﬁ',;-;-z ((Eg:' = Eﬂ,m{

here

[ @B+m)
el (T TR

WThese CS are justified by the square integrability of the UIR T, modulo the subgroup T1).

BThis square integrability can be rephrased as a resolufion of the 1dentity of Hilbert space Py,
(enote bz, B m == ¥y 5y) 85

' 7
Ly =Q@+m)+ )| di) (1+1f) "B > n b
1

Remark : Form = 0, | z,5,0 = coincides with the spin coherent state constructed by Perelomoy.



Coherent state transforms and characterization theorem
B The coherent state transform

Wap P gy = L289)|

15 clefined by

a4

Wanlt)e) = (2B+m)+1) T <Yypmdp

15 an 1sometrical embedding. Explicitly,

Waaldl6) = [“‘E’Z]] {(‘E’ ]“‘E’Z)] B0+ ™ a
:[: +‘z‘ 1+H

1

With 3 = ol 2B4m)41)
B Characterzation theorem for space of bound states;
Theorem  FOr B min 2, we have that

Wﬁ,m[pﬂm] = 5:;(32:' ‘
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e construct a family of generalized coherent states attached to Landau levels of a charged pardicle moving in
the Riemann sphere under a perpendicular uniform magnetic field. Bound states of the padicle are then
characterized as coherent state transforms of polynomial functions. This provides us with a news
characterization of spherical Landau states.
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