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The Cauchy problem for elliptic equations

G. Alessandrini, L. Rondi, E. Rosset and S. Vessella, The stability for the
Cauchy problem for elliptic equations, Inverse Problems, 25(2009),
123004 (47pp).

F.B. Belgacem, Why is the Cauchy problem severely ill-posed? Inverse
Problems, 23(2007), 823–836.

V. Isakov, Inverse Problems for Partial Differential Equations (Applied
Mathematical Sciences vol 127) 2nd edn (New York: Springer), 2006.
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Our problem


uxx(x, y)− Lu(x, y) = 0, x ∈ (0, 1), y ∈ Ω ⊂ Rn, n ≥ 1,
u(x, y) = 0, x ∈ [0, 1], y ∈ ∂Ω,
u(0, y) = g1(y), y ∈ Ω,
ux(0, y) = g2(y), y ∈ Ω,

where L : D(L) ⊂ H → H denotes a linear densely defined self-adjoint and
positive definite elliptic operator, and Ω is connected bounded domain.

U. Tautenhahn, Optimal stable solution of Cauchy problems of elliptic
equations, J. Analysis and its Applications, 15(1996), 961–984.
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Set u = u1 + u2,

where u1 satisfies
(u1)xx(x, y)− Lu1(x, y) = 0, x ∈ (0, 1), y ∈ Ω ⊂ Rn, n ≥ 1,
u1(x, y) = 0, x ∈ [0, 1], y ∈ ∂Ω,
u1(0, y) = g1(y), y ∈ Ω,
(u1)x(0, y) = 0, y ∈ Ω,

and u2 satisfies
(u2)xx(x, y)− Lu2(x, y) = 0, x ∈ (0, 1), y ∈ Ω ⊂ Rn, n ≥ 1,
u2(x, y) = 0, x ∈ [0, 1], y ∈ ∂Ω,
u2(0, y) = 0, y ∈ Ω,
(u2)x(0, y) = g2(y), y ∈ Ω,
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Quasi Boundary Value Method

The quasi-boundary value method was introduced by Abdulkerimov. The
idea is replacing the boundary value problem with an approximate one which
is well-posed, then the latter has a non-local boundary value condition.

L.Š. Abdulkerimov, Regularization of an ill-posed Cauchy problem for
evolution equations in a Banach space, Azerbaidzan. Gos. Univ. Ucen.
Zap. Fiz. Mat., 1(1977), 32–36 (MR0492645) (in Russian).

R. Beals, Non-Local Boundary Value Problems for Elliptic Operators,
Amer. J. Math., 87(1965), 315–362.
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vα,δxx (x, y)− Lvα,δ(x, y) = 0, x ∈ (0, 1), y ∈ Ω ⊂ Rn, n ≥ 1,
vα,δ(x, y) = 0, x ∈ [0, 1]× ∂Ω,
vα,δ(0, y) = 0, y ∈ Ω,
vα,δx (0, y) + αvα,δ(1, y) = gδ2(y), y ∈ Ω,

where the noisy data gδ2(y) satisfy

‖gδ2 − g2‖ ≤ δ.
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After using the method of separation of variables, we can get

u2(x, y) =

∞∑
n=1

κn(x)(g2, wn)wn(y),

vα,δ(x, y) =

∞∑
n=1

κn(x)

1 + ακn(1)
(gδ2, wn)wn(y).

κn(x) = sinh(
√
λnx)/

√
λn, where λn, wn(y) are the corresponding

eigenvalues and eigenfunctions of elliptic operator L.

Xiao-Li Feng (LZU & LiU) QuasiBVM February 2010 9 / 37



After using the method of separation of variables, we can get

u2(x, y) =

∞∑
n=1

κn(x)(g2, wn)wn(y),

vα,δ(x, y) =

∞∑
n=1

κn(x)

1 + ακn(1)
(gδ2, wn)wn(y).

κn(x) = sinh(
√
λnx)/

√
λn, where λn, wn(y) are the corresponding

eigenvalues and eigenfunctions of elliptic operator L.

Xiao-Li Feng (LZU & LiU) QuasiBVM February 2010 9 / 37



After using the method of separation of variables, we can get

u2(x, y) =

∞∑
n=1

κn(x)(g2, wn)wn(y),

vα,δ(x, y) =

∞∑
n=1

κn(x)

1 + ακn(1)
(gδ2, wn)wn(y).

κn(x) = sinh(
√
λnx)/

√
λn, where λn, wn(y) are the corresponding

eigenvalues and eigenfunctions of elliptic operator L.

Xiao-Li Feng (LZU & LiU) QuasiBVM February 2010 9 / 37



1 Problem and the Quasi-Boundary Value Method

2 Theoretical aspects
Preliminaries
An a-priori parameter choice
An a-posteriori parameter choice
Remark

3 Numerical aspects

4 Some phenomena of QuasiBVM

5 Future work

Xiao-Li Feng (LZU & LiU) QuasiBVM February 2010 10 / 37



Preliminaries

1.
For s > 0, 0 < α2 < 1 and 0 < x < 1, the following inequalities hold.

(a). sinh(xs)
s ≤ exs;

(b). sinh(xs)
sinh(s) ≤ e

(x−1)s;

(c). For f1(s) :=
sinh(xs)

s

1+α
sinh(s)

s

, there holds f1(s) ≤ ( 1
α )x;

2.

For s > 0 and 0 < x < 1, f2(x) := ( sinh(xs)
s )

1
x is strict monotonically

increasing.
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An a-priori parameter choice

Theorem 1

Let vα,δ(x, y) be the solution of quasi-boundary-value problem and u2(x, y) be
the exact solution of original problem. If conditions

‖gδ2 − g2‖ ≤ δ.

and
‖u2(1, ·)‖ ≤ E.

hold and we choose

α =
δ

E
,

then there holds error estimate

‖vα,δ(x, ·)− u2(x, ·)‖ ≤ 2δ1−xEx, 0 < x < 1.
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An a-posteriori parameter choice

Theorem 2
Suppose there exist the a-priori bound

‖u2(1, ·)‖ ≤ E.

and conditions

‖gδ2 − g2‖ ≤ δ ‖vα,δx (0, ·)− g2δ(·)‖ = τδ.

Here τ > 1 such that 0 < τδ < ‖g2δ‖. Then for 0 < x < 1, there holds

‖u2(x, ·)− vα,δ(x, ·)‖ ≤ CExδ1−x,

where C =
(

1 +
√

2 1+(τ−1)2
(τ−1)2

)x
(1 + τ)1−x.
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Remark

Under the a-priori bound
‖u2(1, ·)‖ ≤ E,

the optimal error bounds for problem talked here is

ω(δ, E) = Ex(
δ

2
)1−x(ln

E

δ
)x−1(1 + o(1)), for δ → 0, 0 < x < 1.

U. Tautenhahn, Optimal stable solution of Cauchy problems of elliptic
equations, J. Analysis and its Applications, 15(1996), 961–984.
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A simple case


∆u(x, y) = 0, (x, y) ∈ (0, 1)× (0, 1),
u(x, 0) = u(x, 1) = 0, x ∈ [0, 1],
u(0, y) = 0, y ∈ [0, 1],
ux(0, y) = g2(y), y ∈ [0, 1],

Quasi-boundary-value problem
∆vα,δ(x, y) = 0, (x, y) ∈ (0, 1)× (0, 1),
vα,δ(x, 0) = vα,δ(x, 1) = 0, x ∈ [0, 1],
vα,δ(0, y) = 0, y ∈ [0, 1],
vα,δx (0, y) + αvα,δ(1, y) = gδ2(y), y ∈ [0, 1],

(1)

whose solution is

vα,δ(x, y) =

∞∑
n=1

κn(x)

1 + ακn(1)
(gδ2,
√

2 sin(nπy))
√

2 sin(nπy), (2)

with κn(x) = sinh(nπx)
nπ .
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(1)

whose solution is The Discrete Sine Transform (DST)

vα,δ(x, y) =

∞∑
n=1

κn(x)

1 + ακn(1)
(gδ2,
√

2 sin(nπy))
√

2 sin(nπy), (2)

with κn(x) = sinh(nπx)
nπ .

Xiao-Li Feng (LZU & LiU) QuasiBVM February 2010 14 / 37



Numerical Examples

Example 1. We consider a simple example with an analytic solution
u(x, y) = sin(πy) sinh(πx), i.e., g2(y) = π sin(πy).

Example 2.
∆u(x, y) = 0, (x, y) ∈ (0, 1)× (0, 1),
u(x, 0) = u(x, 1) = 0, x ∈ [0, 1],
u(0, y) = 0, y ∈ [0, 1],
u(1, y) = h(y), y ∈ [0, 1],

where h(y) is a test function. We give a random signal which starts and
ends with the value zero and create h(y) to have these values used
together with a cubic interpolating spline.
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Numerical results
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Figure: Example 1: The results at x0 = 0.5 with ε = 10−2 and
α1 = 0.0012, α2 = 4.2943× 10−4, α3 = 1.0928× 10−4.
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Figure: Example 1: The results at x0 = 0.85 with ε = 10−2 and
α1 = 0.0012, α2 = 1.3420× 10−4, α3 = 6.1348× 10−5.
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Figure: Example 2: Left: The random function h(y); Right: The results at
x0 = 0.3 with ε = 10−3, α1 = 0.0028, α2 = 0.0106, α3 = 0.0029.
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Figure: Example 2: Left: The random function h(y); Right: The results at
x0 = 0.8 with ε = 10−3, α1 = 0.0021, α2 = 4.6174× 10−4, α3 = 0.0020.
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Figure: The relative errors for different fixed points x0 with the same noisy
level ε = 10−3 for Example 1 (Left) and Example 2 (Right).
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Figure: The relative errors for different noisy levels at x0 = 0.2 for Example 1
(Left) and Example 2 (Right).
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Left-Preconditioned GMRES

ALGORITHM 9.4. GMRES with Left Preconditioning
1. Compute r0 = M−1(b−Ax0), β = ‖r0‖2, and v1 = r0/β
2. For j = 1, . . . ,m, Do
3. Compute w := M−1Avj
4. For i = 1, . . . , j, Do
5. hi,j := (w, vi)
6. w := w − hi,jvi
7. EndDo
8. Compute hj+1,j = ‖w‖2 and vj+1 = w/hj+1,j

9. EndDo
10. Define Vm := [v1, . . . , vm], H̄m = {hi,j}1≤i≤j+1,1≤j≤m
11. Compute ym = argminy‖βe1 − H̄my‖2 and xm = x0 + Vmym
12. If satisfied Stop, else set x0 := xm and go to 1

Yousef Saad, Iterative Methods for Sparse Linear Systems, 2nd ed.
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Two essential requirements for a GOOD preconditioner:

(1) Mz = b can be solved quickly and stably.

(2) M is close to A (the eigenvalues of M−1A are clustered near 1).

R.H. Chan and G. Strang, Toeplitz equations by conjugate gradients with
circulant preconditioner, SIAM J. Sci. Stat. Comput., (10)1989, 104–119.
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A =


−I 0 . . . . . . −αhxI
T −I 0 . . .
−I T −I . . .
...

. . .
. . .

. . .

0 . . . −I T −I


with

T =


2(1 + r) −r . . . 0
−r 2(1 + r) −r
. . .

. . .
. . .

0 . . . −r 2(1 + r)
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M =


−I 0 . . . . . . −αhxI
C −I 0 . . .
−I C −I . . .
...

. . .
. . .

. . .

0 . . . −I C −I


with

C =


2(1 + r) −r . . . −r
−r 2(1 + r) −r
. . .

. . .
. . .

−r . . . −r 2(1 + r)
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F ∗ 0 . . . . . . 0
0 F ∗ 0 . . .
0 0 F ∗ . . .
...

. . .
. . .

. . .

0 . . . 0 0 F ∗

M


F 0 . . . . . . 0
0 F 0 . . .
0 0 F . . .
...

. . .
. . .

. . .

0 . . . 0 0 F



=


−I 0 . . . . . . −αhxI
F ∗CF −I 0 . . .
−I F ∗CF −I . . .
...

. . .
. . .

. . .

0 . . . −I F ∗CF −I
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Arbitrary Case

Figure: Arbitrary domain
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I. Problem: 
∂u(x,t)
∂t = ∂2u(x,t)

∂x2 , (x, t) ∈ (0, 1)× (0, T ),
u(0, t) = 0, t ∈ [0, T ],
ux(0, t) = ux(1, t), t ∈ [0, T ],
u(x, T ) = ϕ1(x), x ∈ [0, 1].
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u(x, t) = 0, (x, t) ∈ ∂Ω× [0, T ],
u(x, T ) = ϕ2(x), x ∈ Ω,

The approximate quasi-boundary value conditions:
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III. Problem: 
uxx(x, y)− Lu(x, y) = 0, x ∈ (0, x0), y ∈ Ω,
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u(0, y) = ϕ3(y), y ∈ Ω,
ux(0, y) = 0, y ∈ Ω.

The approximate quasi-boundary value problem:
uxx(x, y)− Lu(x, y) = 0, x ∈ (0, ax0), y ∈ Ω, a ≥ 1,
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ux(0, y) = 0, y ∈ Ω.
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Phenomena

1.

x0 x1 x2

Figure: The positions of the conditions
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2.

Problem.  ∆u(x, y) = 0, x ∈ (0, 1), y ∈ Rn, n ≥ 1,
u(0, y) = ϕ4(y), y ∈ Rn,
ux(0, y) = 0, y ∈ Rn,

Failed.
u(0, y) + αu(1, y) = ϕδ4(y), (3)

ûα,δx (x, ξ) = ϕ̂δ4(ξ)
|ξ| sinh(|ξ|x)

1 + α cosh(|ξ|)
, (4)

Succeed.
u(0, y) + αux(1, y) = ϕδ4(y), (5)

ûα,δx (x, ξ) = ϕ̂δ4(ξ)
|ξ| sinh(|ξ|x)

1 + α|ξ| sinh(|ξ|)
, (6)
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3.

Operator equation.

A(x)X(x) = Y, for x ∈ (x0, x1], (7)

Quasi-boundary-value method.

(β1(α)A(x) + β2(α)B(x, x2))X(x) = Y, for x ∈ (x0, x1], (8)

where
β1(α)→ 1 and β2(α)→ 0, as α→ 0. (9)

Lavrentiev regularization method.

(A(x) + αI)X(x) = Y, for x ∈ (x0, x1]. (10)

A is self-adjoint.
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Future work

Theoretical aspects:
Improve the present error estimates;
The general domain.

Numerical aspects:
Multiple dimensions;
Variable coefficients;
Arbitrary domain.
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Suggestions & Comments
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