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1Introduction:Euler-BernoullibeamcontrolledbyatorqueM

•ξ0(t)–rotationangleoftherigidbody;

•η0(t)–angularvelocityoftherigidbody;

•w(s,t)–relativedisplacementofthecenterlineofthebeam,

w(s,t)=
∞

∑j=1

ξj(t)uj(s).
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2Motionequationsinoperatorform

Considerthelinearizedcontrolsystem

ẋ=Ax+Bv,(1)

wherex=(ξ0,η0,ξ1,η1,ξ2,η2,...)T∈`2isthestatevector,v∈R1isthecontrol,A:D(A)→`2,

A=diag(A0,A1,A2,...),

A0=

(

01
00

)

,An=

(

0ωn

−ωn0

)

,

and
B=(0,1,0,b1,0,b2,...)

T
∈`

2
.

TheHilbertspace`2isequippedwiththestandardnorm

‖x‖=

(

∞

∑n=0

(ξ
2
n+η

2
n)

)

1/2

.

Thecoefficientsof(1)aregivenbytheformulae

ωj=c
√

λj,bj=−
∫

l

0
(s+d̃)uj(s)ds,
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whereλ1<λ2<...andu1(s),u2(s),...aresolutionsofthefollowingSturm-Liouvilleproblem

d4

ds4uj(s)=λjuj(s),s∈(0,l),

uj(0)=u
′
j(0)=u

′′
j(l)=u

′′′
j(l)=0,‖uj‖L2(0,l)=1,(j=1,2,...).

MechanicalparametersoftheEuler-Bernoullibeammodel:

•l–lengthofthebeam;

•d̃–distancebetweentherotationaxisandtheclampedbeam’send;

•c=
√

EI/ρ>0;

•E–Young’smodulus;

•I–momentofinertiaforthecross-sectionarea;

•ρ–massperunitlength.

Derivationofthemotionequationscanbefoundin:

•ZuyevA.L.Partialasymptoticstabilizationofnonlineardistributedparametersystems.Auto-
matica,2005,Vol.41,No.1,P.1-10.

•ZuyevA.L.Controlofasystemwithelasticcomponentsinthenon-resonancecase.Ukrainian
MathematicalBulletin,2006,Vol.3,No.1,P.131-144.
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3Controlofafinitedimensionalapproximation

LetusfixanarbitraryN≥1andconsiderthefinitedimensionalsubsystemof(1)correspondingto
themodeswithindicesj≤N:

ξ̇0=η0,

η̇0=v,
ξ̇j=ωjηj,

η̇j=−ωjξj+bjv,j=1,N.

(2)

Denote

xN=























ξ0

η0

ξ1

η1
...

ξN

ηN























,x̃N=























ξ̃0

η̃0

ξ̃1

η̃1
...

ξ̃N

η̃N























,ξ=











ξ1

ξ2
...

ξN











,η=











η1

η2
...

ηN











,ξ̃=











ξ̃1

ξ̃2
...

ξ̃N











,η̃=











η̃1

η̃2
...

η̃N











.

Control,ConstraintsandQuanta,Bedlewo,Poland,10-16October20075



A.Zuyev,Optimalcontrolofaninfinitedimensionalsystemwithmodalcoordinates

Theorem1.Ifbj6=0andallω2
j6=0aredifferentthenthereexistsatransformation

x̃N=ΦxN,ṽ=αv+βξ,(|Φ|6=0,α6=0),(3)

thatbringsthesystem(2)intotheBrunovskycanonicalform:
˙̃ξj−1=η̃j−1,
˙̃ηj−1=ξ̃j,(j=1,N),
˙̃ξN=η̃N,
˙̃ηN=ṽ.

(4)

Thecomponentsof(3)aregivenexplicitly[ZuyevA.L.,Controlofelasticoscillationsbyusinga
canonicalform.DynamicalSystems,2006,Vol.20,P.27-34].

Theorem1allowstoparametrizethestatexN(t)andcontrolv(t)intermsofξ̃0(t)anditstime-
derivatives.Thisisusefulforsolvingthefollowing

Optimalcontrolproblem.Givenτ>0and

x
0
N=(ξ

0
0,η

0
0,...,ξ

0
N,η

0
N)

T
∈R

2N+2
,x

1
N=(ξ

1
0,η

1
0,...,ξ

1
N,η

1
N)

T
∈R

2N+2
,

findthecontrolv̄N∈L2[0,τ]thatminimizesthefunctional

J(v)=
∫

t1

t0
|v(t)|

2
dt(5)

amongallcontrolsv∈L2[0,τ]suchthatxN(0)=x0
NandxN(τ)=x1

N.
ThisproblemisreducedtotheLagrangeproblemonξ̃0(t)byapplyingTheorem1.
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Theorem2.Letbj6=0,ωj6=0,andallω2
jbedifferentforj=1,N.Then,foranyx0

N,x1
N∈R2N+2

andτ>0,thereexistsuniqueoptimalcontrolv̄N(t),t∈[0,τ].Theoptimalcontrolissmoothand
givenbytheformula

v̄N(t)=k0+k1t+
N

∑j=1

(Ujcos(ωjt)+Vjsin(ωjt)),t∈[0,τ],,(6)

wherek0,k1,Uj,Vjsatisfythelinearalgebraicsystem

(M+F)























k0

τk1

U1

V1
...

UN

VN























=























(ξ1
0−ξ0

0)/τ−η0
0

η1
0−η0

0

(ξ1
1sinω1τ+η1

1cosω1τ−η0
1)/b1

(ξ1
1cosω1τ−η1

1sinω1τ−ξ0
1)/b1

...
(ξ1

NsinωNτ+η1
NcosωNτ−η0

N)/bN

(ξ1
NcosωNτ−η1

NsinωNτ−ξ0
N)/bN























,(7)

M=diag

((

τ/2τ/6
ττ/2

)

,

(

τ/20
0−τ/2

)

,...,

(

τ/20
0−τ/2

))

,(8)

f1,2i+1=
1−cos(ωiτ)

ω2
iτ

,f1,2i+2=
ωiτ−sin(ωiτ)

ω2
iτ

,f2,2i+1=
sin(ωiτ)

ωi
,f2,2i+2=

1−cos(ωiτ)

ωi
,

f2j+1,1=
sin(ωjτ)

ωj
,f2j+1,2=

ωjτsin(ωjτ)+cos(ωjτ)−1
ω2

jτ
,f2j+1,2j+1=

sin(2ωjτ)

4ωj
,
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f2j+1,2j+2=
sin

2
(ωjτ)

2ωj
,f2j+1,2i+1=

1
2

(

sin(ωi+ωj)τ
ωi+ωj

+
sin(ωi−ωj)τ

ωi−ωj

)

,

f2j+1,2i+2=
1
2

(

cos(ωi−ωj)τ
ωj−ωi

−
cos(ωi+ωj)τ

ωi+ωj
+

2ωi

ω2
i−ω2

j

)

,

f2j+2,1=
cos(ωjτ)−1

ωj
,f2j+2,2=

ωjτcos(ωjτ)−sin(ωjτ)

ω2
jτ

,f2j+2,2j+1=−
sin

2
(ωjτ)

2ωj
,

f2j+2,2j+2=
sin(2ωjτ)

4ωj
,f2j+2,2i+1=

1
2

(

cos(ωi+ωj)τ
ωi+ωj

+
cos(ωj−ωi)τ

ωj−ωi
+

2ωj

ω2
i−ω2

j

)

,

f2j+2,2i+2=
1
2

(

sin(ωi+ωj)τ
ωi+ωj

+
sin(ωi−ωj)τ

ωj−ωi

)

,i,j=1,N,i6=j.(9)
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4Infinitedimensionalsystem:spilloveranalysis

Thegoalistoestimatesolutionsoftheinfinitedimensionalsystem(1)byapplyingthefamilyof
controllersv̄N(t)correspondingtofinitedimensionalapproximations(2).Forv∈L2(0,τ),denote
byx(t;x0,v(·))thesolutionoftheCauchyproblem(1)withx(0;x0,v(·))=x0.

Theorem3(approximatecontrollability).Letbj6=0,ωj>0,andωi6=ωjforalli6=j.Suppose
that∞

∑i,j=1
i6=j

1
(ωi−ωj)2<∞,(10)

anddenote

S={x∈`
2
|lim

n→∞

(

∞

∑j=n+1

b
2
j

)(

n

∑j=1

ξ2
j+η2

j

b2
j

)

=0}.

Then∃τ>0:

∀x
0
,x

1
∈S⊂`

2
,∀ε>0∃N0=N0(x

0
,x

1
,ε):‖x(τ;x

0
,v̄N)−x

1
‖<ε,∀N≥N0.(11)

FortheEuler-Bernoullibeam,thereareusefulestimatesoftheeigenfrequenciesforcheck-
ing(10),see,e.g.,

•LuoZ.-H.,GuoB.-Z.,MorgulO.StabilityandStabilizationofInfiniteDimensionalSystems.
-London:Springer-Verlag,1999.-403p.
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CorollaryofTheorem3.Letthecoefficientsofsystem(1)correspondtotheEuler-Bernoulli
model.Then,foreachx0,x1fromadensesubsetof`2andarbitraryε>0,thefollowingestimate
holds

‖x(τ;x
0
,v̄N)−x

1
‖<ε

ifNislargeenough.
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