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Operator formulation

Problem settings

IP:  Finduls,, Un|s,, Where uis so-
lution of the Cauchy Problem

—Au=0 inQ
u="f auf X4
% = 1/)1 auf p

DP: Find uls,, where u is weak
solution of the Neumann problem

—Au=0 inQ
=1y auf
U =1p aufX

Operator form of direct problem ()1 :=0): A: ¢» — u(¢2)|s,



Operator formulation

Compact operator formulation of the linear problem

T:=Roldi o Ac K(L*(X2), L*(%4)),
Idy : HY?(Z4) — L3(Z4) (compact embedding)

R: L3%4)— [3(Z4), R:u—u-— udx

1
11| Jx,
A L3(T2) — H'2(Zh), A:vpe s u(e)ls,

where u(v2) € V denotes the unique solution of variational equation

(VU, V¢)0 = <¢27 ¢>L2(Zg) v¢ € V7

V={veH Q)] /vdx:O}.

A'is linear and bounded: ||Avzl| /25,y < CllY2|li2(x,)-



Operator formulation

Given 1 € L?(X2), find f:

Ty =fi, i = Rf;

Inverse Problem: Given f;, find ¥2(:= Un|x,) :  Tipe = f
is ill-posed, since T = compact.

T*n:=wls,, neLl’()
we V : (VW, v¢)0 = <R177 ¢>L2():1) Vd) (S V7

w is unique weak solution of

—-Aw =0
Wn|21 = R’q
Wn|):2 = 0
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Regularization by conjugate gradient method

Discretization by projection

TeK(X,Y),X:=L3(%,), Y :=L3(%),f =

IP (operator formulation): Ty =1, f€R(T)

P : X — X;and @, : Y — Y] orthoprojectors with dim(X;) = n;, dim(Y;) = my
Projected equation: Tiboy = Qf, T,:= QTP and ., € R(P))

We assume only an approximation ¢ for f is available: f* € Y, ||f* — f||y <e

Projected normal equation: T/ Trpo, = T Qf

Remark: The projected problems are ill-conditioned and we regularize it
using CGNE with an appropriated stopping rule.



Regularization by conjugate gradient method

CGNE for projected equation

¥y} == 0and ¢, »F), ..., determines by
W € Kn(T7 T T Q)), Km(A™A, ) := span{r, (A“A)r, ..., (A*A)"'r}

||W£?P—o,f||y= min [T — Qfly

eXm(TF T, T Q)

r.=g- T/'L/Jg?,); pl=d= T% m:==1;
while (d™'#£0)

19" == Tip™; am = [d™ & /lla™ I

o =g+ amp™; rme=r"" —ang™;
d" = Tr" Bm = [ld™|%/1ld™ 1%
p’"+1 =d" + Bmp™; m:=m+1;}

@ CGNE breaks down at step m, := m < dim(X)) if T;r™ =

@ Representation: ¢2 /= Qm—1(T/ T, Qf)Qif with g1 € My
@ gm-1(0), m=1,2,... can be easily computed by three term recursion



Regularization by conjugate gradient method

A stopping criterion for projected CGNE

Stop the iteration at step m = m, if one of the following conditions is satisfied

TS} — QFlly < 7 or Gn-1(0, AF)) > (2 or m=m..

Then define

m—1 _2
ol e, 1, f°) = { "2 gm-1(0) > ¢ .
ba(l e, 7, %) {1/;53, Gm_1(0) < (2

Theorem: Assume T € K(X, Y), N(A)* c U X», R(A) c U Y»and
MNS-Solution ¢ € X,,, > 0and ||ff||,, < p. For projected CGNE with
noisy data f* € Y, ||f* — f||y < ¢ let the iteration be stopped according to the
stopping rule 1 with corr. approximation ¢»(/,, 7, f¢). Then ex. cgg > 0

1920t e,7, 1) = $dlx < Cag(eT p7 + (¢ 4 |[(1 = Q) T| 2.
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Regularization by conjugate gradient method

A modified stopping criterion for projected CGNE

Stop the iteration at step m = m, if one of the following conditions is satisfied

I\Tﬂ/)é'f]) — Qf|ly £ 1e or gm_1(0, Qf°) > P(e, p, () or m = m..

_ —1 - S
Then define  $o(le,r, ) = 4 V2 Gn-1(0) = P(&,0,0)
P gm—1(0) < P(e, p, 1)

1
G2 if (£)¥ < ¢
2

where P(e,p, () == -2 ’
| {(z) RGeS

Theorem: Assume T € K(X, Y), N(A)* c UX», R(A) c U Y» and
MNS-Solution ¢} € X,, x> 0and |||, < p. For projected CGNE with
noisy data f* € Y, ||f* — f||y < e let the iteration be stopped according to the
stopping rule 2 with corr. approximation ¢»(/, e, 7, f°). Then ex. ¢ > 0

I

_ . . .
[P2(l, e, 7, FF) — Phllx < Cog(e ™ pa + (¢ 4 ||(1 — @) T| ™2y,
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Regularization by conjugate gradient method

Conclusions

On the annular domain with 1 = 227 on L*(%) and ho = 277 on L*(%,)
holds: ¢; = O(hy), ||(/ — Q) T| = O(h1)

CGNE with stopping rule 2 possibly breaks down earlier than with stop.
rule 1

If (%)ﬁ > ¢; we can formulate stopping rule 2 without the discrepancy
constraint || leé’,’? — Qf|ly < 7¢

If (%)ﬁ > ¢; CGNE with stop. rule 2 provides more precise
approximations

Disadvantange:

For stopping rule 2 we additionally need to know the source
representation data p, u
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Numerical experiments: Laplace equation

_ __cos(mmx)
f1 - Vm(X, 0) - (m7T)2 )
v, cos(mmnx)sinh(0.2mmn)
T 7," = .
v2 on (x,02) mm

¥i € R(T*) = Xy (source representation)

Noisy data: f{ = 3°,(fi(x;) + 3(xi))¢i (e = O(H? +5))

192 = ¥illi2e,) < CWH((A +6)'72 + b + ha),
With hy = h, = hand 6 = K :

192 = ¥3lli2(,) = O(h) for (h— 0)
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Numerical experiments: Laplace equation

cg-Verfahren mit Diskrepanzprinzip, m = 2

cg-Verfahren mit Diskrepanzprinzip, m = 4
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Figure: Order optimality of CGNE with stopping rule 2
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Numerical experiments: Laplace equation

cg-Verf. mit Stoppregel 1, bei m=1, ¢ =0.16773, h, = 0.04

Cg-Ver. mit Stoppregel 1, beim =2, ¢ =0.102, h,=0.02
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Figure: Top: CGNE with stop. rule 1, Bottom: CGNE with stop. rule 2 ((e/p) »*7 > (p).
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Numerical experiments: Laplace equation

Stoppindizies des cg-Verfahrens bei m = 3, e = 0.202
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Figure: Stopping index: stopping rule 1 and 2.
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Numerical experiments: Laplace equation
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