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Let X  0 be a loss random variable defined on a probability
space (Ω,A,P). Goovaerts et al. (1984) considered the
problem of determining a premium of the form

H(X ) = E(Xz(X )),

where z : [0,∞)→ (0,∞) is strictly increasing, continuous and
such that Ez(X ) = 1, maximizing the insurer’s expected utility.
More specifically, denoting the set of all such z ’s by Z, the
objective of the insurer can be written as

max
z∈Z

Eu
(
w − X + E(Xz(X ))

)
, (1)

in which w is the insurer’s initial wealth and u is the insurer’s
utility function such that the expected utility is finite.
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Goovaerts et al. (1984, p. 84) claim that for
u(x) = (1− e−λx )/λ with λ > 0, the solution to (1) is

z(x) = eλx/EeλX ,

and consequently an optimal premium is the Esscher premium
(see also Kaas et al., 2008, Theorem 5.4.3, and Denuit et al.,
2005, p. 83).
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Unfortunately, their result is not true. In Proposition 1 below, we
prove for general u the optimality of the maximal loss premium.

Proposition
Assume u is an arbitrary continuous and nondecreasing (not
necessarily concave or differentiable) function such that
|Eu(W − X )| <∞ with (possibly random) W being the insurer’s
initial wealth. Then

sup
z∈Z

Eu
(
W − X + E(Xz(X ))

)
= Eu(W − X + sup X ), (2)

where sup X stands for the essential supremum of X with
respect to measure P and it is understood that
u(∞) = limx→∞ u(x).
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We propose a modification of problem (1), the solution to which
is the Esscher premium.

Proposition

Let Z = z(X ) be an arbitrary nonnegative random variable such
that EZ = 1. Let R, 0 ¬ R ¬ X , be the insurer’s part of X , w be
the insurer’s initial wealth and u(x) = (1− e−λx )/λ, λ > 0, be
the insurer’s utility function. If Z = eλr(X)/Eeλr(X), then the
contract R = r(X ) is a solution to the problem

max
0¬R¬X

Eu(w − R + E(RZ )), (3)

i.e. the premium for risk R is the Esscher premium
H(R) = E(ReλR)/EeλR. Moreover, if the contract R = r(X ) in
which 0 < r(x) < x for all x > 0, is a solution to problem (3),
then Z = eλr(X)/Eeλr(X).
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