Feliks Przytycki’s contribution to the theory of Dynamical Systems
— selected topics

1. Iteration of rational functions and interval maps: non-uniform hyperbolicity

Feliks Przytycki introduced a definition of a class of non-uniformly hyperbolic maps called
Topological Collet-Eckmann (TCE) maps and worked out foundations of their theory. In
particular, he proved the equivalence of several conditions describing TCE and existence
and exponential mixing for geometric equilibrium (invariant measure in the class of confor-
mal measure with exponent being hyperbolic Hausdorff dimension — generalizing absolutely
continuous probability). A part of these results has been obtained in collaboration with
Juan Rivera-Letelier.

Feliks Przytycki proved (jointly with Tomasz Nowicki) that for unimodal rational maps or
interval maps (with negative Schwarzian derivative) the Collet—Eckmann property (positive
Lyapunov exponent at the critical value) is a topological invariant. This was a well known
conjecture.

2. Iteration of rational functions and interval maps: ergodic theory methods

Feliks Przytycki introduced and studied various definitions of the pressure P(t) for the geo-
metric singular potential —¢log|f’|. Several characterizations were proved by him (and his
collaborators) to be equivalent, including the following variational definition: supremum over
invariant measures of measure entropy plus expectation value of the potential.

Another part of results concerns stochastic properties and uniqueness of conformal and
invariant equilibria. In particular, a real analyticity of the topological pressure P(t) except at
(at most) two phase transition parameters was proved, for all topologically transitive interval
maps and large classes of rational maps. Similar tools gave a proof of the real-analyticity
of Hausdorff dimension spectrum for characteristic Lyapunov exponent and local dimension.
Some of the above results have been obtained in collaboration with Stanislav Smirnov and
Juan Rivera-Letelier.

Feliks Przytycki studied properties of the Gibbs measures for an arbitrary rational map
and Holder continuous potentials. In particular, he proved uniqueness, mixing with the speed
expy/n and Central Limit Theorem. Some of these results were obtained in collaboration
with Manfred Denker and Mariusz Urbanski.

Another conjecture proved by Feliks Przytycki is the following: for a rational map on the
Julia set or a multimodal smooth interval map with non-flat singularities on the complement
of an attractive basins, the Lyapunov exponent of any finite invariant measure is non-negative.

3. Properties of Julia sets

An important Feliks Przytycki’s result on the Newton method of finding roots of polynomials
says that the basins of attraction to these roots are simply connected. He also discovered
the existence of “exotic” non-simply connected immediate basins of attraction for rational
functions, with the number of critical points less than the degree of the map on the basin.



4. Boundary properties of basins of attraction and other limit sets. Przytycki’s
coding trees. Harmonic measure

The following result on harmonic measure was proved by Feliks Przytycki in the beginning
of 1980’s: the Hausdorff dimension of the harmonic measure on a simply connected basin
of attraction is equal to 1. Further results led to the following dichotomy: the boundary is
either analytic or fractal (partly a joint work with Mariusz Urbanski and Anna Zdunik).

Feliks Przytycki is the author of a valuable technique of geometric coding trees, called
also Przytycki’s coding trees with a coding map replacing a Riemann map in the absence of
a basin. Using this technique he proved, among many other results, a remarkable formula
relating the growth rate of the derivative of the Riemann map on a basin of attraction along
a typical ray and the Lyapunov exponents of two measures: the invariant measure for the
“lifted map” (supported on the unit circle) and its image under the Riemann map (supported
on the boundary of a basin of attraction). A more abstract version of this theorem leads to
well known Przytycki’s formula for the dimension of the maximal entropy measure on the
Julia set of a quadratic polynomial.

5. Non-differentiable Weierstrass-like functions

In a joint paper with Mariusz Urbanski, Feliks Przytycki proved a nice general result which
guarantees that under some natural assumptions, the graph of a real function on an interval
has Hausdorff dimension larger than 1. Moreover, several valuable results on the dimension
of the graphs of the Weierstrass-like functions were proved in this paper.

6. Results related to the Entropy Conjecture

A famous result, joint with Michal Misiurewicz, states that for every C'!' endomorphism of
the smooth compact manifold, the entropy is not smaller than the logarithm of the degree of
the map. Another valuable result of Feliks Przytycki gave an upper bound for the entropy in
terms of the growth of the logarithm of the integral (with respect of the volume measure) of
the norm of the derivative (acting in the external algebra).

7. Foundations of theory of Anosov and Axiom A endomorphisms

Following the theory of Anosov and Smale diffeomorphisms, Feliks Przytycki developed a
corresponding theory for non-invertible maps. He proved a rigid statement on the structural
stability: for Axiom A endomorphisms stability is equivalent to the condition that on basic
sets in the spectral decomposition the map is either invertible or expanding.

8. Stability of vector fields

Feliks Przytycki proved the conjecture of Newhouse, Palis and Takens about non-structural
stability of saddle-node cycle bifurcation, up to density of hyperbolicity for interval maps (the
latter has been proved recently by Oleg Kozlovski, Weixao Shen and Sebastian van Strien).

9. The book Conformal fractals: ergodic theory methods

The book, written jointly with Mariusz Urbanski, is a perfect and deep study of the ergodic
theory tools applied to holomorphic dynamical systems.



Feliks Przytycki — list of publications

F. Przytycki and J. Rivera-Letelier, Nice inducing schemes and the thermodynamics of ratio-
nal maps, Comm. Math. Phys. 301 (2011), no. 3, 661-707.

K. Gelfert, F. Przytycki and M. Rams, On the Lyapunov spectrum for rational maps, Math.
Ann. 348 (2010), no. 4, 965-1004.

F. Przytycki and M. Urbanski, Conformal fractals: ergodic theory methods, London Mathe-
matical Society Lecture Note Series, 371. Cambridge University Press, Cambridge, 2010.

W. Marzantowicz and F. Przytycki, Entropy conjecture for continuous maps of nilmanifolds,
Israel J. Math. 165 (2008), 349-379.

W. Marzantowicz and F. Przytycki, Estimates of the topological entropy from below for con-
tinuous self-maps on some compact manifolds, Discrete Contin. Dyn. Syst. 21 (2008), no. 2,
501-512.

F. Przytycki and J. Rivera-Letelier, Statistical properties of topological Collet-Eckmann maps,
Ann. Sci. Ecole Norm. Sup. (4) 40 (2007), no. 1, 135-178.

F. Przytycki, On the hyperbolic Hausdorff dimension of the boundary of a basin of attraction
for a holomorphic map and of quasirepellers, Bull. Pol. Acad. Sci. Math. 54 (2006), no. 1,
41-52.

F. Przytycki, Errata: ”An improvement of J. Rivera-Letelier result on weak hyperbolicity on
periodic orbits for polynomials”, Proyecciones 25 (2006), no. 2, 231-232.

F. Przytycki, An improvement of J. Rivera-Letelier result on weak hyperbolicity on periodic
orbits for polynomials, Proyecciones 24 (2005), no. 3, 277-286 (2006).

G. Levin and F. Przytycki, On Hausdorff dimension of some Cantor attractors, Israel J.
Math. 149 (2005), 185-197.

F. Przytycki, Fxpanding repellers in limit sets for iterations of holomorphic functions, Fund.
Math. 186 (2005), no. 1, 85-96.

F. Przytycki, J. Rivera-Letelier and S. Smirnov, Equality of pressures for rational functions,
Ergodic Theory Dynam. Systems 24 (2004), no. 3, 891-914.

F. Przytycki, J. Rivera-Letelier and S. Smirnov, Equivalence and topological invariance of
conditions for non-uniform hyperbolicity in the iteration of rational maps, Invent. Math. 151
(2003), no. 1, 29-63.

D. R. Mauldin, F. Przytycki and M. Urbanski, Rigidity of conformal iterated function systems,
Compositio Math. 129 (2001), no. 3, 273-299.

F. Przytycki and M. Urbanski, Porosity of Julia sets of non-recurrent and parabolic Collet-
Eckmann rational functions, Ann. Acad. Sci. Fenn. Math. 26 (2001), no. 1, 125-154.

F. Przytycki, Holder implies Collet-Eckmann, Géométrie complexe et systeémes dynamiques
(Orsay, 1995). Astérisque No. 261 (2000), xiv, 385-403.



Z. Nitecki and F. Przytycki, Preimage entropy for mappings, Internat. J. Bifur. Chaos Appl.
Sci. Engrg. 9 (1999), no. 9, 1815-1843.

F. Przytycki and S. Rohde, Rigidity of holomorphic Collet-Eckmann repellers, Ark. Mat. 37
(1999), no. 2, 357-371.

F. Przytycki and M. Urbanski, Rigidity of tame rational functions, Bull. Polish Acad. Sci.
Math. 47 (1999), no. 2, 163-182.

F. Przytycki, Conical limit set and Poincaré exponent for iterations of rational functions,
Trans. Amer. Math. Soc. 351 (1999), no. 5, 2081-2099.

F. Przytycki and S. Rohde, Porosity of Collet-Eckmann Julia sets, Fund. Math. 155 (1998),
no. 2, 189-199.

T. Nowicki and F. Przytycki, Topological invariance of the Collet-Eckmann property for S-
unimodal maps, Fund. Math. 155 (1998), no. 1, 33-43.

F. Przytycki, Iterations of holomorphic Collet-Eckmann maps: conformal and invariant mea-
sures. Appendiz: on non-renormalizable quadratic polynomials, Trans. Amer. Math. Soc.
350 (1998), no. 2, 717-742.

G. Levin and F. Przytycki, When do two rational functions have the same Julia set?, Proc.
Amer. Math. Soc. 125 (1997), no. 7, 2179-2190.

F. Przytycki, On measure and Hausdorff dimension of Julia sets of holomorphic Collet-
Eckmann maps, International Conference on Dynamical Systems (Montevideo, 1995), 167-181,
Pitman Res. Notes Math. Ser., 362, Longman, Harlow, 1996.

G. Levin and F. Przytycki, External rays to periodic points, Israel J. Math. 94 (1996), 29-57.

M. Denker, F. Przytycki and M. Urbanski, On the transfer operator for rational functions on
the Riemann sphere, Ergodic Theory Dynam. Systems 16 (1996), no. 2, 255-266.

F. Przytycki and F. Tangerman, Cantor sets in the line: scaling functions and the smoothness
of the shift-map, Nonlinearity 9 (1996), no. 2, 403-412.

F. Przytycki, Iterations of rational functions: which hyperbolic components contain polyno-
mials?, Fund. Math. 149 (1996), no. 2, 95-118.

F. Przytycki and A. Zdunik, Density of periodic sources in the boundary of a basin of attraction
for iteration of holomorphic maps: geometric coding trees technique, Fund. Math. 145 (1994),
no. 1, 65-77.

F. Przytycki, Accessibility of typical points for invariant measures of positive Lyapunov expo-
nents for iterations of holomorphic maps, Fund. Math. 144 (1994), no. 3, 259-278.

F. Przytycki, Lyapunov characteristic exponents are nonnegative, Proc. Amer. Math. Soc.
119 (1993), no. 1, 309-317.

R. Langevin and F. Przytycki, Entropie de limage inverse d’une application, Bull. Soc.
Math. France 120 (1992), no. 2, 237-250.

F. Przytycki and J. Skrzypczak, Convergence and pre-images of limit points for coding trees
for iterations of holomorphic maps, Math. Ann. 290 (1991), no. 3, 425-440.

F. Przytycki, M. Urbanski and A. Zdunik, Harmonic, Gibbs and Hausdorff measures on
repellers for holomorphic maps. II, Studia Math. 97 (1991), no. 3, 189-225.



F. Przytycki, On the Perron-Frobenius-Ruelle operator for rational maps on the Riemann
sphere and for Holder continuous functions, Bol. Soc. Brasil. Mat. (N.S.) 20 (1990), no. 2,
95-125.

P. Grzegorczyk, F. Przytycki and W. Szlenk, On iterations of Misiurewicz’s rational maps on
the Riemann sphere, Ann. Inst. H. Poincaré Phys. Théor. 53 (1990), no. 4, 431-444.

F. Przytycki, Remarks on the simple connectedness of basins of sinks for iterations of rational
maps, Dynamical systems and ergodic theory (Warsaw, 1986), 229-235, Banach Center Publ.,
23, PWN, Warsaw, 1989.

T. Nowicki and F. Przytycki, The conjugacy of Collet-Eckmann’s map of the interval with the
tent map is Holder continuous, Ergodic Theory Dynam. Systems 9 (1989), no. 2, 379-388.

F. Przytycki, M. Urbanski and A. Zdunik, Harmonic, Gibbs and Hausdorff measures on
repellers for holomorphic maps. I, Ann. of Math. (2) 130 (1989), no. 1, 1-40.

F. Przytycki and M. Urbanski, On the Hausdorff dimension of some fractal sets, Studia Math.
93 (1989), no. 2, 155-186.

F. Przytycki, On the law of iterated logarithm for Bloch functions, Studia Math. 93 (1989),
no. 2, 145-154.

F. Przytycki, Chaos after bifurcation of a Morse-Smale diffeomorphism through a one-cycle
saddle-node and iterations of multivalued mappings of an interval and a circle, Bol. Soc.
Brasil. Mat. 18 (1987), no. 1, 29-79.

A. Katok, J.-M. Strelcyn, F. Ledrappier and F. Przytycki, Invariant manifolds, entropy and
billiards and smooth maps with singularities, Lecture Notes in Mathematics, 1222. Springer-
Verlag, Berlin, 1986.

F. Przytycki, On holomorphic perturbations of z — z", Bull. Polish Acad. Sci. Math. 34
(1986), no. 3-4, 127-132.

F. Przytycki, Riemann map and holomorphic dynamics, Invent. Math. 85 (1986), no. 3,
439-455.

F. Przytycki, Periodic points of linked twist mappings, Studia Math. 83 (1986), no. 1, 1-18.

F. Przytycki, Hausdorff dimension of harmonic measure on the boundary of an attractive
basin for a holomorphic map, Invent. Math. 80 (1985), no. 1, 161-179.

B. Jakubczyk and F. Przytycki, Singularities of k-tuples of vector fields, Dissertationes Math.
(Rozprawy Mat.) 213 (1984), 64 pp.

F. Przytycki, FErgodicity of toral linked twist mappings, Ann. Sci. Ecole Norm. Sup. (4) 16
(1983), no. 3, 345-354 (1984).

F. Przytycki, Fxamples of conservative diffeomorphisms of the two-dimensional torus with
coexistence of elliptic and stochastic behaviour, Ergodic Theory Dynam. Systems 2 (1982),
no. 3-4, 439-463 (1983).

F. Przytycki, Construction of invariant sets for Anosov diffeomorphisms and hyperbolic at-
tractors, Studia Math. 68 (1980), no. 2, 199-213.

F. Przytycki, An upper estimation for topological entropy of diffeomorphisms, Invent. Math.
59 (1980), no. 3, 205-213.



B. Jakubczyk and F. Przytycki, On J. Martinet’s conjecture, Bull. Acad. Polon. Sci. Sér.
Sci. Math. 27 (1979), no. 9, 731-735.

F. Przytycki, On hyperbolic endomorphisms, VII. Internationale Konferenz iiber Nichtlineare
Schwingungen (Berlin, 1975), Band I, Teil 2, pp. 159-161, Abh. Akad. Wissensch. DDR,
Abt. Math.-Naturwissensch.-Techn., No. 4N, Akademie-Verlag, Berlin, 1977.

B. Jakubczyk and F. Przytycki, On local models of K-tuples of vector fields, Dynamical
systems, Vol. -—Warsaw, pp. 97-108. Asterisque, No. 49, Soc. Math. France, Paris, 1977.

M. Misiurewicz and F. Przytycki, Entropy conjecture for tori, Bull. Acad. Polon. Sci. Sér.
Sci. Math. Astronom. Phys. 25 (1977), no. 6, 575-578.

M. Misiurewicz and F. Przytycki, Topological entropy and degree of smooth mappings, Bull.
Acad. Polon. Sci. Sér. Sci. Math. Astronom. Phys. 25 (1977), no. 6, 573-574.

F. Przytycki, On U-stability and structural stability of endomorphisms satisfying Axiom A,
Studia Math. 60 (1977), no. 1, 61-77.

F. Przytycki, Anosov endomorphisms, Studia Math. 58 (1976), no. 3, 249-285.



