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Classical Hamilton-Jacobi theory (geometric version)

The standard formulation of the Hamilton-Jacobi problem is
to find a function S(t,¢?) (called the principal function) such that

oS ., 08
E—Fh(q ,a—qA)—O- (1)

If we put S(t,q') = W(q") — tE, where E is a constant, then W

satisfies
4 OW

1 og
W is called the characteristic function.

Equations and are indistinctly referred as the Hamilton-
Jacobi equation.

R. Abraham, J.E. Marsden: Foundations of Mechanics (2nd edi-
tion). Benjamin-Cumming, Reading, 1978.

h( )= E; (2)



Let M be the configuration manifold, and 7*M its cotangent
bundle equipped with the canonical symplectic form

Wy = qu A dp

where (¢') are coordinates in M and (¢, p4) are the induced ones

in T*M.
Let h : T"M — R a hamiltonian function and X, the corre-
sponding hamiltonian vector field:

iXh Wy — dh

The integral curves of Xj, (¢*(t),pa(t)), satisfy the Hamilton
equations:

qu_(?h dpA__@
dt  Ops  dt  Og”




Let A be a closed 1-form on M, say d\ = 0; (then, locally \ = dWW)

Hamilton-Jacobi Theorem
The following conditions are equivalent:

(i) If 0 : I — M satisfies the equation

dg” _ 0h
dt Opa

then Aoo is a solution of the Hamilton equa-

tions;

(ii) d(ho A) =0




Define a vector field on M:
X} =TmyoXpo\

X,

T*M T(T*M)
/
N T T
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The following conditions are equivalent:
(i) If 0 : I — M satisfies the equation
dg®  Oh
dt  Opy

then )\ oo is a solution of the Hamilton equations;

(i)’ If o : [ — M is an integral curve of X;', then \oo¢ is an integral
curve of Xj;

(i)” X), and X are \-related, i.e.
TAX)) = Xj 0\



Hamilton-Jacobi Theorem

Let )\ be a closed 1-form on M. Then the follow-
ing conditions are equivalent:

(i) X7 and X, are \-related;
(ii) d(ho A) =0

If
A= Aalg)dg”

then the Hamilton-Jacobi equation becomes
hig?, Aa(¢P)) = const.

and we recover the classical formulation when
ow

Ay = ——
A D



NONHOLONOMIC MECHANICAL SYSTEMS



Lagrangian mechanics

Let L = L(¢”*,¢") be a lagrangian function, where (¢*') are coor-

dinates in a configuration n-manifold ().

The Hamilton ’s principle produces the Euler-Lagrange equa-
tions

4L oL
dt 0¢4"  0g4

=0, 1< A< n. (3)



A geometric version of Eq. (3)) can be obtained as follows.
L :T@Q — R. Consider the (1,1)-tensor field S and the Liouville
vector field A defined on the tangent bundle 7'Q) of Q:
8 8
S=_—®d", A=¢"—
We construct the Pomcare-Cartan 1 and 2-forms
oy = S*(dL), Wi, = —deL,

S* denotes the adjoint operator of S.
The energy is given by

Er=A(L)-L,
so that we recover the classical expressions

wp =dg* Ndpa, Ep = ¢'pa — L,

oL
p4s = — denotes the generalized momenta.

044



We say that L is regular if the 2-form w; is symplectic, which
in coordinates turns to be equivalent to the regularity of the
Hessian matrix of L. with respect to the velocities, say

O*L
(W“‘B - 0(1A(9(JB)

In this case, the equation

is nonsingular.

iXWL = dEL (4)

has a unique solution, X = ¢;, called the Euler-Lagrange vec-
tor field; ¢, is a second order differential equation (SODE) that
means that its integral curves are tangent lifts of their projec-
tions on () (these projections are called the solutions of £;). A
direct computation shows that the solutions of £; are just the
ones of Egs (3)).

If by, : TTQ — T'Q is the musical isomorphism, b (v) = i,w;,
then we have b () = dE.



Legendre transformation

Finally, let us recall that the Legendre transformation F'L :
TQ — T*Q is a fibred mapping (that is, 7o o F'L = 7, where
70 T'Q) — @ and 7 : T*(Q) — () denote the canonical projections
of the tangent and cotangent bundle of ), respectively).

In local coordinates, we have

and then we have that L is regular if and only if F'L is a local

diffeomorphism.

Along this paper we will assume that FL is in fact a global
diffeomorphism (in other words, L is hyperregular) which is the
case when L is a lagrangian of mechanical type, say

L=T-V
where

- T' is the kinetic energy defined by a Riemannian metric on (),
- V. () — R is a potential energy.



Hamiltonian description

The hamiltonian counterpart is developed in the cotangent
bundle 7%(Q) of (). Denote by wg = dg? A dps the canonical sym-
plectic form, where (¢, p4) are the canonical coordinates on T*(Q).

The Hamiltonian energy is just H = E; o 'L and the Hamilto-
nian vector field is the solution of the symplectic equation

iXH wo = dH.
As we know, the integral curves (¢*(t),pa(t)) of Xy satisfies the
Hamilton equations
q'A _  OH
— 9
, = _od (5)
pa = 8q‘4

Since F'L*wg = w; we deduce that {; and Xy are [I'L-related,

and consequently F'L transforms the Euler-Lagrange equations
(3) into the Hamilton equations ([5)).



Example: The rolling disk

Consider a disk rolling without sliding on a horizontal plane.

Let (z,y) be the coordinates of the point of contact with the
floor, ) the angle measured from a chosen point of the rim to
the point of contact (rotation angle), ¢ is the angle between the
tangent to the disk at the point of contact and the z axis (heading
angle), and 6 is the angle of inclination of the disk.

The configuration manifold is then @ = R?> x S' x S x S'.

The lagrangian is L =T — V where

1 . . .
T = 5m(9@2 + 9% + R?0% + R*¢*sin* 0) — mR(0 cos ¢( sin ¢ — 1 cos ¢)

. 1 .. 1 ..
+ ¢sinf(zcos g+ ysing)) + 5[1((9%2 cos” 0) + 5]2(¢ + ¢sin )
and
V =mgRcosf

Here m is the mass of the disk, R is the radius, and [; and I
are the principal momenta of inertia.



The rolling without sliding condition means that the point of
contact has zero velocity and consequently the following con-
straints have to be fullfilled along the motion

d' =4 — (Reosp)i) =0, * =y — (Rsing)th = 0.

All the configurations are available, but not all the velocities.



Nonholonomic mechanical systems

A nonholonomic mechanical system is given by a lagrangian
function L = L(q¢?, ¢*) subject to a family of constraint functions

Pi(gh ") =0, 1<i<m<n=dmQ.

If Oi(g*,¢Y) = Dy(q)¢" (respectively, ®'(¢*,¢*) = Dy(q)¢* + b'(q))
is linear (respectively, affine) in the velocities the constraints
are called linear (respectively, affine). Otherwise, they are called
nonlinear.

Invoking the D’ Alembert principle for linear and affine con-
straints (or the Chetaev principle, for nonlinear constraints) we
derive the nonholonomic equations of motion

d oL oL o
) = A 1< A<
dt<(’9qA> 9t~ Mg "

(g4, 1) = 0.

(6)

where )\; = \;(¢4, ¢") are Lagrange multipliers to be determined.



In a geometrical setting, L is a function on 7'() and the con-
straints are given by a submanifold M of T'() locally defined by
' = 0.

If the constraints are linear (respectively, affine) then M is the
total space of a vector (respectively, affine) subbundle of TQ.
For general nonlinear constraints, M is a submanifold satisfying
170(M) = @ to avoid holonomic constraints. From now on, we will
assume nonlinear constraints, since the treatment is the same.

Equations (6)) can be equivalently reformulated as follows

inL—dEL = )\ZS*(dCDZ)}

X (@) - 0. (7)



If we realize that the bundle of 1-forms S*((T'M)") is locally
generated by the local 1-forms {S*(d®)}, we can rewrite Eqs ([7)
as follows

X S TM. 8)

We assume the admissibility condition:

dim(TM)° = dim S*((TM)")

ixwr, —dE, € S*((TM)") }

which is equivalent to say that the matrix

0P’
g4
has maximal rank m.

(For linear constraints the above conditions means that the set
of 1-forms {u’ = ®/,(q)dg”} is linearly independent and, indeed, a
local cobasis of the distribution M).




We also assume the compatibility condition:
F-NnTM = {0}
where F' is the distribution on 7'Q) (along M) such that
F' = S*((TM)")

and F'* denotes the w;-complement of F.
Notice that '+ = (Z') where b (Z") = S*(d®'), therefore by (F+) =
FO,



Consider a possible solution of the equation
iX Wi, — dEL = )\ZS*(d(I)Z),

then X = ¢, + \;Z'. If we impose the condition to the dynamics
be tangent to the constraint submanifold we obtain

0= X(0) = &L(P) + N Z' (D7) (9)

Denote CY = Z'(®7). Notice that if the matrix (C") is regular,
then we can compute the Lagrange multipliers solving the linear
equation ((9) at each point of M. In this case we can obtain the
nonholonomic dynamics X,;, which is the unique solution of Egs.

(8)-

A simple calculation gives

Ci 0P’ WAB aq)]

g4 0qP
where (W4P) is the inverse matrix of (WW,p), and shows that if
(Wy4p) is definite (positive or negative) then (C") is inversible.
As a consequence, if the lagrangian function L is of mechanical

type then the nonholonomic system is admissible and compati-
ble.



Projections

Assume that the nonholonomic system is compatible and ad-
missible, then we have a direct sum decomposition

for all x € M. In terms of vector bundles we have a Whitney sum
decomposition
TTQu =TM & F*

with two complementary projections P : TT'Q = TM and Q :
TTQn = F* such that X, = P(&;).

Remark To be more precise, the result X,;, = P(£;) holds if the
constraint are homogenous, that is, A is tangent to the constraint
submanifold, A\, € TM. This is the case for linear and affine
constraints.



Assuming the regularity of the Lagrangian, we have that the
Lagrangian and Hamiltonian formulations are locally equivalent.
If we suppose, in addition, that the Lagrangian L is hyperregu-
lar, then the Legendre transformation FL : TQ — T*Q, (¢*, ¢") —
(¢1,pa = OL/0¢™), is a global diffeomorphism. The constraint func-
tions on 7*(Q) become U’ = &' o FL7!, i.e.

i A iAo
\Il(q 7pA> CD(Q 78]7,4)’
where the Hamiltonian H : 7*Q) — R is defined by H = E; o FL™'.

OH
—), then
31?,4)

H = pag”* — L(g*, ¢,

where ¢* is expressed in terms of ¢ and p4 using FL™!.

Since locally FL '(¢*,p4) = (¢*,



The equations of motion for the nonholonomic system on 77()
can now be written as follows

T opa
oH 0w ( (10
)y = ——— — N—H
PA an 0pB BA )
together with the constraint equations
V(g p) =0

where H,p are the components of the inverse of the matrix
(HAB) = (0*°H/0p40pp). Note that

oV’ 0P’
(8pBHBA><Q7p> - (an

o FL™)(q, p).



The symplectic 2-form w; is related, via the Legendre map,
with the canonical symplectic form wy on T*Q. Let M denote
the image of the constraint submanifold M under the Legendre
transformation, and let F be the distribution on 7*(Q along M,
whose annihilator is given by

F' = FL.(S*(TM)")).

Observe that FU is locally generated by the m independent 1-
forms Ay
i =——Hapdg” , 1 <i<m.
Opa

The nonholonomic Hamilton equations for the nonholonomic

system can be then rewritten in intrinsic form as

(ZXWQ—CZH)’M € FO }

; 11
Xy € TM (11



The compatibility condition is now written as F- NTM = {0},
where “ | 7 denotes the symplectic complement with respect to

wg. Equivalently, the matrix
Hap—

Oy =
( ) (apA Opp

is regular. On the Lagrangian side, the compatibility condition

oV 8\1Jj) 12)

is locally written as

~ij 0¢’ 0¢’
det(C") = det (anWABW> 40, (13)

0%L
where W4P are the entries of the Hessian matrix (ﬁ) .
9¢"0q 1<A,B<n



The compatibility condition is not too restrictive, since it is
trivially verified by the usual systems of mechanical type (la-
grangian = kinetic energy - potential energy), where the H 45 rep-
resent the components of a positive definite Riemannian metric.
The compatibility condition guarantees the existence of a unique
solution of the constrained equations of motion ((11)) which, hence-
forth, will be denoted by X,; on the Hamiltonian side and X, on
the Lagrangian side. Moreover, if Xy is the Hamiltonian vector
field of H (ix,wo = dH) then

Ni = Cij X (W) . (14)




Hamilton-Jacobi theory for nonholonomic mechanical systems

Let L : T() — R be a lagrangian function subject to non-
holonomic constraints given by a submanifold M of T'(). We as-
sume the admissibility and compatibility conditions, and consid-
er the hamiltonian counterpart given by a Hamiltonian function
H :T*Q) — R and a constraint submanifold M = FL(M) as in the
precedent sections. X,;, and X,;, will denote the corresponding
nonholonomic dynamics.

Let v be a closed 1-form on () such that +(Q) C M. Then
the following conditions are equivalent:

(i) for every curve o : R — @ such that
o(t) = Tro(Xu(v(o(t)))) (15)
for all t, then ~ o ¢ is an integral curve of X,,.

(ii) 75 (d(H o 7)) € F".




Let L : T() — R a lagrangian subject to linear constraints given
by a distribution M on Q. Denote by M C T*(Q) the image of M C
T'() by the Legendre transformation, and by A the corresponding
hamiltonian function on 7%(). In that case, we have proved the
following result:

Hamilton-Jacobi Theorem

Let A be a 1-form on Q taking values into M
and satisfying d\ € Z(M°). Then the following
conditions are equivalent:

(i) X}, and X, are \-related;
(ii) d(ho \) € M°

Here, X, is the nonholonomic dynamics.

D. Iglesias, M. de Leén, D. Martin de Diego: Towards a Hamil-
ton-Jacobi theory for nonholonomic mechanical systems, Preprint
(2007).



The mobile robot with fixed orientation

The robot has three wheels with radius R, which turn simulta-
neously about independent axes, and perform a rolling without
sliding over a horizontal floor.

Let (z,y) denotes the position of the centre of mass, 0 the steer-
ing angle of the wheel, ) the rotation angle of the wheels in their
rolling motion over the floor. So, the configuration manifold is

Q=.5"x S xR’
The lagrangian L is

1 1

L .5 3_
[ == -2 T2 —J62 _Jw 2
5 +2my +2 +2 (0

where m is the mass, J is the moment of inertia and .J, is the
axial moment of inertia of the robot.



The constraints are induced by the conditions that the wheels
roll without sliding, in the direction in which they point, and
that the instantaneous contact point of the wheels with the floor
have no velocity component orthogonal to that direction:

xsinf —ycosf = 0,
icosf+ysind — Rp = 0



Consider

v = Jdb
Vo = 3J,dy+mRcosfdr + mRsinfdy

d’)/l = 0 e I(DO)
dvo, = —mRdO A (sinfdx — cos O dy) € Z(D°)

Observe that in both cases d(H o~;) =0, for i =1, 2.
In such a case,

t —— (xo,y0,t + b, o)
t — (tRcosby+ xg, tRsin by + yo, 0o, t + 1p)

are the solutions of the nonholonomic system (L, D).



v3 = JdO+3J,dy +mRcosdr +mRsind dy

and dvys; € Z(D?). In such a case, the solution of the nonholonomic
problem that we obtain is

t — (Rsin(t — 0y) + xo + Rsinby, —Rcos(t — 0y) + yo + Rcos by, t + 6y, t + 1)

which is a solution of the nonholonomic problem but not of the
free system.



SINGULAR LAGRANGIAN SYSTEMS



Let L : T() — R be a singular lagrangian. That is, the Hessian

0*L
(WAB - anan)

is not regular, or, equivalently, the closed 2-form w; is not sym-

matrix

plectic.
Therefore, the the equation

iXWL = dEL (16)

has no solution in general, or the solutions are not defined ev-
erywhere.
We can apply the Dirac-Bergman theory of constraints.



We assume that L is almost regular:
s My = FL(TQ) is a submanifold of T#Q);

= The Legendre mapping F'L, : T'() — M; is a submersion with
connected fibers.

M; is the submanifold of primary constraints.
If L is almost regular, then E; projects onto a function

hliMlﬁR

Denote by j; : M — R the natural inclusion and put

w1 = Ji(wg)



Consider the equation

iX w1 = dhl (17)

There are two possibilities:

m There is a solution X defined at all the points of M;; such X
is called a global dynamics and it is a solution modulo ker w;.
In other words, there are only primary constraints.

= Otherwise, we select the submanifold M, formed by the points
of M; where a solution exists. But such a solution X is not
necessarily tangent to M,, so we have to impose a tangency
condition, and we obtain a new submanifold M3 along it there
exists a solution. Continuing this process, we obtain a chain
of submanifolds

co oMy o My — My — T*Q

If the algorithm stabilizes at some k, say M;.1 = M}, then we
say that M, is the final constraint submanifold and then there

exists a well-defined solution X of (17)) along M;.




Case I: There is a global dynamics

In this case there exists a vector field X on M; such that
’ZX w1 = dhl

Moreover, m(M;) = Q.
Assume that v is a closed 1-form on @ such that ~(Q) C M.
Define a vector field X7 on () by putting

X'=TmoXoxn

TM, "L TQ

S
Ml?@

Here v, is the restriction to ~.



We have

/Y*(Z‘X—TW(XW) w1) = ’V*(iX wl) - 7*(2'T7(X7) w1)
= y'd(h1) — ¥ (iryxr w1)
= d(hy o)

since v*(iryxy wi) = ixy (—dy) = 0.
Therefore, we deduce the following

X —Tv(X7) € ker wy < d(hyoy) =0

We should remark that w; (as it happens with wg) vanishes
acting on two vertical tangent vectors.

Also, notice that even in the case when X and T+(X") are differ-
ent, both give the solutions of the singular problem. Therefore,
~ applies the integral curves of X7 into the integral curves of X
(the solutions of our system) with the Hamilton-Jacobi equation

d(hl O’Y) =0




Case II: There are secondary constraints

TQLETQ
Fk UY

M, ) Q
U
M, ) Q1
N
“ ()2

My

We assume that each 7w, : M; — @) is a fibration (Q); is assumed
to be a manifold for each ).



Assume that v is a 1-form on () such that

= Y(Q) C Mi;

= Y(Qr C My;

= 7wy = 0.

Define a vector field X7 on () by putting

X'=TrnroX oy

TM; "L TQ,

Here v/ is the restriction to 7.



We have a solution X of the equation

(ix w1 = dhi)

where X is a vector field on M;.
Proceeding as above, we have

/Y;;(?;X—TW(XV) w1) = Yplixwi) — 7;(iT7f(X”) wi)
= Yyd(h1) = Vp(iryx wi)
— d(hl O ’yf>

since V;Z(iﬁfxv wy) = ix7 Yiwr = 0.
Therefore, we deduce the following

X —Ty(X7) € ker wy < d(hyoy)=0

where 7, is the restriction of w; to M;

But any solution of the equation (ixw; = dh1)|Mf is a solution of
the equation tx w; = dhy.



So,

d(hl O’y> =0

could be still considered as the Hamilton-Jacobi equation in this
context.



Vakonomic dynamics or variational nonholonomic systems

Let L : T'() — R be a lagrangian subjected to nonholonomic
constraints given by a submanifold M of T'Q).

M is locally defined by constraint functions

(g ¢ =0, 1=1,... .k

Then the vakonomic problem is equivalent to solve the Euler-
Lagrange equations of the extended lagrangian

L™ Ny dh A) = Ligh ¢ + X @' (g™, ¢
Notice that £ is singular, so that we can apply the above ma-
chinery.



Optimal Control Theory

A control system of ordinary differential equations is usually
given by
' =T"(x(t), u(t))
where
» ', 1 <7 <n are called the state variables

m u’, 1 < a<m are called the control functions

Consider the following optimal control problem:
Given initial and final states zy and z/, the objective is to find
a smooth curve c(t) = (z(t),u(t)) such that

w 2(ty) = xo, 2(Ty) = xy,
= ¢(t) satisfies the control equation,

» and minimizes the functional

(c) = /t " L), u(t)) dt

0
for some cost function L = L(x,u).



In geometric terms we have a control fiber bundle

m:C — B

and a vector field ' along 7:

: 0
I'=1"x,u)—
(z,u) ox’
L is a function L : C — R
and the optimal control problem is equivalent to a vakonomic

problem given by:

= a lagrangian L : TC — R

= a constraint submanifold M = {v € TC|Tn(v) = ['(1¢(v))} of
TC.

Therefore, the optimal control problem is equivalent to study
the singular lagrangian system defined on T(C' x R") with a sin-
gular lagrangian function

Lz u® N, &' u, N) = L(x', u®) + \(@' — Tz, u))



We will apply the constraint algorithm to this lagrangian £
where now () = C' X R".
Compute the momenta (p,i, pye, Py, ):

Pyi = Aiypue = 0,py, = 0

equations which define M.
Therefore we have

hl(azi, u, \;) = —L(z,u) + )\iFi(aj, u)

and

wy = dx' A d)\

where (2'.u% \;) can be considered as local coordinates for M.
’ s 7\ 1



Consider the equation

iX w1 = dhl (18)

A generic solution on M is of the form

.0 , 0 0
X=A— py + B P + C; N
which, using ((18)) provides
)L or
AZ — FZ ! —_— —_ — e
¢ o’ A o’
so that
o, 0 oL or’\ o
X=I"—+DB"— il
ori 7 gun (axz A axz> N

In addition, we obtain a new constraint

oL o1’
out 7 due
which is a secondary constraint defining M, inside M;.

P =



The tangency condition implies

XU =0
that is
0

N ML L)) AN
Vo TP %*(axﬁ%xz) o

Observe that if the following matrix

owb
ou®

is regular, then we can obtain the B “s explicitly.

In this case M; = Ms.

Since we can obtain the u s as explicit functions of the rest of
coordinates, say

u = ¢z, A)

we have local coordinates (', \') on M.



As in the general case, take v be a 1-form on () = C' X R” such
that

= y(Q1) C Mi;
= Y(Q2) C Ma;
= Y3 (wg) = 0.
Notice that
hioyy = —L(a',("(2,A) + i T2/, ("(x, \))
so that the Hamilton-Jacobi becomes
—L(z", (" (z, \) + N D(a?, (%2, \)) = cte

Since v;(wg) = 0 we deduce

. OW
AN = —
oz’
and then we obtain the Hamilton-Jacobi equation
ow . .
T X)) - L e ) = cte(19)
xl

(The Hamilton-Jacobi-Bellman (HJB) equation)



FUTURE WORK

= Intrinsic formulation of the theory for vakonomic dynamics
in a Skinner-Rusk context.

= Applications to optimal control theory.



