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1. Doléans-Dade measure
and semimartingale measure.

(Q, F,F, P) —a complete probability space with
a filtration F = (Ft)¢e[o,1) Satisfying the usual
hypothesis.

DOLEANS-DADE MEASURE
M — a square-integrable martingale,

s,t € [0,T], s <t
B C 2 — an Fs-measurable set

0, T] x 2 — (s,t] X B

un((s,t] X B) = E(I1p(My — Ms)?)
(s,t] X B,

1
P



L%, ={f € P: E(Jg |f-|?d[M, M];) < oo}
with [Ifllz2 = Ujo,zyxe [F1%dpnr) '/

G : [0,T] x @ — 2%, G = (Ge)seom) — 2
predictable set-valued process

Sm(G) == {f € L% : f(t,w) € G(t,w),
175,V a.e.}.

Let G be M-integrably bounded:
that exists process m & L%\/[ such that
Hpn(G,0) < m pps — a.e.

A set-valued stochastic integral of G with re-
spect to M is defined as a set

t t
/ G dM, — {/ grdM; : g € Sp(G)},
S S
for0 <s<t<T and

t
/Gq-dMq- — (/0 GTdMT)tE[O,T]‘



Theorem 1 (J.Motyl, J.S., [5] 2006)
Let M be a square-integrable martingale, Mgy =
0, and let G be an M-integrably bounded and
predictable set-valued process. Then

t t
diStL2(Q)(/O .deMT,/O GTCZMT)
t
— (E/() diStI%&n(f'T,GT)d[M, M]T)1/2

for f € L%, and t > 0.

Theorem 2 (J.Motyl, J.S., [5] 2006)

Let M be a square-integrable martingale, Mgy =
0, and let F,G be M-integrably bounded and
predictable set-valued processes. Then

t t
Hipo( /O GrdM;, /0 FrdM,)
t
< (E / H2.(Gr, Fy)d[M, M])"/2
0

each t > 0.



HP, 1 < p < oo — a space of one-dimensional
semimartingales Z : [0,T] X 2 — R,

Z = (Zt)¢ejo,1)» With a canonical decomposi-
tion Z =N + A, and a norm

1/2 T
1 Zllw = IIIN, NTY2 + /0 |dA| || 2o ()

HP 1 < p < co — a space of n-dimensional
semimartingales Z = (Z1,...,2Z"), Z* € HP,
t=1,...,m, with a norm

1Zllyp = 7y 12°0130) 2.



SEMIMARTINGALE MEASURE
Z — an H2-semimartingale, Z = N + A.

For a local martingale N € H? we define a
Doléans-Dade measure pjy,
(applying Cor. 11.6.4 of P.Protter [6], 2005).

For an FV-process A € H? we define a me-
asure v on P:

D C [0,T] x ©Q — a predictable set

T
vA(D) = /Q /0 I (w, t)ax(w, dt) P(dw)

T
(w, dt) = |dAy(w)] - /0 dAy(w)]

For a semimartingale Z & H2 with a canonical
decomposition Z = N+ A we define a measure

Mz Aas.

HZ = KN T VA



ZcEH2 Z=NLA

L ={feP: T f12dpz < oo}

with [I£ll gz, = Upo,ryxe [F17dpz)"/?

Theorem 3 (J.S., [7], 2012)
For Z € H? and f € L% we have

| [ £zl <2512, .



ZeH2 Zy=0; G:[0,T] x @ — 28",
G = (Gt)ie[o,1) — @ predictable set-valued
process

52(G) == {f €L} : f(t,w) € G(t,w),
M7z a.e.}.

Definition 1 Let Z = (Z)cjo,1) be an H*-
semimartingale, Zg = 0.

Let G = (Gt)ic[o, 1) e a predictable Z-integrably
bounded set-valued process.

We define set-valued integrals

t t
| Grazr ={[ 9rdz: :g € S5},
S S
for0<s<t<T and

t
/GTdZT — (/0 GTdZT)tE[O,T]’

Remark 1 A set-valued process G is Z-integrably
bounded, if there exists a process m & L2Z
such that

HRn(G, O) S m py — d.e.



Theorem 4 (J.Motyl, J.S., [5], 2006)

Let Z = (Zt)tcjo,1) be an H?—semimartingale.
Let F = (Ft)icpo,1)» G = (Gt)tefo,T]

be predictable Z-integrably bounded set-valued
processes.

Then there exists a constant K > 0 such that

H?Z{%( / GrdZ, / FrdZ.)
< K- || [ BE(Gr, Fr)dZr e

where 179
K = 2 - max{|| fg|dAt(w)|||L2(Q),E[Na N]T/ }



2. ItO inclusion.

S? — a3 space of adapted single-valued cadlag
processes
z:[0,T] X Q@ = R", © = (2t)ec[o,7) With

lzlls2 = [I subtejo,r) |2t L2(0)-

Let Z = (Z¢)tejo, 1) be one-dimensional H?-
semimartingale, Zg = 0,
F:[0,T] Xx R"™ — Cl Conv(R").

For 0 < s < t < T we consider a stochastic
inclusion:

Tt — Tg € cle(Q)(fSt F(t,x;)dZ;)

(SI)
zo = £ € L*(Q, Fo, P;R")



Definition 2 A process x € S2 is a solution of
the stochastic inclusion (SI), if &g = & and for
any 0 < s <t < T arandom variable 3 — x4
belongs to the set

clrzqy(fs F(r,@r)dZz).

Assumption 1 Let F : [0, T]|XR"™ — ClConv(R")
be a multifunction satisfying:

(1) F:[0,T] X R™ — ClConv(R™) is a (8, F)-
measurable multifunction;

(2) F : [0,T] x R®" —» Cl Conv(R"™) is a Lip-
schitz multifunction:

i.e. there exists a constant D such that for all
te[0,T] and u,v € R®

H(F(t,u), F(t,v)) < D|u — v|;

(3) For any = € S? a process (F(t, xt—))tcjo,1]
is Z-integrably bounded.



Theorem 5 (J.S., [7], 2012)

Let Z = (Zt)icjo,1) be an H>—semimartingale,
Zo = 0,

F : [0, T] x R* —» Cl Conv(R"™) satisfies the
Assumption 1.

Then for any & € L?(Q, Fy, P;R™)
there exists a solution of the inclusion (SI).

Theorem 6 (J.S., [7], 2012)

Let Z = (Zt)icjo,1) be an H>—semimartingale,
Zo = 0 decomposed into a sum Z = N + A,
where N is a local martingale and A is a de-
terministic FV-process.

Let F : [0,T] Xx R — Cl Conv(R"™) satisfies
the Assumption 1.

Then for any & € L?*(Q, Fg, P;R™) the set of
solutions of the inclusion (SI) is closed in S?.



Assumption 2 Let F : [0, T|XR"™ — ClConv(R")
be a multifunction satisfying:

(1) F:[0,T] X R®* —» Cl Conv(R"™)
is a Carathéodory-type multifunction;

(2) For any € S? a set-valued process
(F'(t, zt—))¢ejo, 1] 1S Z-integrably bounded.

Assumption 3 Let Z = (Zy);co,1) be an H2-
semimartingale such that the measure puz is
absolutely continuous with respect to A®Q P on
P, where X\ — a Lebesgue measure on [0,T].

Theorem 7 (J.S., [7], 2012)

Let Z = (Zt)¢cjo,1) be an H?—semimartingale,
Zo = 0 satisfying Assumption 3.

Let F : [0,T] X R®™ — Cl Conv(R"™) satisfies
Assumption 2.

Then for any & € L?*(Q, Fg, P;R™) the set of
solutions of the inclusion (SI) is closed in S?.



3. Stratonovich inclusion

(2, F,F, P) —a complete probability space with
a filtration F = (Ft)se(o,1] Satisfying the usual
hypothesis.

Definition 3 (M.Errami, F.Russo, P.Vallois, [9],
2002) For a stochastic cadlag process g we set

gt = (9t)~ = 9(1—t)—>
which is called a time-reversed process.

Definition 4 Let (2, F, P) be a probability space.
Consider on Q two filtrations F = (F¢)g<i<1
and H = (H¢)og<i<1 Satisfying usual hypothe-
Sis. o

A cadlag process x is (F,H)—-reversible if x is
an F—adapted process on [0,1] and & is an H—
adapted process on [0, 1].

A cadlag process Z is an (F,H)-reversible se-
mimartingale, if Z is an F—semimartingale on
[0,1] and Z is an H-semimartingale on [0,1)
(P.Protter [6], 2005).



Definition 5 (M.Errami, F.Russo, P.Vallois, [9],
2002) Let {m} denote a subdivision of [0, 1],
m={0=ty<t1 <. <tp=1}

We set || = sup;(t;41 — t;).

Let g and Z be cadlag processes continuous
fort =0 andt=1. We define

I. (9,dZ)(a)
— Zg(ti Na)(Z(tip1 Na) — Z(t; A a)),

(4

I (9,dZ)(a)
— Zg(tiﬂ ANa)(Z(ti1 Na) — Z(t; A a)),

(/

I? (g9,dZ)(a)
= 1/2 (I} (g9,dZ)(a) + I (g,dZ)(a))-

The corresponding limits of above sums are
called forward, backward and Stratonovich in-
tegrals, respectively, and they are denoted by

f(O,a] gd—Z, f(o,a] gd*Z, f(O,a] godZ.



(J.Motyl, J.S., [10] 2010)

Definition 6 A stochastic set-valued process
G is cadlag if it has right continuous sample
paths with left limits with respect to the Haus-
dorff metric.

A stochastic set-valued process GG is RV—cadlag
if it is cadlag and continuous for t = 1.

Definition 7 For a stochastic set-valued cadlag
process GG we set

Gt = (Gt)” = G1—p)—>
which is called a time-reversed process.
The limit of the set-valued map is taken with
respect to the Hausdorff metric.

Definition 8 A set-valued cadlag process G is
(F,H)—reversiblg if G is an F—adapted process
on [0,1] and G is an H—adapted process on
[0, 1].

Lemma 8 Let G be a set-valued (F, H)—reversible
process. Then there exists a selection g of G
being an (F,H)—reversible process.



Definition 9 Let G be a set-valued (F, H)—reversible
RV—cadlag process and let Z be an (F,H)—
reversible semimartingale, Zg = 0.

Let S(G) denote a family of all (F, H)—reversible
RV—cadlag selections of G.

For every 0 < a < b <1 we define

GodZ
(aab]

_ — + .
= {1/2 /(a,b]gd Z+ Aa,b]gd Z) : g€ SG)}

= {1/2 r—dZ; — Gr—dZr
w/ (/(a,b]g /[1—b,1—a)g )
g € S(G)}.



Definition 10 Let Z be an RV-—cadlag pro-
cess. Let x be a stochastic process such that
for every 0 < a < b < 1 there exist RvV—cadlag
processes g®? and h%? satisfying

Th — Ta = [(qp] g®td—Z + J(a,b) h®bd+Z.

A process x is called decomposable if there
exist RV—cadlag processes u,v, ug € Fp and
v1 € Hg such that

() up = va = fiq,5 974" Z.
Vp — Vg = f(a,b] haybd-l'Z'
forevery 0<a<b<1,

(i) x = u +v.



(J.S., [8] 2012)

Theorem 9 Let Z be an (F,H)—reversible se-
mimartingale from H?, Zyg = 0. Let G be a
set-valued (F,H)—reversible process left conti-
nuous for t = 1 and integrably bounded by a
process m. If a decomposable RV/—cadlag pro-
cess x = u+v satisfies xp—a € [(q,p GodZ,
forevery 0 <a <b<1,

then there exists a pair (g,h) of stochastic
processes such that g € ClLQZSZ(G_), h €

clL%SZ(é_) and for all 0 < t < 1

[1—t,1)

xrt = xTg + 1/2/
(0,¢]
a.S.



Definition 11 Let Z be an (F,H)-reversible
semimartingale from H°, Zy = 0.

Let F :[0,1] X R™ — Comp Conv(R").

Fors,t € [0,T], s < t we consider the Stratonovich-
type stochastic inclusion

Tt — Tg € ClL2(Q)(f(s,t] F(r,x+)odZ) (SSI)
with xg = & € L*(Q, [Fo, 1], P;R™).
A process x € S?%([0,1]) is a solution of the
stochastic inclusion (SSI), if xg = & and for

any s,t € [0,1], s < t a random variable x;— x
belongs to the set

Cle(Q)(f(S,t] F(’T, ar;T) O dZ).



Assumption 4
Let F : [0,T] X R®" — Comp Conv(R"™) be a
multifunction satisfying:

(1) F : [0,T] X R® —» Comp Conv(R") is a
(3, F)-measurable multifunction;

(2) F : [0,T] X R® — Comp Conv(R") is a
Lipschitz multifunction:

(3) For any « € 5% a process (F(t,x¢—))tc(o,T]
IS integrably bounded.

Theorem 10 Let Z be an (F, H)—reversible se-
mimartingale from H°°, Zg = 0.

Let F :[0,1] X R — CompConv(R"™) satisfies
the Assumption 4.

Then for any ¢ € L*(Q, [Fo, H1], P;R™) the set
of solutions of the inclusion (SSI) is nonempty.
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