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Motivation

If λI ≤ A ≤ ΛI, then∫
B
〈∇u,A∇u〉 dx �

∫
B
|∇u|2 dx.

If λ|x− y|−d−α ≤ k(x, y) ≤ Λ|x− y|−d−α, then∫
B

∫
B

(u(x)−u(y))2k(x, y)dy dx �
∫
B

∫
B

(u(x)−u(y))2|x−y|−d−αdy dx.

Question: under what assumption the latter inequalities hold?
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Notation etc.

Notation:

EkD(u, u) =

∫
D

∫
D

(u(y)− u(x))2k(x, y) dx dy,

EαD(u, u) = α(2− α)

∫
D

∫
D

(u(y)− u(x))2|x− y|−d−α dx dy.

We will always assume that

0 ≤ L(x− y) ≤ k(x, y) ≤ U(x− y)

for some symmetric functions L and U : L(x) = L(−x),
U(x) = U(−x), and then we will impose some conditions on them.
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Local comparability

Theorem

If

(K) L(x− y) ≤ k(x, y) ≤ U(x− y),

(U) there exists C1 > 0 such that for every r ∈ (0, 1]∫
Rd

(
r2 ∧ |z|2

)
U(z) dz ≤ C1r

2−α,

(L) there exist a > 1 and C2, C3 such that every annulus

Ba−n+1 \Ba−n (n = 0, 1, . . .) contains a ball Bn with radius

C2a
−n, such that

L(z) ≥ C3(2− α)|z|−d−α, z ∈ Bn,

then for all balls B of radius ≤ 1

cEαB(u, u) ≤ EkB(u, u) ≤ c′EαB(u, u).
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Cut-o� function

For the Harnack inequality we will need the following assumption.

For some constant c > 0, and every R, ρ ∈ (0, 1) there is a

nonnegative function τ ∈ C∞(Rd) with supp(τ) = BR+ρ,

τ(x) ≡ 1 on BR

sup
x∈Rd

∫
Rd

(
τ(y)− τ(x)

)2
k(x, y) dy ≤ cρ−α . (B)

(B) follows from (K) and (U) from the previous theorem.
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Harnack inequality � reformulation

Remark for the ∆α/2 case (0 < α ≤ 2). Let

H(f |Br) =
∫
Bcr
f(y) Cdα

(|y|2−r2)α/2
(
r2 − |x|2

)α/2 |y− x|−d dy, α < 2.

There exists c such that if u : Rd → R is harmonic in B1, then

u(x) ≤ cu(y) + c2H(u−|B3/4)(0), x, y ∈ B1/2.

If u ≥ 0 in B1, then

when α = 2,

u(x) ≤ cu(y), x, y ∈ B1/2,

when α < 2,

u(x) ≤ cu(y) + c′α(2− α)

∫
Rd\B1

u−(z)

|z|d+α
dz, x, y ∈ B1/2,
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Applications

Theorem (Weak Harnack inequality)

Assume EαB(u, u) � EkB(u, u) and (B) holds. There are p0, c > 0

such that for every u ∈ L∞(Rd) ∩Hα/2
loc

(B1) with u ≥ 0 in B1

satisfying EkRd(u, φ) ≥ 0 for every nonnegative φ ∈ C∞c (B1) the

following inequality holds:( ∫
B1/2

u(x)p0 dx
)1/p0 ≤ c inf

B1/4

u+ c sup
x∈B1/2

∫
Rd\B1

u−(z)k(x, z) dz .

Similarly, (K), (U), (L) and lim sup
R→∞

Rγ
∫
|z|>R

U(z) dz ≤ 1 for some

γ ∈ (0, α) imply Hölder estimates for weak solutions.
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Poincaré inequality � notation

For a function u we denote

uBr =
1

|Br|

∫
Br

u(x) dx,

uφBr =

∫
Br
u(x)φ(x) dx∫
Br
φ(x) dx

,

where φ is a `nice' weight function (i.e., radial, strictly positive on

B1, with a nonincreasing càdlàg pro�le Φ).
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Poincaré =⇒ weighted Poincaré

Known: ∫
Br

|u(x)− uBr |p dx ≤ Cp,drp
∫
Br

|∇u(x)|p dx, (1)

for every u ∈W 1
p (Br)

Corollary

Let p ≥ 1. Let X = Rd equipped with the Lebesgue measure and

the Euclidean metric. There exists a constant cp,d,φ such that∫
B1

|u(x)− uφB1
|pφ(x) dx ≤ cp,d,φ

∫
B1

|∇u(x)|pφ(x) dx, (2)

for every u ∈W 1
p (B1).

Salo�-Coste, Aspects of Sobolev-Type-Inequalities, 2002
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Poincaré =⇒ weighted Poincaré

Theorem

If for any u ∈ L2(B1) and 1
2 < r ≤ 1 it holds∫

Br

|u(x)− uBr |2 dx ≤ C
∫
Br

∫
Br

|u(x)− u(y)|2k(x, y) dy dx,

then also∫
B1

|u(x)− uφB1
|2φ(x) dx

≤ C 23p|B1|
|B1/2|

Φ(0)

Φ(12)

∫
B1

∫
B1

|u(x)− u(y)|2k(x, y)(φ(y) ∧ φ(x))(∗)dy dx,

where φ is a `nice' weight function.

Chen, Kim, Kumagai, 2008: additional factor R2−α1|x−y|≤ 1
R
in (∗).
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