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Random motion

e Motion in a random incompressible flow

dx(t) .
e u(t,x(t)), t=0,

Zj’:l Ox;uj(t, x) = 0.
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Random motion

e Motion in a random incompressible flow

dx(t)
dt

= u(t,x(t)), t=0,
x(0) =0, (1)

Zj’:l Ox;uj(t, x) = 0.

e i(t, x) ((Eulerian) velocity field of the fluid) random vector field
e basic model of transport in a turbulent flow of fluid
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Random motion

Basic question

Statistics of a tracer

Knowing the statistics of the flow describe the behavior of the
particle
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Random motion

Central limit theorem

[x(t) — vit]/\/t = N(O, D), where

Dy = lim TE[(x(e) — veit)(5(8) — vegt)].

t—+oco t

turbulent diffusivity

usually the assumptions of strong mixing in time is made;

Kraichnan, Gawedzki-Kupiainen (flow is white noise in time),
T.K.-Papanicolaou 97" (Gaussian, finite dependence range in time),
Carmona-Xu 97, Fannjiang-T.K. 99', L. Koralov, 99" (Markovian in
time +spectral gap), T.K.-S. Olla 05" (O-U flow with weaker
mixing assumptions).
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Central limit theorem in the weakly coupled case

Weakly coupled case

dx(t)
dt

= ed(t, x(t)), t>0,

x(0) =xp, ex1

Suppose that i(t, x) is a random vector field over a probability
space (Q2,V,P)

@ time-space stationary
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Central limit theorem in the weakly coupled case

Weakly coupled case

dx(t)
dt

= ed(t, x(t)), t>0,

x(0) =xp, ex1

Suppose that i(t, x) is a random vector field over a probability
space (Q2,V,P)

@ time-space stationary

@ of zero mean
(1(0,0)) = 0.
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Central limit theorem in the weakly coupled case

Convergence

Long time behavior of the tracer x.(t) := x(t/e?).

Tomasz Komorowski, IMPAN, UMCS, Lublin Passive tracer



Central limit theorem in the weakly coupled case

Convergence

Long time behavior of the tracer x.(t) := x(t/e?).

Tomasz Komorowski, IMPAN, UMCS, Lublin Passive tracer



Central limit theorem in the weakly coupled case

Convergence

Long time behavior of the tracer x.(t) := x(t/e?).

Martingale argument.

Suppose that f € C°(RY), t; = ie?, s < t

[t
E [f(Xs(t))— f(x(s)) Vs} ~ > E [Af(xs(ti)) s]
fse—1
[t 7] tit1
:i[s;]/t,- B [Vre(on) -3 (B oxon)) 2] din
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Central limit theorem in the weakly coupled case

Convergence cont’d

[te

_ T [Foe(e)) - (2L x(t)
5[] {EX0)

[8”]

Vs] dpl
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Central limit theorem in the weakly coupled case

Convergence cont’d

[se=] " " ti
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Central limit theorem in the weakly coupled case

Convergence cont’d

V() - i (5; ) ® 0 (gg )

[se=] " " ti

We need v € (1,2) to make this scheme work!
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Central limit theorem in the weakly coupled case

Central limit theorem

Khasminskii 66’

Suppose that i(t, x) is
1) zero mean, time-space stationary, with incompressible
realizations:

d
V- i(t,x) = Z@;uj(t,x) =0,
j=1
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Central limit theorem in the weakly coupled case

Central limit theorem

Khasminskii 66’

Suppose that i(t, x) is
1) zero mean, time-space stationary, with incompressible
realizations:

d
V- i(t,x) = Z@;uj(t,x) =0,
j=1

2) sufficiently strongly mixing in t variable,
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Central limit theorem in the weakly coupled case

Central limit theorem

Khasminskii 66’

Suppose that i(t, x) is
1) zero mean, time-space stationary, with incompressible
realizations:

d
V- i(t,x) = Z@;uj(t,x) =0,
j=1

2) sufficiently strongly mixing in t variable,
3) sufficiently smooth with the respective derivatives bounded.
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Central limit theorem in the weakly coupled case

Central limit theorem

Khasminskii 66’

Suppose that i(t, x) is
1) zero mean, time-space stationary, with incompressible
realizations:

d
V- i(t,x) = Z@;uj(t,x) =0,
j=1

2) sufficiently strongly mixing in t variable,

3) sufficiently smooth with the respective derivatives bounded.
Then, the process {x(t), t > 0} converges in law, as ¢ — 0+, to a
Brownian motion,
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Central limit theorem in the weakly coupled case

Central limit theorem

Khasminskii 66’

Suppose that i(t, x) is
1) zero mean, time-space stationary, with incompressible
realizations:

d
V- i(t,x) = Z@;uj(t,x) =0,
j=1

2) sufficiently strongly mixing in t variable,

3) sufficiently smooth with the respective derivatives bounded.
Then, the process {x(t), t > 0} converges in law, as ¢ — 0+, to a
Brownian motion,covariance matrix D = [D;;], (Kubo formula):

1 [+oo
D; = E/0 {E[u;(t,0)u;(0,0)] + E[u;(t,0)u;(0,0)]} dt.
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Central limit theorem in the weakly coupled case

Some historical remarks

Analogous results:
@ Borodin 77" (unbounded fields),
@ Kesten-Papanicolaou 79" (time independent situation),
e Kunita 86" (flows),

o T.K. 96 (longer time scales).
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Self-similar Gaussian Markovian flows

Isotropic Ornstein-Uhlenbeck flows with spectrum
satisfying power law

@ i(t,x) is zero mean, stationary Gaussian, Markovian in t
Rpq(t; x) = (up(t, x)ug(0,0))

ix-k ,— C dk
:/e ke ’Y(Ik‘)tqu(k)W
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Self-similar Gaussian Markovian flows

Isotropic Ornstein-Uhlenbeck flows with spectrum
satisfying power law

@ i(t,x) is zero mean, stationary Gaussian, Markovian in t
Rpq(t; x) = (up(t, x)ug(0,0))
ix-k ,— C dk
:/e ke ’Y(Ik‘)tqu(k)W

Roq(k) = r(|k|)Tpq(k), p,g=1,...,d.

factor [ pq(K) := 0pq — kpkg, where k = (ky, ..., kq) := k/|K|,
ensures incompressibility of the flow
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Self-similar Gaussian Markovian flows

e a(-) is a compactly supported cut-off function, ensures
integrability of the spectrum at oo and a(0) > 0.
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e a(-) is a compactly supported cut-off function, ensures
integrability of the spectrum at oo and a(0) > 0.

e integrability of r(¢) = % at <1
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Self-similar Gaussian Markovian flows

e a(-) is a compactly supported cut-off function, ensures
integrability of the spectrum at oo and a(0) > 0.

e integrability of r(¢) = % at <1

e mixing rate y(¢) := ¢ with 8 > 0.
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Self-similar Gaussian Markovian flows

e a(-) is a compactly supported cut-off function, ensures
integrability of the spectrum at oo and a(0) > 0.

e integrability of r(¢) = % at <1

e mixing rate y(¢) := ¢% with 3 >0

e the decay of the spatial correlations
Rii(0,x) ~ |x|*7*

Kubo formula

Dy = Dipey D= (1-5) 150l [ 205

D<+xiffa+3<1.
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Self-similar Gaussian Markovian flows

Central limit theorem when D < +o0

Theorem (Fannjiang-T.K. 99’)

Suppose that i(t, x) is a Gaussian, Markovian flow as described
before. If D < +o0 then {x:(t), t > 0} converge in law, as

¢ — 0+, do a Brownian motion with the covariance matrix given by
the Kubo formula.
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Self-similar Gaussian Markovian flows

Central limit theorem when D < +o0

Theorem (Fannjiang-T.K. 99’)

Suppose that i(t, x) is a Gaussian, Markovian flow as described
before. If D < +o0 then {x:(t), t > 0} converge in law, as

¢ — 0+, do a Brownian motion with the covariance matrix given by
the Kubo formula.

What happens when D = +00?
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Fractional Brownian motion limit

Superdiffusive scaling

Let x.(t) := x(t/2?). We expect § < 1.
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Fractional Brownian motion limit

Superdiffusive scaling

Let x.(t) := x(t/2?). We expect § < 1.

t/825
x:(t) = 5/ u(s,ex(s))ds.
0
Stationarity of i(s,ex(s)) (Theorem of Port-Stone) =

E [ (6)x9(1)]

t

=23

>

(i,j):(p,qk(q,p)

o\

ds/E ui(s', ex(s'))u;(0,0)] ds
0
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Fractional Brownian motion limit

Superdiffusive scaling

Let x.(t) := x(t/2?). We expect § < 1.

t/825
x:(t) = 5/ u(s,ex(s))ds.
0
Stationarity of i(s,ex(s)) (Theorem of Port-Stone) =
E [ (6)x9(1)]

S

-y 2 / ds | E [ui(s', ex(s'))u;(0,0)] ds’

(ij)=(p,a),(a:p) 0 0

20 s

N
= £? / ds/ E [ui(s,0)u;(0,0)] ds' + > I, + R
i 0 0

n=2
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Fractional Brownian motion limit

Superdiffusive scaling cont’d

L,= Y e / E [Wo_1i(s1,- » 5 0)u;(0,0)] ds
(i)=(p,a).(qa;p) An(t/229)
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Fractional Brownian motion limit

Superdiffusive scaling cont’d

L,= Y e / E [Wo_1i(s1,- » 5 0)u;(0,0)] ds
(i)=(p,a).(qa;p) An(t/229)

Wo(sl, X) = ﬁ(sl,x)
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Fractional Brownian motion limit

Superdiffusive scaling cont’d

L,= Y e / E [Wo_1i(s1,- » 5 0)u;(0,0)] ds
(i)=(p,a).(qa;p) An(t/229)

Wo(sl,X) = L7(51,X)
Wn(Sl, to >5n+17X) = (L_i(anrlaX) : V) anl(sla to >5n7X) for n = 17

(iterative convective derivatives)
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Fractional Brownian motion limit

Superdiffusive scaling cont’d

L,= Y e / E [Wo_1i(s1,- » 5 0)u;(0,0)] ds
(i)=(p,a).(qa;p) An(t/229)

Wo(sl,X) = L7(51,X)
Wn(Sl, T >5n+17X) = (L_i(anrlaX) : V) anl(sla T >5n7X) for n = 1,
(iterative convective derivatives)

Ru= 3 2 [ Wi s ox(smia))u(0.0)

(1)=(P:a):(@:P) A1 (t/220)
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Fractional Brownian motion limit

Superdiffusive scaling cont’d

Elementary calculations

> s
S 2 / ds / E [ui(s', 0)u;(0,0)] ds’
(i)=(p.a)(a:p) 0 0

5 +o00 a(g)[eféﬁif/ez‘S -1 —|—£ﬁt/525]dﬁ
= Cd(quz? /
po+28

(substitution ¢ := (/5 /£20/8)
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Fractional Brownian motion limit

Superdiffusive scaling cont’d

Elementary calculations

> s
S 2 / ds / E [ui(s', 0)u;(0,0)] ds’
(i)=(p.a)(a:p) 0 0

5 +o00 a(g)[eféﬁif/ez‘S -1 —|—£ﬁt/525]dﬁ
po+28

= Cd(quz?

(substitution ¢ := (/5 /£20/8)

2H
a—»lozr a(0)c(d, o, B)dpqt
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Fractional Brownian motion limit

Superdiffusive scaling cont’d

Elementary calculations

> s
S 2 / ds / E [ui(s', 0)u;(0,0)] ds’
(i)=(p.a)(a:p) 0 0

5 +o00 a(g)[eféﬁif/ez‘S -1 —|—£ﬁt/525]dﬁ
po+28

= Cd(quz?

(substitution ¢ := (/5 /£20/8)

2H
a—»lozr a(0)c(d, o, B)dpqt

a+28-1 5_i
26 2H
a+f>1=1>H>1/2,0€(1/2,1)
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Fractional Brownian motion limit

Superdiffusive fBm limit

Theorem (Fannjiang-T.K. 00’)

If D= +oo (a+ 3 > 1) then {ex(t/e?), t > 0} converge in law,
as € — 0+, to a fractional Brownian motion with the Hurst

exponent
a+20—-1

26
and the covariance matrix given by Dpq = Ddpq,

1\ [t [e=? — 1+ ¢5de
D =2a(0)|Sq—1| <1 - d) /O | 7o+28 =

H =
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Two particle motion

The relative motion of two particles

xi(t), i = 1,2 two particles satisfying

dX;(t)
dt

—cii(t,xi(t)), t>0,

x(0)=x, el =12
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Two particle motion

The relative motion of two particles

xi(t), i = 1,2 two particles satisfying

dX;(t)
dt

—cii(t,xi(t)), t>0,

x(0)=x, el =12

z(t) == x2(t/e?) — x1(t/€?), z .= xo — x1.
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Two particle motion

Two particle motion - description
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Two particle motion

Two particle motion - description

Relative velocity

t . g
v(t,x,z) = ﬁ/ /e—lkV’(f—s)e'k'X(e'k'z —1)|k|%2w(ds, dk).
(3)
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Two particle motion

Two particle motion - description

w(dt, dk) — C9-valued, space-time Gaussian noise:

w*(dt, dk) = w(dt, —dk),
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Two particle motion

Two particle motion - description

w(dt, dk) — C9-valued, space-time Gaussian noise:

w*(dt, dk) = w(dt, —dk),

E |w(dt, dk)w; (dt', dk')| = Ry(K)a(t — ¢')3(k — K )dtdt’ dkdK’,
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Two particle motion

Two particle motion - description

w(dt, dk) — C9-valued, space-time Gaussian noise:
w*(dt, dk) = w(dt, —dk),
E |w(dt, dk)w; (dt', dk')| = Ry(K)a(t — ¢')3(k — K )dtdt’ dkdK’,

R(k) = kj’iL@Lr(%). (4)
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Two particle motion

Martingale argument
Ati=¢7,v€(1,2)

F(z(t)) — £(2(s) Z[f z:(ti1)) — f(z(t))] (5)
,;Z/.tﬂ v (5. 2(5).x(5) ) s
- pz:lz,:/’ "o ~1))vp <8527z€(ti—1),xs(ti—1)) ds (6)
+3 le [ { / S [a e (52000 i
= J1p+ Jz’ (7)
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Two particle motion

Martingale argument - conditioning

E || 7]

tl+1 S ti 1

et (550 2(ta) () ) o[ 7

zz/

~ 0,

as ¢ — 0+.
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Two particle motion

Martingale argument - conditioning

E [J2

s]_ {Z S 02 F (2:(t)) epg(2: (1)) A | F.

g=1 i
S])
as ¢ — 0+.

Formula for diffusivity

Cool(2) = /0°° E [v,(t, 0, 2)vo(0, 0, 2)] dt

/ 1)) pq (2 (4)) du

p,q=1

Tomasz Komorowski, IMPAN, UMCS, Lublin Passive tracer



Two particle motion

Martingale argument - conditioning

.| =E {Z S 02 F (2:(t)) epg(2: (1)) A | F.

g=1 i

d t
Z / agqf(za(“))cpq(zs(u))du s],
p,g=1°"

Formula for diffusivity

Cool(2) = /0°° E [v,(t, 0, 2)vo(0, 0, 2)] dt

1—cos(k -z
= Wg’dl)rpq(k)dk’ zZ GRd, pP,q = 1,...,d.
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Two particle motion

Convergence result

Theorem, (T.K., Novikov, Ryzhik 12’)

Suppose that « + 3 > 1 and a+ 23 < 3. Then {z.(t), t > 0}
converge in law over C[0,+00), as € — 0+ to the diffusion with
the generator

d
Lf(z) = Y cpg(2)034f(2), € C°(RY). (8)

p,q=1
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Two particle motion

Related results

Time independent case
dx(t)

= veil(x(t), x(0)=0. (9)

Here v #£0, e < 1,
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Two particle motion

Related results

Time independent case
dx(t)

= veil(x(t), x(0)=0. (9)

Here v # 0, € < 1, ii(x) stationary, zero mean, R(x) = [Rj(x)] the
covariance matrix, with div-free realizations.

ve(t) = y(t/e?) == x (t/az) — vt/e?,
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Two particle motion

Related results
Time independent case

%g):v+5mdﬂﬁ x(0) = 0. 9)

Here v # 0, ¢ < 1, i(x) stationary, zero mean, R(x) = [Rjj(x)] the
covariance matrix, with div-free realizations.

ve(t) = y(t/e?) == x (t/az) — vt/e?,

Theorem (Kesten-Papanicolaou 79’)

Suppose that 4(t, x) is mixing at sufficiently fast rate. Then,
{y=(t), t > 0} converge in law to a Brownian motion with the
covariance matrix D = [Dj]

D; = 2/' Rj(vt) + Ri(ve))dt, i,j=1,....d.  (10)
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Two particle motion

Gaussian drifts

Covariance

Ri(x) = [ & Ry(k)dk. (11)
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Two particle motion

Gaussian drifts

Covariance

Ri(x) = [ e Ry(k)dk (11
R
the power-energy spectrum:
o oK)
Ri(k) = Jyara k), (12)

where o < 1.
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Two particle motion

Gaussian drifts

Covariance

Ri(x) = [ e Ry(k)dk (11
R
the power-energy spectrum:
o oK)
Ri(k) = Jyara k), (12)

where av < 1. The rate of decay of the correlations

Ri(x) ~ |x|*7t,  for |x| > 1. (13)
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Two particle motion

Result

Theorem (T.K. Ryzhik 07’)

Suppose that t > 0, a < 0 and p > 0. Then,

g, By () =0 and iy By (/2049 = 4oc.
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Two particle motion

Result

Theorem (T.K. Ryzhik 07’)

Suppose that t > 0, a < 0 and p > 0. Then,

g, Bly () =0 and iy By (5/2049)[ = 4o

When « € (0,1) we have

ELir(r)]JrE ‘y (t/€2H(l—P)) ‘2 =0 and E£m+E ‘y (t/EZH(Hp))‘ =100

with H = 1/(a + 1).
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ELir(r)]JrE ‘y (t/€2H(l—P)) ‘2 =0 and E£m+E ‘y (t/EZH(Hp))‘ =100

with H = 1/(a + 1).

The method of proof: variational principles.
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Result
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with H = 1/(a + 1).

The method of proof: variational principles. Is the superdiffusive
limit a Brownian motion?
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Two particle motion

Result
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Suppose that t > 0, a < 0 and p > 0. Then,

g, Bly () =0 and iy By (5/2049)[ = 4o

When « € (0,1) we have

ELir(r)]JrE ‘y (t/€2H(l—P)) ‘2 =0 and E£m+E ‘y (t/EZH(Hp))‘ =100

with H = 1/(a + 1).

The method of proof: variational principles. Is the superdiffusive
limit a Brownian motion?
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Two particle motion

Result

Theorem (T.K. Ryzhik 07’)

Suppose that t > 0, a < 0 and p > 0. Then,

g, Bly () =0 and iy By (5/2049)[ = 4o

When « € (0,1) we have

ELir(r)]JrE ‘y (t/€2H(l—P)) ‘2 =0 and E£m+E ‘y (t/EZH(Hp))‘ =100

with H = 1/(a + 1).

The method of proof: variational principles. Is the superdiffusive
limit a Brownian motion? Two particle motion?
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Two particle motion

Result without the assumption of weak coupling

ii(x) zero mean Gaussian, power energy spectrum

Ry(k) = RIKNTy(k)/|kI9 R(€) = 1po k1 (£)/£°
Theorem (T.K. Nieznaj 08’)
For any a € (0,1) we have

1+a

lim t2H ——Ex(t) = 400, VH <
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Result without the assumption of weak coupling

ii(x) zero mean Gaussian, power energy spectrum

Ry(k) = RIKNTy(k)/|kI9 R(€) = 1po k1 (£)/£°
Theorem (T.K. Nieznaj 08’)
For any a € (0,1) we have

1+a

lim t2H ——Ex(t) = 400, VH <

. 1 5
slr&- t2H- E‘X( ))| =400, VH>1
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Two particle motion

Result without the assumption of weak coupling

ii(x) zero mean Gaussian, power energy spectrum

Ry(k) = RIKNTy(k)/|kI9 R(€) = 1po k1 (£)/£°
Theorem (T.K. Nieznaj 08’)
For any a € (0,1) we have

1+a

lim t2H ——Ex(t) = 400, VH <

. 1 5
slr&- t2H- E‘X( ))| =400, VH>1

Instead of Gaussian - "Poisson shots type” fields (Nieznaj 11')
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Two particle motion

Motion in a random Hamiltonian field

dxd(tt) = ViH:(x(t), k(t)), (15)
dk(t) _
7 = —Vst(X(t)7 k(t))’

x(0) = xp, k(0) = ko.

Ho(x, k) == — +eV(x),e <1 (weak coupling regime)

V(x) random potential
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Two particle motion

Result on a particle diffusion approximation

)

If V(x) is strictly stationary, sufficiently strongly mixing and
d > 2 then {k(t/e?), t > O}converges in law, as ¢ — 0+, to a
diffusion {k(t), t > 0} on a sphere S| := [|k| = |kol].
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Two particle motion

Result on a particle diffusion approximation

)

If V(x) is strictly stationary, sufficiently strongly mixing and
d > 2 then {k(t/e?), t > O}converges in law, as ¢ — 0+, to a
diffusion {k(t), t > 0} on a sphere Siko| := [Ik| = lkol]. Moreover
£2x(t/e?) converge to

0 — /0 “k(s)ds.
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Two particle motion

Motion of two particles

Suppose that d > 3

= ViH:(xi(1), ki(t)), (16)
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Two particle motion

Motion of two particles cont’d

o if |x£0) — x2(0)| > O(£?) then the particles would experience
approx. two different random media. The limit should be two
copies of motions based on independent diffusions (Bal, T.K.,
Ryzhik 03")
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Two particle motion

Motion of two particles cont’d

o if |x£0) — x2(0)| > O(£?) then the particles would experience
approx. two different random media. The limit should be two
copies of motions based on independent diffusions (Bal, T.K.,
Ryzhik 03")

° )"(2(0) = x + 2%y;
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Two particle motion

Motion of two particles cont’d

o if |x£0) — x2(0)| > O(£?) then the particles would experience
approx. two different random media. The limit should be two
copies of motions based on independent diffusions (Bal, T.K.,
Ryzhik 03")

° )"(2(0) = x + £2y; separation of the initial momentum:

- if |k§0) - k§0)| > O(1) then the limit should consist of
two copies of independent diffusions,
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Two particle motion

Motion of two particles cont’d

o if |x£0) — x2(0)| > O(£?) then the particles would experience
approx. two different random media. The limit should be two
copies of motions based on independent diffusions (Bal, T.K.,
Ryzhik 03")

° )"(2(0) = x + £2y; separation of the initial momentum:

- if |k§0) - k§0)| > O(1) then the limit should consist of
two copies of independent diffusions,

- if kéo) = k + £2/3p we should have a nontrivial limit for
the separation process in times t ~ ¢~ 4/3 (work in progress).
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Two particle motion

Propagation of parabolic waves in a random

medium

Schrédinger equation with a random potential

agbs t x .
8 + A¢£ ’Yv(g7 E)QZ)E - 07 (17)

¢<(0,x) = ¢0(X/€)-

Here V/(t,x) is a random field in the spatial dimension d > 1
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Two particle motion

Propagation of parabolic waves in a random

medium

Schrédinger equation with a random potential

agbs t x .
8 + A¢£ ’Yv(g7 E)QZ)E - 07 (17)

¢<(0,x) = ¢0(X/€)-

Here V/(t,x) is a random field in the spatial dimension d > 1

v < 1 is the (small) parameter that measures the relative strength
of the (weak) random fluctuations,
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Two particle motion

Propagation of parabolic waves in a random

medium

Schrédinger equation with a random potential

agbs t x .
8 + A¢£ ’Yv(g7 E)QZ)E - 07 (17)

¢<(0,x) = ¢0(X/€)-

Here V/(t,x) is a random field in the spatial dimension d > 1

v < 1 is the (small) parameter that measures the relative strength
of the (weak) random fluctuations, ¢ < 1 corresponds to the
macroscopic/microscopic scales ratio,
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Two particle motion

Propagation of parabolic waves in a random

medium

Schrédinger equation with a random potential

agbs t x .
8 + A¢£ ’Yv(g7 E)QZ)E - 07 (17)

¢<(0,x) = ¢0(X/€)-

Here V/(t,x) is a random field in the spatial dimension d > 1

v < 1 is the (small) parameter that measures the relative strength
of the (weak) random fluctuations, ¢ < 1 corresponds to the
macroscopic/microscopic scales ratio, ¢ € S(R").
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Two particle motion

About the potential

V/(t, x) is time-space stationary gaussian field, covariance function
R(t,x) = E[V(t,x)V(0,0)] has the spatial power spectrum:

Rt k) = / e *XR(t, x)dx
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Two particle motion

About the potential

V/(t, x) is time-space stationary gaussian field, covariance function
R(t,x) = E[V(t,x)V(0,0)] has the spatial power spectrum:

Rt k) = / e *XR(t, x)dx

with N A
R(t, k) = e WItIR(K), (18)

where R(k) € L}(RY)
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Two particle motion

About the potential

V/(t, x) is time-space stationary gaussian field, covariance function
R(t,x) = E[V(t,x)V(0,0)] has the spatial power spectrum:

Rt k) = / e *XR(t, x)dx

with N A
R(t, k) = e WItIR(K), (18)

where R(k) € L1(R9) equivalently

R(t,x) = /R IR, k) dudk,

A

_ 2y(k)R(k)

= 0 (19)
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Two particle motion

Behavior of the covariance of the wave function

Wigner transform
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Two particle motion

Behavior of the covariance of the wave function

Wigner transform

W.(t, x, k) = /qﬁg <t,x = 62)/> be (t,x -+ 62}/) G (267/{)". (20)

It satisfies the following kinetic equation

WE + k -V, We — LSWE =0.

LEW(x, k) ==
il ip-x _ @ _ % dp
e Jrd eV (t/e,p) | Wix K 2 )= Wl k+ 2 ) (2m)d
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Two particle motion

Behavior of the covariance of the wave function

Wigner transform

W.(t, x, k) = /qﬁg <t,x = 62)/> be (t,x -+ 62}/) G (267/{)". (20)

It satisfies the following kinetic equation

WE + k -V, WE — LEWE = 0. (21)
LEW(x, k) =
el =%y _EPy epy| _dp
€ Rde V(t/z,p) | Wix k 2) Wx k+ 2) (2m)d
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Two particle motion

Theorem: Limiting behavior of Wigner transform, Ball, T.K.,
Ryzhik (10) (gaussian), Bal, Papanicoalou, Ryzhik (02’)
(shot noise type fields)

Suppose that (k) > v > 0 and v = /¢, then
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Two particle motion

Theorem: Limiting behavior of Wigner transform, Ball, T.K.,
Ryzhik (10) (gaussian), Bal, Papanicoalou, Ryzhik (02’)
(shot noise type fields)

Suppose that v(k) > v > 0 and v = /&, then the processes
{W,(t), t > 0} converge, as € — 0, in probability, in the topology
of C([0, +0); L2 (R?9)), to the solution W of the following
transport equation
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Two particle motion

Theorem: Limiting behavior of Wigner transform, Ball, T.K.,
Ryzhik (10) (gaussian), Bal, Papanicoalou, Ryzhik (02’)
(shot noise type fields)

Suppose that v(k) > v > 0 and v = /&, then the processes
{W,(t), t > 0} converge, as € — 0, in probability, in the topology
of C([0, +0); L2 (R?9)), to the solution W of the following
transport equation

T Lk VW = LW, (22)
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Two particle motion

Theorem: Limiting behavior of Wigner transform, Ball, T.K.,
Ryzhik (10) (gaussian), Bal, Papanicoalou, Ryzhik (02’)
(shot noise type fields)

Suppose that v(k) > v > 0 and v = /&, then the processes
{W,(t), t > 0} converge, as € — 0, in probability, in the topology
of C([0, +0); L2 (R?9)), to the solution W of the following
transport equation

+k- VW = LW, 22
5 TkV L (22)

LW(x, k) = /Rd Fe("’F;’kF, p—k) (W(X, p)— W(x, k)) (21”)0,.
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Two particle motion

This result can be generalized, see Gomez (11'),
R(t.k) = e (IR(K), (23)

where R(k) ~ |k|7d=o+1 ~(k) ~ |k|®
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Two particle motion

This result can be generalized, see Gomez (11'),
R(t k) = e OIR(K), (23)
where R(k) ~ |k|=9=2+1 ~(k) ~ |k|? equivalently

R(k) 1
,-y(k) |k’d+a+ﬂ—1

and a+ 3 < 2.
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Two particle motion

Behavior of the wave function

Lack of coherence, we need to compensate for oscillations

Define )
Co(8,6) = —g0e(t,8/2) 179, (24)

We have phase transition!!!
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Two particle motion

Strongly decorrelating fields

Theorem (T.K., L. Ryzhik 2010)

Assume that the spatial power spectrum satisfies

R(p)dp
/ (o) < 400 (25)

and v = \/e.
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Two particle motion

Strongly decorrelating fields

Theorem (T.K., L. Ryzhik 2010)

Assume that the spatial power spectrum satisfies

R(p)dp
/ (o) < 400 (25)

and v = /e. Then,
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Two particle motion

Strongly decorrelating fields

Theorem (T.K., L. Ryzhik 2010)

Assume that the spatial power spectrum satisfies

R(p)dp
/ (o) < 400 (25)

and y = /2. Then, for each (t,£) € R fixed, (.(t, &) converges
in law, as € — 0, to

{(t,€) = e P2 (€) + Z(t,€) (26)
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Two particle motion

Strongly decorrelating fields

Theorem (T.K., L. Ryzhik 2010)

Assume that the spatial power spectrum satisfies

/ R(p)dp

(o) < 400 (25)

and y = /2. Then, for each (t,£) € R fixed, (.(t, &) converges
in law, as € — 0, to

{(t,€) = e P2 (€) + Z(t,€) (26)

Here 1) Z(t,&) is a centered, complex valued Gaussian random
variable, whose variance equals

E|Z(t,€)]> = W(t, &) — e tRee|do (&) .
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Two particle motion

Strongly decorrelating fields, cont’'d

2) Dg = | D(p,€)dp and

2R(p)
(2m)d[y(p) — (& - p — |pI?/2)]

D(p,§) = (27)
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Two particle motion

Strongly decorrelating fields, cont’'d

(Theorem,cd.

2) Dg = | D(p,€)dp and

2R(p)
(2m)d[y(p) — (& - p — |pI?/2)]

D(p,§) = (27)

3) W(t,f) is the solution of:

D W (t,€) = LW(t,€),
{ W(0,€) = [do(€) 2. (28)

with

LF(€) = [ D(p.OIF () — F©)ldp, (29)
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Two particle motion

Weak decorrelation

the spatial power spectrum:
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Two particle motion

Weak decorrelation

the spatial power spectrum:

A a(p)
R(p) = W (30)
and the mixing rate is
v(p) = plpl’ (31)
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Two particle motion

Weak decorrelation

the spatial power spectrum:

A a(p)
R(p) = W (30)
and the mixing rate is
v(p) = plpl’ (31)

forsome a <1, 0< <1, u>0, and a compactly supported,
non-negative, bounded measurable function a(p).
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Two particle motion

Weak decorrelation

the spatial power spectrum:

R(p) = |p|(fjl (30)

and the mixing rate is

v(p) = ulpl” (31)

forsome a <1, 0< <1, u>0, and a compactly supported,
non-negative, bounded measurable function a(p). We assume that
a(p) is continuous at p = 0 and a(0) > 0.
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Two particle motion

Weak decorrelation

the spatial power spectrum:

R(p) = |p|(fjl (30)

and the mixing rate is

v(p) = ulpl” (31)

forsome a <1, 0< <1, u>0, and a compactly supported,
non-negative, bounded measurable function a(p). We assume that
a(p) is continuous at p = 0 and a(0) > 0.

In order for the previous regime to hold we need to assume that
a+ <1
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Two particle motion

Weak decorrelation

the spatial power spectrum:

R(p) = |p|(fjl (30)

and the mixing rate is

v(p) = ulpl” (31)

forsome a <1, 0< <1, u>0, and a compactly supported,
non-negative, bounded measurable function a(p). We assume that
a(p) is continuous at p = 0 and a(0) > 0.

In order for the previous regime to hold we need to assume that
a+ 3 <1 Weassume that a + 3 > 1
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Two particle motion

Weak decorrelation

the spatial power spectrum:

R(p) = |p|(fjl (30)

and the mixing rate is

v(p) = ulpl” (31)

forsome a <1, 0< <1, u>0, and a compactly supported,
non-negative, bounded measurable function a(p). We assume that
a(p) is continuous at p = 0 and a(0) > 0.

In order for the previous regime to hold we need to assume that
a+ (3 < 1. Weassume that o+ 3> 1= a € (0,1).
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Two particle motion

Result

Theorem (T.K., L. Ryzhik 2010)
Lety:=efand k =1— (1 - )/(20).
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Two particle motion

Result

Theorem (T.K., L. Ryzhik 2010)

Let v:=¢c"and k =1 — (1 —)/(20).
Then, for each (t,¢) € R fixed, (.(t, &) converges in law to

Zo(t, €) = do(€)e™V DB, (32)
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Two particle motion

Result

Theorem (T.K., L. Ryzhik 2010)

Let v:=¢c"and k =1 — (1 —)/(20).
Then, for each (t,¢) € R fixed, (.(t, &) converges in law to

Zo(t, €) = do(€)e™V DB, (32)

where B, (t; &) is a standard fractional Brownian motion with Hurst
exponent k.
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Two particle motion

Result

Theorem (T.K., L. Ryzhik 2010)

Let v:=¢c"and k =1 — (1 —)/(20).
Then, for each (t,¢) € R fixed, (.(t, &) converges in law to

Zo(t, €) = do(€)e™V DB, (32)

where B, (t; &) is a standard fractional Brownian motion with Hurst
exponent k. D is given by
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