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In this talk I shall continue a series of studies (see below) of singular 
varieties associated in a natural way to a pair of submanifolds in an affine 
space.





3 – space 4 – space

In 3-space two generic 2-planes 
intersect along a line. 

In 4-space two generic 2-planes 
intersect at point.

In 4-space if two planes share two 
common directions they are said to 
be parallel. 

In 3-space if two planes share two 
common directions they are said to 
be parallel.

In 4-space if two planes share just 
one common direction they are 
called weakly parallel.

Note: In 3 space all planes are at 
least weakly parallel.



That is the two tangent planes are weakly parallel.





This is a 3-dimensional 
hypersurface.



This is a 3-dimensional 
hypersurface.













The singularities of the Minkowski set happen to be singularities of Lagrange 
and Legendre projections determined by an appropriate generating family.





Transversal, non-transversal, tangential, 
bitangential and parallel.



Transversal Case

The two tangent planes share a common 
direction a.

The vectors a, b, c and the chord joining the two planes are 
independent.

This case has codimension 1.



Non-Transversal Case

In this case the two tangent planes share a common direction and intersect 
along a line that does not contain either of the base points.  

Equivalently we can say that direction of the chord belongs to the space                        

This case has codimension 2.



Tangential Case

In this case the two tangent planes intersect along a common line that 
contains one of the points.

In other words the chord belongs to one of the tangent planes

This case has codimension 3.



Bitangential Case

In this case the tangent planes intersect along a common line that contains 
both base points.

This case has codimension 4 and so occurs at isolated points.

In fact various formulae exist relating the number of  bitangencies
with the number of double points, elliptic points, parabolic points and 
the Euler number for generic immersions of closed manifolds without 
boundary. 
See D. Dreibelbis (2007).



Parallel Case

In this case the tangent planes are parallel but 
distinct

This case has codimension 4 so occurs at 
isolated points



Adjacency Diagram



Transversal Case



Recall:

We then reduce the number of variables using a stabilisation 
procedure.





Non-Transversal Case
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Criminant



Criminant



Caustic  



Caustic  



Criminant

Criminant



and Caustic  



Tangential

In this case the method is very similar

One of the B3 singularities always occurs at the point whose 
tangent space  contains the other point.  

Bitangential

In this case the method is very similar.

In this case a B3 occurs on both surface points.   



Non-tranvsversal



Non-tranvsversal

Tangential



Non-tranvsversal

Tangential

Bitangential



Parallel Case



or











Thanks for listening 




	By Graham Reeve

