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GOAL: Given function g > 0 on time-space, find a transition
density g such that for all s € R, x € R?, ¢ € C°(R x RY),

/ / E(s,x,u,2) [0y + Az + q(u, 2)|¢(u, z)dzdu = — (s, x).
R JRd

The solution should satisfy

g(s,x,t,y) =g(s,x,t,y) / / (s,x,u,z)q(u,z)g(u,z,t,y)dzdu,
Rd
g =g +84q(g + 898)

=g+gqg+gngé=---ZZ(gq)"g=Zgn.

Here g, =(gq)"gs =(g9)gn-1 and go=g.
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Transition density

Let X be a set with a o- algebra M and o-finite measure m
defined on M. Abbreviation: m(dz) = dz.

Definition

Function p: R x X x R x X — [0, 00] is called a transition density if

/ p(s,x,u,z)p(u,z,t,y)dz = p(s,x, t,y), s<u<t.
X
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Schrodinger perturbations

Let
g: Rx X —[0,00].

For —co < s <t <ooand x,y € X we set

Definition

po(s,x, t,y) = p(s,x, t,y),
t

pn(s)x7 t7y):/ /P(S,X, U,Z)q(U,Z)pn_l(U,Z, t,y)dZdU.
s JX

Definition (Schrédinger perturbation of p by q)

p(s,x,t,y) = Zp,,sxty)




Khasminski's lemma

Assume that for e >0 and s < t, x,y € X,

t
ps.xity) = [ [ plox.u2)a(u. 2)p(u. 2. b,y)dedu < ep(s,x, )
s X
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Khasminski's lemma

Assume that for ¢ > 0,

pl—//pqpéep,
then by induction,
Pn = // pPapn-1 < // pge"tp=¢""lp <e"p.

= 1
ﬁSp§ €”=<1_€>p,
n=0

Finally,

for e € (0,1).



Local smallness, global growth control

Assume that for all s < t, x,y € X,

pi(s,x, t,y) < [n+ Q(s, t)] p(s, x, t, y), (%)

where n >0 and 0 < Q(s,u) + Q(u,t) < Q(s,t), if s<u < t.



Local smallness, global growth control

Assume that for all s < t, x,y € X,

pi(s,x, t,y) < [n+ Q(s, t)] p(s, x, t, y), (%)

where n >0 and 0 < Q(s,u) + Q(u,t) < Q(s,t), if s<u < t.

Theorem (T. Jakubowski, 2009)
If () holds, then for all s < t, x,y € X,

Q(s;t)
n

g2
ﬁ(S,X,t,y)§<1> p(57X7t7Y)7 lf 0<77<17
-n

and

(s, x,t,y) < e®Chp(s x, t,y), if n=0.
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How to verify the condition (%)7
Assume that 3G inequality holds for p,

p(s,x,u,z) A p(u,z,t,y) < cp(s,x,t,y), c>0.

Since ab = (a A b)(a V b), equivalently we have

p(s,x,u,z)p(u,z, t,y)
< cp(s,x, t,y)|p(s,x,u,2) V p(u, 2, t,y) |

We then verify (J) by considering

pl(S,X,t,y) /t/
27 < ¢ s, x,u,z)+ p(u, z, t, u, z)dzdu.
ey =< o )+ p(uz, )] a(u, 2)
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For instance, let p be a-stable transition density, « € (0,2). Then

t—s

~ (t —g) 9/
p(S,X, tv.y)’\‘(t S) A ‘y*X|d+o‘.

p(S7X7 u7z)/\p(u7z7 t?.y) S Cp(s7X7 t?.y)'
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A majorant

Consider auxiliary transition density p* and C > 1 such that

p(s,x,t,y)ﬁCp*(s,x,t,y), s <t, X7y€X' (**)

Definition
We say that g € N(p, p*, C,n, Q), if (%% ) holds and

t
/ /X p(s,2,u,2)(u, 2)p" (0, 2, t,y) dzd (Fekk)

< [0+ Q(s, )] p*(s, x, t, ),

where 7 > 0, Q is continuous and superadditive.

Q is called superadditive if

0 < Q(s,u)+ Q(u, t) < Q(s, t), s<u<t



The main result

Let g € N(p,p*,C,n, Q). Then forall s <t, x,y € X,

Q(s,t)
n

c 1+
Bs, x,1,y) < <12n> (s,xty), i 0<n<1/2,

and

(s, x, t,y) < (2C)H2QE0p% (s x, t,y), if n=0.




An application

For ¢ > 0 consider

ge(s.x t,y) = [an(t — 5)/c] ¥/ exp (—cly — xI2/(t —5)).



An application

For ¢ > 0 consider
ge(s.x. t,y) = [n(t — 5)/c] /2 exp (—cly — x/(t — 5)).
If 0 < a< b< oo, then

gb(S,X, ta.y) < (b/a)d/2ga(S,X, tay)'



An application

For ¢ > 0 consider
ge(s,x,t,y) = [4n(t —5)/c] P exp (—cly — x|*/(t = 5)) .
If 0 < a< b< oo, then
g(s,x, t,y) < (b/a)?ga(s, x, t,y).

We take p = gp, p* = g2, C = (b/a)d/2-



An application

For ¢ > 0 consider
ge(s,x,t,y) = [4n(t —5)/c] P exp (—cly — x|*/(t = 5)) .
If 0 < a< b< oo, then
g(s,x, t,y) < (b/a)?ga(s, x, t,y).

We take p = g, p* = ga, C = (b/a)?/2. For g € N(p,p*,C.n, Q)
with € (0,1/2),

/ / 8n(s,x,u,z) [au + bA, + q(u,z)]cb(u,z)dzdu = —¢(s,x),
R JRd



An application

For ¢ > 0 consider
ge(s,x,t,y) = [4n(t —5)/c] P exp (—cly — x|*/(t = 5)) .
If 0 < a< b< oo, then
g(s,x, t,y) < (b/a)?ga(s, x, t,y).

We take p = gp, p* = ga, C = (b/a)¥/2. For g € N(p,p*,C,n,Q)
with n € (0,1/2),

/ / 8n(s,x,u,z) [au + bA, + q(u,z)]d)(u,z)dzdu = —¢(s,x),
R JRd

14 Q1)
) n
Bb(s,x,t,y) < ga(s, x, t’y)<12n> .
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Gaussian transition density

Define L(a) = max;>qv1/a [ln(l +7)- =2 |n(a7')}

Theorem (sharp 4G)

Let M = [b/(b — a)]%/? exp [gL( bja)], then

gb(57X7 U,Z)ga(U,Z, t,_)/)
< Mga(s,x, tvy) [gb—a(saxv u, Z) V ga(uaz7 t’y)] o

We verify (k% %) by
t

|, stsn2)atw. 2w, 2.1, )dl
s R

t
<Mg(sxty) [ [ lomalsixu.2)+ gl t)] o(u. 2)dzd
s JR



Thank you!



