
Set of numbers uniformly
well-approximated in the sense of Dirichlet

Lingmin LIAO
(joint work with Dong Han Kim)
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I. Dirichlet

Uniform Dirichlet Theorem (1842) :
Let θ, Q be real numbers with Q ≥ 1. There exists an integer n with
1 ≤ n ≤ Q, such that

‖nθ‖ < Q−1.

In other words,{
θ : ∀Q > 1, ‖nθ‖ < Q−1 admits a solution 1 ≤ n ≤ Q

}
= R.

Asymptotic Dirichlet Theorem :
For any real θ, there exist infinitely many integers n such that

‖nθ‖ < n−1.

In other words,{
θ : ‖nθ‖ < n−1 for infinitely many n

}
= R.
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II. Lebsgue measure results

Khintchine : Let Ψ : N→ R+ be a decreasing function. Consider :

LΨ := {θ : ‖nθ‖ < Ψ(n) i.o.}

LΨ is of Lebsgue measure zero if
∑

Ψ(n) <∞ ;

LΨ is of Lebsgue measure full if
∑

Ψ(n) =∞.

Duffin-Schaefer 1941 Conjecture : If Ψ is not decreasing, then

LΨ is of Lebsgue measure full if
∑
φ(n)Ψ(n)/n =∞,

where φ is the Euler function.

Haynes-Pollington-Velani (arXiv 2009) :

Yes, if
∑
φ(n)(Ψ(n)/n)1+ε =∞.
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III. Hausdorff Dimension
Define

Lβ(y) := {θ : ||nθ − y|| < n−1/β i.o.}

Jarńık 1929, Besicovith 1934 : For β ≤ 1,

dimH(Lβ(0)) = 2β/(β + 1).

Levesley 1998 : For any y ∈ R, and β ≤ 1,

dimH(Lβ(y)) = 2β/(β + 1).

Define
Lβ [θ] := {y : ||nθ − y|| < n−1/β i.o.}

Bernik-Dodson 1999 : For all θ ∈ R, and β ≤ 1,

ω · β ≤ dimH(Lβ [θ]) ≤ β

where ω ≤ 1 is a real number such that ||nθ|| ≥ n−1/ω ev..

Bugeaud 2003, Troubetzkoy-Schmeling 2003 : For all θ ∈ R, β ≤ 1 :

dimH(Lβ [θ]) = β.
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IV. Higher dimensional cases

Levesley 1998 :

Ψ : N→ R+ a decreasing function.

Y ∈ R`, n ∈ Zm non-zero, and |n| := max{|ni|}.
Define :

LΨ(Y ) :=
{

Θ ∈ Rm` :‖ nΘ− Y ‖< Ψ(|n|) i.o. n ∈ Zm \ {0}
}
.

We have

Leb(LΨ(Y )) =

 0 if
∑

rm−1Ψ(r)` <∞

total if
∑

rm−1Ψ(r)` =∞
.

Denote λ := lim infr→∞
− log Ψ(r)

r . For all Y ∈ R`,

dimH(LΨ(Y )) =


(m− 1)`+

m+ `

λ+ 1
if λ >

m

`

m` if λ ≤ m

`
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V. Uniformly approximated points

In general, we consider the sizes of the following sets :

Uβ(0) :=
{
θ : ∀Q� 1, ∃ 1 ≤ n ≤ Q, ‖nθ‖ < Q−1/β

}
,

Uβ(y) :=
{
θ : ∀Q� 1, ∃ 1 ≤ n ≤ Q, ‖nθ − y‖ < Q−1/β

}
.

and for fixed θ,

Uβ [θ] :=
{
y : ∀Q� 1, ∃ 1 ≤ n ≤ Q, ‖nθ − y‖ < Q−1/β

}
.

Remark :

Uβ(0) =

{
Q if β < 1

R if β ≥ 1.
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VI. Relation with the hitting time

Let Tθ be the rotation on R/Z.

Define
τθr (x, y) = inf{n : Tnθ x ∈ B(y, r)}.

Define the hitting time rates :

Rθ(x, y) := lim inf
r→0

log τθr (x, y)

− log r
, R

θ
(x, y) := lim sup

r→0

log τθr (x, y)

− log r
.

We have

Lβ(y) ≈ {θ : Rθ(0, y) ≤ β}, Uβ(θ) ≈ {θ : R
θ
(0, y) ≤ β},

and

Lβ [θ] ≈ {y : Rθ(0, y) ≤ β}, Uβ [θ] ≈ {y : R
θ
(0, y) ≤ β}.

Lingmin LIAO, Université Paris-Est Créteil (Paris 12) Set of numbers uniformly well-approximated in the sense of Dirichlet 7/11



VII. A known result in higher dimensional cases

Theorem (Y. Cheung (Ann. Math 2011))

For δ > 0, the set{
(θ1, θ2) : ∀Q� 1, 1 ≤ ∃n ≤ Q, max{‖nθ1‖, ‖nθ2‖} <

δ

Q
1
2

}
. (1)

is of Hausdorff dimension 4/3.

Remark : The set is called singular points set. It has some important
geometric meaning.
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VIII. Our result

An irrational θ is of type η if η = sup{β : lim infj→∞ jβ‖jθ‖ = 0}.

Theorem (L, D.H. Kim)

Let θ be an irrational of type η > 1. Then dimH (Uβ [θ]) equals to

1, β ≥ η,

lim
k→∞

log(nβ1‖n1θ‖ · nβ2‖n2θ‖ · · ·nβk−1‖nk−1θ‖ · nβ+1
k )

log(nk‖nkθ‖−1)
, 1 ≤ β < η,

− lim
k→∞

log(n1‖n1θ‖β · n2‖n2θ‖β · · ·nk−1‖nk−1θ‖β)

log(nk‖nkθ‖−1)
,

1

η
≤ β < 1,

0, β <
1

η
.

where nk is the “maximal” increasing sequence of positive integers such
that nβk‖nkθ‖ < 1 if 1 ≤ β < η and nk‖nkθ‖β < 1 if 1/η ≤ β < 1.
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IX. Our result - Continued

Corollary (L, D.H. Kim)

For any irrational θ of type η > 1 we have

ηβ − 1

η2 − 1
≤dimH (Uβ [θ]) ≤ β + 1

η + 1
, 1 ≤ β < η,

0 ≤dimH (Uβ [θ]) ≤ ηβ − 1

η2 − 1
,

1

η
≤ β < 1.

Remark : For the case β < 1, optimize the upper bound w.r.t. η :

dimH (Uβ [θ]) ≤ β2

2(1 +
√

1− β2)
.

Since 1 +
√

1− β2 > 1, we have dimH (Uβ [θ]) < β
2 .

Recall that for β < 1,

Uβ [θ] ⊂ Lβ [θ] except for a countable set of points.

dimH(Lβ [θ]) = β.
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X. Our result - Examples, Special cases
Examples

(i) Let θ be of type η > 1 with qk+1 > qηk for all k. Then

dimH(F ) = (ηβ − 1)/(η2 − 1), 1/η < β < η.

(ii) Let θ be of type η > 1 with a sequence {ki} such that qki+1 > qηki
and that an+1 = 1 for n 6= ki, and qki+1

> qki
2i

. Then

dimH(F ) = (β + 1)/(η + 1), 1 < β < η.

Special cases :
• If θ is of type ∞ (Liouville numbers), then

dimH(Uβ [θ]) = 0 ∀β.

• If θ is of type 1 :

1 if β = 1, the dimension is 1.

2 if β < 1, the dimension is 0 ? (work in progress).
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