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Previous results and definitions

e dist(+,-) denotes the Euclidean distance.
@ (z,r) is the Euclidean disc of radius r centred at z € C.

e A domain U C C is hyperbolic if its boundary in C contain at
least three points. By the Uniformization Theorem, in this
case there exists a universal holomorphic covering from D (or
H) onto U.

@ oy(-) and oy(-, ) denote respectively the density of the
hyperbolic metric and the hyperbolic distance in U.
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Previous results and definitions

@ In particular, we consider the open unit disc ID equipped with
the hyperbolic metric of density

() = 1=
and the right half-plane

H={zeC:R(z) >0}
with the hyperbolic metric of density

()= iy

e Finally Dy(z, r) denotes the disc of radius r, centred at
z € U, with respect to the hyperbolic metric in U.
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Previous results and definitions

Denjoy—Wolf's Theorem: Let g : D +— D holomorphic. Assume
g # c and g not being an automorphism of D (Mdbius
transformation preserving S).

Then there exists zg € D such that g” tends to zy (uniformly in
compact subsets of D) as n tends to co. If there are no fixed
points of g in D then zy € OD.
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Previous results and definitions

Denjoy—Wolf's Theorem: Let g : D +— D holomorphic. Assume
g # c and g not being an automorphism of D (Mdbius
transformation preserving S).

Then there exists zg € D such that g” tends to zy (uniformly in
compact subsets of D) as n tends to co. If there are no fixed
points of g in D then zy € OD.

Definition (Absorbing domain) Let U be a hyperbolic domain in C
and let F: U — U be a holomorphic map. An invariant domain
W C U is absorbing in U for F if for every compact set K C U
there exists n > 0, such that F"(K) C W.
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Previous results

Cowen's Theorem: Let g : H — H be a holomorphic map such
that g” — 0o as n — co. Then there exists a simply connected
domain V C H, a domain € equal to H or C, a holomorphic map
@ H — Q, and a Mobius transformation T mapping Q onto itself,
such that:

(a) g(V)CV,

(b) V is absorbing in H for g,
(c) ¢(V) is absorbing in Q for T,
(d) pog=ToponH,
(e) ¢

e

C

is univalent on V.
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Moreover, ¢, T depend only on g. In fact (up to a conjugation of
T by a Mdbius transformation preserving 2), one of the following
cases holds:

e 0=C, T(w)=w+1,
e Q=H, T(w)= aw for some a > 1,
o Q=H T(w)=w=xi.
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Previous results

Hence, by Cowen's Theorem, g defined in H is semi-conjugated to
a Mobius transformation T on Q by the map ¢, which is univalent
on V. In other words, we have the following (blue part)

commutative diagram.
o(V) c @ — 5 Q

let e e

V CH -2 H

=
J——

with Q = {C,H}.
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Previous results

Konig's Theorem: Let U be a hyperbolic domain in C and let

F : U — U be a holomorphic map, such that F" — oo as n — oc.
Suppose that for every closed curve v C U there exists n > 0 such
that F"(7) is contractible in U (this is guarantied by F having a
finite number of poles). Then there exists a simply connected
domain W C U, a domain €2 and a transformation T as in
Cowen’s Theorem, and a holomorphic map ¥ : U — €, such that:

(a) F(W)cw,

(b) W is absorbing in U for F,
(c) ¥(W) is absorbing in Q for T,
(d) YoF =Towon U,

(e) 1 is univalent on W,

In fact, if we take V and ¢ from Cowen's Theorem for g being a
lift of F by a universal covering 7 : H — U, then 7 is univalent in
V and one can take W = (V) and ) = p o w1, which is well
defined in U.
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Previous results

W:==n(V) Cc U —f v

with ¢ = p o 71 Notice that we assume here that F has a finite
number of poles.
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Theorem A (Existence of Absorbing domains) Let U be a
hyperbolic domain in C and let F : U — U be a holomorphic map
such that F"(z) — 0o as n — oo for z € U. Then there exists a
domain W C U, such that:

(a) WU,

(b) F(W)=F(W)cC W,

(c) ﬂi"lF"( ) =10,

(d) W is absorbing in U for F.

Moreover, for every point z € U and every sequence of positive
numbers r,, n > 0 with lim,_ r, = 00, the domain W can be
chosen such that

W c | Du(F"(2), ra).

n=0
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The main tool

Main Proposition: (Assume all previous notation and results.)
There exists a simply connected domain A C Q with the following
properties:

(a) AC ga(V) (V Cowen's absorbing set in H),
(b) T(A)C

(c) Ais absorbmg in Q for T

(d)

d) for every w € € and every sequence of positive numbers b,

with lim,_., by = o0 there exists m € N such that the
domain A can be chosen with

AC | Doy (T"(w), bn).

n—=—m

Remark: In the future W := 7 (¢~ (A))
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Proof of the Main Proposition

We will proof this result for Q = H (and so T(w) =aw, a> 1 or
T(w) = w £ i). The other case is similar but different...
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Proof of the Main Proposition

We will proof this result for Q = H (and so T(w) =aw, a> 1 or
T(w) = w £ i). The other case is similar but different...

The proof splits in many STEPS. See Figure 1 (by hand!)
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Proof of the Main Proposition

We will proof this result for Q = H (and so T(w) =aw, a> 1 or
T(w) = w £ i). The other case is similar but different...

The proof splits in many STEPS. See Figure 1 (by hand!)
STEP 1:

@ Notice that T acting on 2 = H is an isometry with respect to
the hyperbolic metric in H (It sends hyperbolic discs to
hyperbolic discs of the same radius).

e Take V € H as in Cowen's Theorem. Since ¢(V) is absorbing
in H for T then T (p(V)) C p(V).
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Proof of the Main Proposition

STEP 2: Take w € Q = H and take {b,},>0 such that b, > 0 for
all n> 0 and lim,_ b, = 0.

Claim: There exists m > 0 and {d,}n>0 such that d, > 0 for all
n>0 and lim,_ o d, = 00 such that

Du(T"(w),dn) C (V),¥n> m.

Assume it is not true: Then there exists d > 0 such that
Dy (T"(w),d) & ¢(V) for infinitely many n's. Take
K = Dy(w,d) C H. Since T is an isometry we have

T"(Da(w, d)) = Du(T"(w),d) & ©(V)

for infinitely many n's. A contradiction with STEP 1 since ¢(V) is
absorbing in H for T.
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Proof of the Main Proposition

STEP 3: Given the sequences {b,}n,>0 (arbitrary) and {dp}n>0 as
in STEP 2 define a new sequence ¢, as follows:

n . . 1+ BiDx  pu(T"(w),w)
= — frsnl )
c n+1mln{1n k>n nl—Bka >
where
exp(b,,) -1 exp(dn) —1
B,=———" - 1 d D=——F— <1
"Tepb)+1 0 M T exp(dn) £ 1

Existence of Absorbing domains



Proof of the Main Proposition

STEP 3: Given the sequences {b,}n,>0 (arbitrary) and {dp}n>0 as
in STEP 2 define a new sequence ¢, as follows:

n . . 1+ BiDx  pu(T"(w),w)
= — frsnl )
c n+1mln{1n k>n nl—Bka >
where
exp(b,,) —1 exp(dn) -1
B,=—F <1 d D,=—"—=""2 <1
"Tepb)+1 0 M T explde) +1

@ ¢, >0foralln>0.
® Cpy1 > ¢y and {cp} — 00 as n — 0.
@ ¢, <d,forall n>0and C, < D,B,, where

c _ exp(cy) — 1 <In 1+ B,D,
" exp(cy) +1 " 1—- B,D,
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Proof of the Main Proposition

STEP 4:
Claim: The set

A= Da(T"(w), cn) (C U Dv(V)(T”(w),bn)>

is a simply connected domain if m is large enough. The green part
is what we will seel!!
Choosing m larger if necessary we can assume

cn > pr(w, T(w)) = pu(T"(w), T"H(w)) ¥n > m,

where the equality follows becuase T is an isometry in H. We have:

@ A is the union of hyperbolic discs in H, and hyperbolic discs in
H are Euclidian (and so convex sets).
@ This union of convex sets contains the line of the trajectory of
T™(w).
So A is a simply connected domain.
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Proof of the Main Proposition

STEP 5: Claim:

Du(T"(w), cn)-

s

A= DH(Tn(w),Cn) C

1Ce

n

m

Remark: we want to see that T(A) C A...
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Proof of the Main Proposition

STEP 5: Claim:

A=

1Ce

Du(T"(w), cn) € | Da(T"(w), cn).

Remark: we want to see that T(A) C A...

To see the claim let v € A and let v — v with v, € A. Thus there
exist ny > m such that

e I A )

2

Thus (see Figure 2)
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Proof of the Main Proposition

pu(T™(w), w)

> > cne > pu(T™(w), vie) 2 pu(T™ (w), w)—pu(vi, w)

and consequently
1 e
(v, w) > 5 pis(T™ (w), w).

But pm(vk, w) is bounded (since vx — v) and so nx = 7 for
k > kg. We conclude

v € Dy(T"(w), cn)
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Proof of the Main Proposition

STEP 6: The statements of the Proposition...
Statement (a): A C (V).
@ ¢, < dj (this follows from C, < B,D,, B, <1 and

f(x) = Zi;} increasing).

e So,
Du(T"(w),cn) C Du(T"(w),dn) C (V) VYn>m

and consequently

Ac | Du(T(w), cn) C (V)

n=m
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Proof of the Main Proposition

STEP 6: Statement (b): T(A) C A.

@ First notice that

Ac fj Da(T7(w), &n)

n=m

@ Second observe that
T(Du(T"(w), cn) = DH(T”H(w), cn) C DH(T"H(w), Cnt1)

where the equality follows since T is an isometry with respect
to the hyperbolic metric in H and the inclusion follows since
Cn is increasing.
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Proof of the Main Proposition

STEP 6: Statement (b): T(A) C A.

@ First notice that
JR— w e —
Ac | Da(T"(w), )

n=m

@ Second observe that
T(Du(T"(w), cn) = DH(T”H(w), cn) C DH(T"H(w), Cnt1)

where the equality follows since T is an isometry with respect

to the hyperbolic metric in H and the inclusion follows since
Cn is increasing.

e Finally
T(A) c | T@a(T @), a)) C | Pu(T"(w),en) C A
n=m n=m-+1
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Proof of the Main Proposition

STEP 6: Statement (c): A is absorbing in H for T.

@ First notice that for all compact set K in H there exists r > 0
such that K C Dy(w,r).

@ Second observe that
T"(K) C T"(Du(w,r)) =Du(T"(w),r) C Du(T"(w),cn) C A

for some large enough n.
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Proof of the Main Proposition

STEP 6: Statement (d): A C U;2,, Dy(v)(T"(w), bn)
The proof of this needs a little bit of work. We need to show that

Dis(T"(w). &) € Doy (T"(w). by) (1)

for every n > m.

@ From Schwartz-Pick Lemma, since Dy (T"(w), dn) C (V)
for all n > m, we have

Dpyy(r(w),dn) (T"(W), bn) C Dy(v)(T"(w), bn)

e Consequently to prove (1) it is enough to show

,DH(TH(W)./ Cn) C DDH(T”(WLdn)(Tn(W)v bn)
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Proof of the Main Proposition

Dy (T"(w), ¢n) C Dpy(To(w),dn)(T" (W), bn)
Let h; : C — C a Mobius transformation (isometry) such that

hi(H) = D (onto) and hi(T"(w)) = 0. Then

h1 (Du(T"(w), cn)) = Dn(0, cp)=D(0, Cy)

h1 (Do (To(w),dn) (T (W), bn)) = Dpy(0,4,)(0, bn)= Pr(0,0,)(0, bn)

o We must show (0, C;) C Dpyo,p,)(0; bn)
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Proof of the Main Proposition

Before this we show that Dp(0, d,) = D(0, D,,) (or equivalently
Dn(0, cp) = D(0, Cy)). By definition

Dp(0,d,) ={z € C | pp(0,2) < dp}
D(0,D,) ={z€ C | d(0,z) < D,}

where pp(0,z) = In if;} Finally

~ dy zlni—HZ’

A p — &P(dn) +1
|‘ Dn )

exp(dy =rn(0,2)

- 2|

Remember we must show D(0, C;) C Dpyo,p,)(0, by)
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Proof of the Main Proposition

Remember (again!) we must show (0, C;) C Dy p,)(0; by)
Let hp : C — C the Mdbius transformation given by ho(v) = 5-.

Then
o
Cn
(]

hs (Dp(o,5,)(0, bn)) = D(0, by) = (0, By)

e Since C, < B,D,, we conclude that (0, %Z) c (0, By), as
desired.
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Theorem A (Existence of Absorbing domains) Let U be a
hyperbolic domain in C and let F : U — U be a holomorphic map
such that F"(z) — 0o as n — oo for z € U. Then there exists a
domain W C U, such that:

(a) WU,

(b) F(W)=F(W)cC W,

(c) ﬂi"lF"( ) =10,

(d) W is absorbing in U for F.

Moreover, for every point z € U and every sequence of positive
numbers r,, n > 0 with lim,_ r, = 00, the domain W can be
chosen such that

W c | Du(F"(2), ra).

n=0
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Proof of Theorem A

As before, the proof this theorem splits in many STEPS.
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Proof of Theorem A

As before, the proof this theorem splits in many STEPS.

STEP 1: Choosing W
o Let z € U and let {r,}n>0 a sequence of positive numbers
such that lim,_o r, = 00. Fix vy € (V) and let
70 = T 1 (w).
@ It can be proven (hyperbolic metric) that there exist ¢ > 0
and r > 1 such that

pu(w) > ————— if wel, |w/ >r.
w| log|w|

@ Since F"(z)) — oo as n — oo, we may assume that vy is such
that for zg we have |F"(z) > r| for all n > 0.

@ Define
ap = min{rzn , %Iigi;lnln |Fk(zo)\}

Clearly {ap} — oo as n — 0.
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Proof of Theorem A

STEP 1: Choosing W

e Take ng € N such that r, > 2py(z, zp) for all n > no.

o Let A€ Q asin Main Proposition with w = T™(vp) and
b, = antn,. Thatis

A= Da(T"(T™(w)), cn).

n=—m

e Finally W = o~ 1(A).
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Proof of Theorem A

@ We have the following diagram

A Ccp(V)CQL)Q

[P PR

lfl
YAV c V cH L H
|

bk

W c (V) cU—‘5u

®

@ We also have

oo

AC U Do (TUTOW)), ) = | Duny(T"(w)s 2n) C | Pov)(T"(v0); an)-

n=m n=m-+ng n=ng
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Proof of Theorem A

STEP 2: Proving Fi(W) C F/(W) for all j > 0 Again, this would
take a little longer...

Notice that we want to see Statement (b)

F(W) = F(W) c W
Noza F7(W) =0,

The inclusion F(W) c F(W) follows from continuity of F in W.
While the converse does not (points which are not on the
boundary of any of the discs...if you wish)
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Proof of Theorem A

e Take j > 1 (j =0 is trivial) and u € Fi(W). We want to
conclude that u € F/(W),

o Let uy € F/(W) such that ux — u as k — oo. By definition
uxe = FI(wy) where wy € W.

e Since W = mp~1(A) there must exist v, € A such that

= mp (k).

° Smce A C U2 De(v)(T"(v0), an), for each k, there exists

ny > ng such that

Vk € Dyvy(T™(v0), an, )
T/ (vic) € Dy (T™H (), an,)

e We want to project downstairs: mo ! : (V) — U
(holomorphic) and apply Schwartz-Pick Lemma (hyperbolic
distance is lower if the set is bigger).
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Proof of Theorem A

ane = Py (T™(v0), vie) > pulme ™t (T™(w)), m~ (ve)) = pu(F™(20), wi)
@ Then
Wi € Du(Fnk(Zo), a,,k)

ug € Du(Fnk+j(V0), a,,k)

@ As before the key point here is to prove that because F"(z)
tends to infinity as n tends to infinity but the sequence vy is
bounded, we must have n, = 7 for all kK > k.

@ We argue by contradiction: Assume ny tends to infinity.
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Proof of Theorem A

o Consider v, : [0,1] — U with 74(0) = F™**(z) and
vk(1) = ugx. We may assume that

/ p(m)ldn| < 2pu (F*(20), un,) -
Yk

o By construction we know that a, < $infi>,Inin|F¥(z)|.

o Let
ti =sup{t € [0,1] : [% ()| >r, forall 0 < t' < t.

@ The following is a chain of inequalities...
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Proof of Theorem A

< loglog |F™H(z0)| > ap, > ou(F™(z0), uk) >

1
L dé| > = d
Gy N TCITE

/ |d¢] :C/tk |2'(t)|dt
ve(oit) 161N IEL 2 o [2(E)] In|2(2)]

where the later equality follows from the change of variables
§ =2(t), d§ = Z(t)dt, |d¢| = |2 (¢)|dt.

>

Nla

Existence of Absorbing domains



Proof of Theorem A

c/tk Z(Dldt ¢ /fk |Z/(t)|cosa(t)dt ¢ /Wﬂl ds
2 Jo |z(t)|In|z(t)] — 2Jo  |z(t)In|z(t)] 2 Jiye(0) Slins
where the later equality follows from the change of variables

|z(t)| = s, (%\z(t)D dt = ds, |Z/(t)|cosa(t)dt = ds.

And finally

(80 [74(0) .
< / N > < / d _c (InIn|F™H (z9)] = Inln |y(t)|)
2 ) sIns = 2 ey sins 2

And consequently:

%Iog log | F™H (29)| > % (Inln [F™H(z)| — Inln |y (te)))
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Proof of Theorem A

By reordering the previous inequality we get

()] > exp (\/Iog rF"k+f(zo)|) |

If nk tends to infinity as k tends to infinity then |y, (tx)| also tends
to infinity and consequently |vyk(tx)| > r which implies t, = 1 and

|uk| > exp (y/log |F"k+f(zo)|> )

Since |uk| is bounded for all k we conclude that (taking a
subsequence) nx = i = n for every k. So,

Vi € D@(V)(Tn(VO), an), Wi € Z)U(:‘:n(Z())7 a,,), ug € Du(Fn+j(Zo), a,,).

From the Main Proposition we have v, — v € A.
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Proof of Theorem A

e v — v €A Moreover TV(v) €A, j>1.

@ Since A C ¢(V) the continuity of 7 gives
wy —w=mp 1(v) e W.

o Now we take F/(w) = u. So u € F(W), and

Fi(W) c F/(W)

as desired.
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Proof of Theorem A

e v — v €A Moreover TV(v) €A, j>1.
@ Since A C ¢(V) the continuity of 7 gives
wy —w=mp 1(v) e W.
o Now we take F/(w) = u. So u € F(W), and
Fi(W) c F/(W)

as desired.

Since points u € Fi(W) are such that u € Dy(F"ti(z), a,) for

some n > ng, we have

Fi(W) c | Du(F"*(z0),an) C U.

n=ng

FI(W) c €\ D (0, eVio8ic PN}

FiW)yc W  forj>1 (u=n(e T/ (v))) e W).
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Proof of Theorem A

Now we prove the statements of the Theorem, one by one.

Statement (a): W C U.

This follows from

Fi(W) c | Du(F"(z0),a) C U, j=0.

n=ng

Statement (b): F(W) = F(W)cC W.

This follows from

(continuity)

C W (previous arguments).
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Proof of Theorem A

Statement (c): N>, F"(W) = 0.
This follows from
FJ( )CC\D ( log infy> \Fk(ZO)I)
by taking j — oo.
Statement (d): W is absorbing.

@ Take K € U, and u € K.
o Let w € H be such that m(w) = u, and let N be an open
neighborhood of w € H.

@ Then (continuity of w) m(N(w)) is an open neighborhood of u
in U.

@ By compactness of K we can choose uy,...u, € K such that

k
K C UW(N w,
j=1
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Proof of Theorem A

@ Going upstairs we have that

L= e(N(w)))
j=1
is a compact set in €.

@ So, because the Main Proposition, there is n > 0 such that
T"(L) € A.
o Finally

k k k
Ue"Nw)) c ot (U T"(v(N(WJ')))> =t (U ea(g"(rv(wj)))) c o l(A),
j=1

iz1
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