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Mathias’ Theorem

A ⊆ [ω]ω a.d. family: |A ∩ B| < ω for A 6= B ∈ A
A mad family: A is a.d. and maximal
(i.e., for all C ∈ [ω]ω there is A ∈ A with |C ∩ A| = ω.)
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Mathias’ Theorem

A ⊆ [ω]ω a.d. family: |A ∩ B| < ω for A 6= B ∈ A
A mad family: A is a.d. and maximal

a := min{|A| : A is infinite mad}, the almost disjointness number.
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Mathias’ Theorem

A ⊆ [ω]ω a.d. family: |A ∩ B| < ω for A 6= B ∈ A
A mad family: A is a.d. and maximal

a := min{|A| : A is infinite mad}, the almost disjointness number.

Theorem (Mathias)

There are no analytic mad families.
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Mathias’ Theorem

A ⊆ [ω]ω a.d. family: |A ∩ B| < ω for A 6= B ∈ A
A mad family: A is a.d. and maximal

a := min{|A| : A is infinite mad}, the almost disjointness number.

Theorem (Mathias)

There are no analytic mad families.

aBorel := min{|B| : B infinite family of a.d. Borel sets,
⋃
B mad},

the Borel almost disjointness number.
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Mathias’ Theorem

A ⊆ [ω]ω a.d. family: |A ∩ B| < ω for A 6= B ∈ A
A mad family: A is a.d. and maximal

a := min{|A| : A is infinite mad}, the almost disjointness number.

Theorem (Mathias)

There are no analytic mad families.

aBorel := min{|B| : B infinite family of a.d. Borel sets,
⋃
B mad},

the Borel almost disjointness number.

aclosed := min{|B| : B infinite family of a.d. closed sets,
⋃
B mad},

the closed almost disjointness number.
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Review: some cardinal invariants 1

How are these cardinals related to other cardinal invariants of the
continuum?
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Review: some cardinal invariants 1

How are these cardinals related to other cardinal invariants of the
continuum?

We recall some definitions.
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Review: some cardinal invariants 1

b := min{|F| : F is unbounded in (ωω,≤∗)},
the bounding number.

d := min{|F| : F is cofinal in (ωω,≤∗)}, the dominating number.
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Review: some cardinal invariants 1

b := min{|F| : F is unbounded in (ωω,≤∗)},
the bounding number.

d := min{|F| : F is cofinal in (ωω,≤∗)}, the dominating number.

For A, B ∈ [ω]ω: A splits B ⇐⇒ |A ∩ B| = |B \ A| = ℵ0
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Review: some cardinal invariants 1

b := min{|F| : F is unbounded in (ωω,≤∗)},
the bounding number.

d := min{|F| : F is cofinal in (ωω,≤∗)}, the dominating number.

For A, B ∈ [ω]ω: A splits B ⇐⇒ |A ∩ B| = |B \ A| = ℵ0

F ⊆ [ω]ω is splitting if every member of [ω]ω is split by a member
of F .
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Review: some cardinal invariants 1

b := min{|F| : F is unbounded in (ωω,≤∗)},
the bounding number.

d := min{|F| : F is cofinal in (ωω,≤∗)}, the dominating number.

For A, B ∈ [ω]ω: A splits B ⇐⇒ |A ∩ B| = |B \ A| = ℵ0

F ⊆ [ω]ω is splitting if every member of [ω]ω is split by a member
of F .

s := min{|F| : F is splitting}, the splitting number.
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Review: some cardinal invariants 2

T = {Tα : α < κ} ⊆ [ω]ω is a tower if

α < β =⇒ Tβ ⊆∗ Tα

there is no T ∈ [ω]ω s.t. T ⊆∗ Tα for all α < κ
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Review: some cardinal invariants 2

T = {Tα : α < κ} ⊆ [ω]ω is a tower if

α < β =⇒ Tβ ⊆∗ Tα

there is no T ∈ [ω]ω s.t. T ⊆∗ Tα for all α < κ

t := min{|T | : T is a tower}, the tower number.
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Review: some cardinal invariants 2

T = {Tα : α < κ} ⊆ [ω]ω is a tower if

α < β =⇒ Tβ ⊆∗ Tα

there is no T ∈ [ω]ω s.t. T ⊆∗ Tα for all α < κ

t := min{|T | : T is a tower}, the tower number.

Let P be a forcing notion.

h(P) := min{|D| : D is a family of open dense sets in P

and
⋂
D is not dense}, the distributivity number of P.
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Review: some cardinal invariants 2

T = {Tα : α < κ} ⊆ [ω]ω is a tower if

α < β =⇒ Tβ ⊆∗ Tα

there is no T ∈ [ω]ω s.t. T ⊆∗ Tα for all α < κ

t := min{|T | : T is a tower}, the tower number.

Let P be a forcing notion.

h(P) := min{|D| : D is a family of open dense sets in P

and
⋂
D is not dense}, the distributivity number of P.

h = h(P(ω)/Fin)
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Closed almost disjointness 1

How are these cardinals related to other cardinal invariants of the
continuum?
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Closed almost disjointness 1

How are these cardinals related to other cardinal invariants of the
continuum?

Clearly aBorel ≤ aclosed ≤ a.
By Mathias’ Theorem aBorel ≥ ℵ1.
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Closed almost disjointness 1

How are these cardinals related to other cardinal invariants of the
continuum?

Clearly aBorel ≤ aclosed ≤ a.
By Mathias’ Theorem aBorel ≥ ℵ1.

Proposition (Raghavan)

aBorel ≥ t.

This can be seen by analyzing the proof of Mathias’ Theorem.
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Closed almost disjointness 1

How are these cardinals related to other cardinal invariants of the
continuum?

Clearly aBorel ≤ aclosed ≤ a.
By Mathias’ Theorem aBorel ≥ ℵ1.

Proposition (Raghavan)

aBorel ≥ t.

Question

Does aBorel ≥ h?
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Closed almost disjointness 2

A mad family. Then:
min{|B| : B family of Borel sets and

⋃
B = A} ≥ h(P(ω)/A).
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Closed almost disjointness 2

A mad family. Then:
min{|B| : B family of Borel sets and

⋃
B = A} ≥ h(P(ω)/A).

This can also be seen by analyzing the proof of Mathias’ Theorem.
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Closed almost disjointness 2

A mad family. Then:
min{|B| : B family of Borel sets and

⋃
B = A} ≥ h(P(ω)/A).

Theorem (Raghavan-Shelah)

d = ℵ1 implies aclosed = ℵ1.
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Closed almost disjointness 2

A mad family. Then:
min{|B| : B family of Borel sets and

⋃
B = A} ≥ h(P(ω)/A).

Theorem (Raghavan-Shelah)

d = ℵ1 implies aclosed = ℵ1.

We will come back to this result later on.
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Closed almost disjointness 2

A mad family. Then:
min{|B| : B family of Borel sets and

⋃
B = A} ≥ h(P(ω)/A).

Theorem (Raghavan-Shelah)

d = ℵ1 implies aclosed = ℵ1.

Question (Roitman, 70’s)

Does d = ℵ1 imply a = ℵ1?
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Closed almost disjointness 2

A mad family. Then:
min{|B| : B family of Borel sets and

⋃
B = A} ≥ h(P(ω)/A).

Theorem (Raghavan-Shelah)

d = ℵ1 implies aclosed = ℵ1.

Question (Roitman, 70’s)

Does d = ℵ1 imply a = ℵ1?

Are the three cardinals a, aclosed and aBorel consistently distinct?
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Closed almost disjointness 2

A mad family. Then:
min{|B| : B family of Borel sets and

⋃
B = A} ≥ h(P(ω)/A).

Theorem (Raghavan-Shelah)

d = ℵ1 implies aclosed = ℵ1.

Question (Roitman, 70’s)

Does d = ℵ1 imply a = ℵ1?

Are the three cardinals a, aclosed and aBorel consistently distinct?

Question

Does aclosed = aBorel?
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aclosed versus b 1

What about the relationship between a and aclosed?
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Proposition

a ≥ b.
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aclosed versus b 1

Proposition

a ≥ b.

Theorem (J.B.-Khomskii)

aclosed < b is consistent. (A fortiori, aclosed < a is consistent.)
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aclosed versus b 1

Proposition

a ≥ b.

Theorem (J.B.-Khomskii)

aclosed < b is consistent. (A fortiori, aclosed < a is consistent.)

This holds in the Hechler model.
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aclosed versus b 1

Proposition

a ≥ b.

Theorem (J.B.-Khomskii)

aclosed < b is consistent. (A fortiori, aclosed < a is consistent.)

This holds in the Hechler model. In fact, assuming CH in the
ground model, one constructs a sequence of ℵ1 many perfect a.d.
sets whose union is mad.
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aclosed versus b 1

Proposition

a ≥ b.

Theorem (J.B.-Khomskii)

aclosed < b is consistent. (A fortiori, aclosed < a is consistent.)

This holds in the Hechler model. In fact, assuming CH in the
ground model, one constructs a sequence of ℵ1 many perfect a.d.
sets whose union is mad. Using the argument that (iterated)
Hechler forcing preserves splitting families, one shows that the
union of the (reinterpreted) perfect a.d. sets is still mad in the
extension.
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aclosed versus b 1

Proposition

a ≥ b.

Theorem (J.B.-Khomskii)

aclosed < b is consistent. (A fortiori, aclosed < a is consistent.)

This holds in the Hechler model. In fact, assuming CH in the
ground model, one constructs a sequence of ℵ1 many perfect a.d.
sets whose union is mad. Using the argument that (iterated)
Hechler forcing preserves splitting families, one shows that the
union of the (reinterpreted) perfect a.d. sets is still mad in the
extension. We will come back to this proof later on.

Jörg Brendle Recent results on splitting and almost disjointness



Closed almost disjointness
Tail splitting

aclosed versus b 2

Theorem (J.B.-Raghavan)

aclosed > b is consistent.
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aclosed versus b 2

Theorem (J.B.-Raghavan)

aclosed > b is consistent.

This is obtained by modifying Shelah’s proof of CON(a > b).
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aclosed versus b 2

Theorem (J.B.-Raghavan)

aclosed > b is consistent.

This is obtained by modifying Shelah’s proof of CON(a > b).

Proof Sketch.
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aclosed versus b 2

Theorem (J.B.-Raghavan)

aclosed > b is consistent.

This is obtained by modifying Shelah’s proof of CON(a > b).

Proof Sketch. A forcing notion P is almost ωω-bounding if for all
p ∈ P and ḟ ∈ ωω there are q ≤ p and g ∈ ωω such that
∀X ∈ [ω]ω ∃qX ≤ q with qX  ∃∞n(ḟ (n) ≤ g(n)).
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aclosed versus b 2

Theorem (J.B.-Raghavan)

aclosed > b is consistent.

This is obtained by modifying Shelah’s proof of CON(a > b).

Proof Sketch. A forcing notion P is almost ωω-bounding if for all
p ∈ P and ḟ ∈ ωω there are q ≤ p and g ∈ ωω such that
∀X ∈ [ω]ω ∃qX ≤ q with qX  ∃∞n(ḟ (n) ≤ g(n)).

Shelah constructed a creature forcing P for forcing s > b. P is
proper and almost ωω-bounding and adds an unsplit real.
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aclosed versus b 2

Theorem (J.B.-Raghavan)

aclosed > b is consistent.

This is obtained by modifying Shelah’s proof of CON(a > b).

Proof Sketch. A forcing notion P is almost ωω-bounding if for all
p ∈ P and ḟ ∈ ωω there are q ≤ p and g ∈ ωω such that
∀X ∈ [ω]ω ∃qX ≤ q with qX  ∃∞n(ḟ (n) ≤ g(n)).

Shelah constructed a creature forcing P for forcing s > b. P is
proper and almost ωω-bounding and adds an unsplit real.
Given a mad family A, he also constructed a variation PA of P

which destroys A.
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aclosed versus b 2

Theorem (J.B.-Raghavan)

aclosed > b is consistent.

This is obtained by modifying Shelah’s proof of CON(a > b).

Proof Sketch. A forcing notion P is almost ωω-bounding if for all
p ∈ P and ḟ ∈ ωω there are q ≤ p and g ∈ ωω such that
∀X ∈ [ω]ω ∃qX ≤ q with qX  ∃∞n(ḟ (n) ≤ g(n)).

Shelah constructed a creature forcing P for forcing s > b. P is
proper and almost ωω-bounding and adds an unsplit real.
Given a mad family A, he also constructed a variation PA of P

which destroys A. After adding ω1 Cohen reals, PA is proper. If A
is still mad, then either P destroys A or PA is almost ωω-bounding.
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aclosed versus b 2

Theorem (J.B.-Raghavan)

aclosed > b is consistent.

This is obtained by modifying Shelah’s proof of CON(a > b).

Proof Sketch. A forcing notion P is almost ωω-bounding if for all
p ∈ P and ḟ ∈ ωω there are q ≤ p and g ∈ ωω such that
∀X ∈ [ω]ω ∃qX ≤ q with qX  ∃∞n(ḟ (n) ≤ g(n)).

Shelah constructed a creature forcing P for forcing s > b. P is
proper and almost ωω-bounding and adds an unsplit real.
Given a mad family A, he also constructed a variation PA of P

which destroys A. After adding ω1 Cohen reals, PA is proper. If A
is still mad, then either P destroys A or PA is almost ωω-bounding.
Thus one obtains the consistency of b < a = s.
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aclosed versus b 3

Now, given a family of closed sets B such that
⋃
B is a mad

family, one can define a forcing PB such that after forcing with PB,
the reinterpretation of

⋃
B is not mad anymore.
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Now, given a family of closed sets B such that
⋃
B is a mad

family, one can define a forcing PB such that after forcing with PB,
the reinterpretation of

⋃
B is not mad anymore.

PB has properties analogous to PA.
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aclosed versus b 3

Now, given a family of closed sets B such that
⋃
B is a mad

family, one can define a forcing PB such that after forcing with PB,
the reinterpretation of

⋃
B is not mad anymore.

PB has properties analogous to PA. After adding ω1 Cohen reals,
PB is proper. If

⋃
B is still mad, then either P destroys

⋃
B or PB

is almost ωω-bounding.
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aclosed versus b 3

Now, given a family of closed sets B such that
⋃
B is a mad

family, one can define a forcing PB such that after forcing with PB,
the reinterpretation of

⋃
B is not mad anymore.

PB has properties analogous to PA. After adding ω1 Cohen reals,
PB is proper. If

⋃
B is still mad, then either P destroys

⋃
B or PB

is almost ωω-bounding. Thus one obtains the consistency of
b < aclosed = s.
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aclosed versus b 3

Now, given a family of closed sets B such that
⋃
B is a mad

family, one can define a forcing PB such that after forcing with PB,
the reinterpretation of

⋃
B is not mad anymore.

PB has properties analogous to PA. After adding ω1 Cohen reals,
PB is proper. If

⋃
B is still mad, then either P destroys

⋃
B or PB

is almost ωω-bounding. Thus one obtains the consistency of
b < aclosed = s.

In fact Shelah’s original forcing P has a nice representation as a
two-step iteration.
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aclosed versus b 3

Now, given a family of closed sets B such that
⋃
B is a mad

family, one can define a forcing PB such that after forcing with PB,
the reinterpretation of

⋃
B is not mad anymore.

PB has properties analogous to PA. After adding ω1 Cohen reals,
PB is proper. If

⋃
B is still mad, then either P destroys

⋃
B or PB

is almost ωω-bounding. Thus one obtains the consistency of
b < aclosed = s.

In fact Shelah’s original forcing P has a nice representation as a
two-step iteration.

Let F be the forcing notion consisting of all Fσ-filters conversely
ordered by inclusion. F generically adds a P-point U̇ .

Jörg Brendle Recent results on splitting and almost disjointness



Closed almost disjointness
Tail splitting

aclosed versus b 3

Now, given a family of closed sets B such that
⋃
B is a mad

family, one can define a forcing PB such that after forcing with PB,
the reinterpretation of

⋃
B is not mad anymore.

PB has properties analogous to PA. After adding ω1 Cohen reals,
PB is proper. If

⋃
B is still mad, then either P destroys

⋃
B or PB

is almost ωω-bounding. Thus one obtains the consistency of
b < aclosed = s.

Let F be the forcing notion consisting of all Fσ-filters conversely
ordered by inclusion. F generically adds a P-point U̇ .

Theorem (Raghavan)

P ∼= F ⋆ M(U̇). That is, P is forcing equivalent to the two-step
iteration of F and Mathias forcing M(U̇) with the generic P-point
U̇ .
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1 Closed almost disjointness

2 Tail splitting
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Tail splitting 1

Suppose b = ℵ1. Then there is F = {fα : α < ω1} ⊆ ωω such that
for all g ∈ ωω there is α such that fβ 6≤∗ g for all β ≥ α. (“F is
unbounded on a tail.”)
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Tail splitting 1

Suppose b = ℵ1. Then there is F = {fα : α < ω1} ⊆ ωω such that
for all g ∈ ωω there is α such that fβ 6≤∗ g for all β ≥ α. (“F is
unbounded on a tail.”)

Is there a similar phenomenon for splitting?
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Tail splitting 1

Suppose b = ℵ1. Then there is F = {fα : α < ω1} ⊆ ωω such that
for all g ∈ ωω there is α such that fβ 6≤∗ g for all β ≥ α. (“F is
unbounded on a tail.”)

Is there a similar phenomenon for splitting?

A sequence Ā = (Aα : α < ω1) ⊆ [ω]ω is tail-splitting if for all
B ∈ [ω]ω there is α such that Aβ splits B for all β ≥ α.

Jörg Brendle Recent results on splitting and almost disjointness



Closed almost disjointness
Tail splitting

Tail splitting 1

Suppose b = ℵ1. Then there is F = {fα : α < ω1} ⊆ ωω such that
for all g ∈ ωω there is α such that fβ 6≤∗ g for all β ≥ α. (“F is
unbounded on a tail.”)

Is there a similar phenomenon for splitting?

A sequence Ā = (Aα : α < ω1) ⊆ [ω]ω is tail-splitting if for all
B ∈ [ω]ω there is α such that Aβ splits B for all β ≥ α.

Ā = (Aα : α < ω1) is club-splitting if for all B ∈ [ω]ω, the set
{α < ω1 : Aα splits B} contains a club.
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Tail splitting 1

Suppose b = ℵ1. Then there is F = {fα : α < ω1} ⊆ ωω such that
for all g ∈ ωω there is α such that fβ 6≤∗ g for all β ≥ α. (“F is
unbounded on a tail.”)

Is there a similar phenomenon for splitting?

A sequence Ā = (Aα : α < ω1) ⊆ [ω]ω is tail-splitting if for all
B ∈ [ω]ω there is α such that Aβ splits B for all β ≥ α.

Ā = (Aα : α < ω1) is club-splitting if for all B ∈ [ω]ω, the set
{α < ω1 : Aα splits B} contains a club.

sω := min{|F| : ∀ (Bn : n ∈ ω) ∃ A ∈ F splitting all Bn},
the ω-splitting number.
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Tail splitting 2

Clear: ∃ tail-splitting sequence =⇒ ∃ club-splitting sequence
=⇒ sω = ℵ1 =⇒ s = ℵ1
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Tail splitting 2

Clear: ∃ tail-splitting sequence =⇒ ∃ club-splitting sequence
=⇒ sω = ℵ1 =⇒ s = ℵ1

Which of these arrows do reverse?
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Tail splitting

Tail splitting 2

Clear: ∃ tail-splitting sequence =⇒ ∃ club-splitting sequence
=⇒ sω = ℵ1 =⇒ s = ℵ1

Which of these arrows do reverse?

Question (Steprans)

Is s = sω?
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Tail splitting

Tail splitting 2

Clear: ∃ tail-splitting sequence =⇒ ∃ club-splitting sequence
=⇒ sω = ℵ1 =⇒ s = ℵ1

Which of these arrows do reverse?

Question (Steprans)

Is s = sω?

Theorem

It is consistent that there is a club-splitting sequence but no
tail-splitting sequence.
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Closed almost disjointness
Tail splitting

Tail splitting 2

Clear: ∃ tail-splitting sequence =⇒ ∃ club-splitting sequence
=⇒ sω = ℵ1 =⇒ s = ℵ1

Which of these arrows do reverse?

Question (Steprans)

Is s = sω?

Theorem

It is consistent that there is a club-splitting sequence but no
tail-splitting sequence.

Proof Sketch.
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Tail splitting

Tail splitting 2

Clear: ∃ tail-splitting sequence =⇒ ∃ club-splitting sequence
=⇒ sω = ℵ1 =⇒ s = ℵ1

Which of these arrows do reverse?

Question (Steprans)

Is s = sω?

Theorem

It is consistent that there is a club-splitting sequence but no
tail-splitting sequence.

Proof Sketch. Note that “Ā is club-splitting” is preserved in limit
stages of finite support iterations.
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Tail splitting 3

Let Ā be club-splitting, and let F be a filter on ω.
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Tail splitting 3

Let Ā be club-splitting, and let F be a filter on ω.

(⋆)
Ā,F means:

for all partial f : ω → ω, dom(f ) ∈ F+, f −1({n}) ∈ F∗ (n ∈ ω):
Df = {α < ω1 : f −1(Aα), f −1(ω \ Aα) ∈ F+} contains a club.
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Tail splitting

Tail splitting 3

Let Ā be club-splitting, and let F be a filter on ω.

(⋆)
Ā,F means:

for all partial f : ω → ω, dom(f ) ∈ F+, f −1({n}) ∈ F∗ (n ∈ ω):
Df = {α < ω1 : f −1(Aα), f −1(ω \ Aα) ∈ F+} contains a club.

L(F) is Laver forcing with F .
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Let Ā be club-splitting, and let F be a filter on ω.

(⋆)
Ā,F means:

for all partial f : ω → ω, dom(f ) ∈ F+, f −1({n}) ∈ F∗ (n ∈ ω):
Df = {α < ω1 : f −1(Aα), f −1(ω \ Aα) ∈ F+} contains a club.

L(F) is Laver forcing with F .

Conditions: trees T ⊆ ω<ω such that for all s ⊇ stem(T ),
the successor level {n : s n̂ ∈ T} belongs to F .
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Tail splitting 3

Let Ā be club-splitting, and let F be a filter on ω.

(⋆)
Ā,F means:

for all partial f : ω → ω, dom(f ) ∈ F+, f −1({n}) ∈ F∗ (n ∈ ω):
Df = {α < ω1 : f −1(Aα), f −1(ω \ Aα) ∈ F+} contains a club.

L(F) is Laver forcing with F .

Conditions: trees T ⊆ ω<ω such that for all s ⊇ stem(T ),
the successor level {n : s n̂ ∈ T} belongs to F .

Order: inclusion T ≤ S ⇐⇒ T ⊆ S .
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Tail splitting 3

Let Ā be club-splitting, and let F be a filter on ω.

(⋆)
Ā,F means:

for all partial f : ω → ω, dom(f ) ∈ F+, f −1({n}) ∈ F∗ (n ∈ ω):
Df = {α < ω1 : f −1(Aα), f −1(ω \ Aα) ∈ F+} contains a club.

L(F) is Laver forcing with F .

Conditions: trees T ⊆ ω<ω such that for all s ⊇ stem(T ),
the successor level {n : s n̂ ∈ T} belongs to F .

Order: inclusion T ≤ S ⇐⇒ T ⊆ S .

L(F) is a σ-centered forcing notion diagonalizing the filter F (and
adding a dominating real).
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Lemma

Assume (⋆)
Ā,F . Then L(F) preserves Ā.

Jörg Brendle Recent results on splitting and almost disjointness



Closed almost disjointness
Tail splitting

Tail splitting 4

Lemma

Assume (⋆)
Ā,F . Then L(F) preserves Ā.

The proof is a standard rank argument.
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Tail splitting 4

Lemma

Assume (⋆)
Ā,F . Then L(F) preserves Ā.

Lemma

(CH) Assume B̄ = (Bα : α < ω1) is tail-splitting. Then there is
(Fα : α < ω1) generating a P-filter F such that (⋆)

Ā,F holds and
Fα = Bξα

for some ξα ≥ α.
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Tail splitting 4

Lemma

Assume (⋆)
Ā,F . Then L(F) preserves Ā.

Lemma

(CH) Assume B̄ = (Bα : α < ω1) is tail-splitting. Then there is
(Fα : α < ω1) generating a P-filter F such that (⋆)

Ā,F holds and
Fα = Bξα

for some ξα ≥ α.

The proof is technical but straightforward.
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Tail splitting 4

Lemma

Assume (⋆)
Ā,F . Then L(F) preserves Ā.

Lemma

(CH) Assume B̄ = (Bα : α < ω1) is tail-splitting. Then there is
(Fα : α < ω1) generating a P-filter F such that (⋆)

Ā,F holds and
Fα = Bξα

for some ξα ≥ α.

Since L(F) diagonalizes F , B̄ is not tail-splitting anymore after
forcing with L(F).
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Tail splitting 4

Lemma

Assume (⋆)
Ā,F . Then L(F) preserves Ā.

Lemma

(CH) Assume B̄ = (Bα : α < ω1) is tail-splitting. Then there is
(Fα : α < ω1) generating a P-filter F such that (⋆)

Ā,F holds and
Fα = Bξα

for some ξα ≥ α.

Since L(F) diagonalizes F , B̄ is not tail-splitting anymore after
forcing with L(F). This completes the proof of the theorem.
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Tail splitting and closed almost disjointness 1

Ā = (Aα,n : α < ω1, n < ω) ⊆ [ω]ω is a tail-splitting sequence of
partitions if the Aα,n (n ∈ ω) are pairwise disjoint and for all
B ∈ [ω]ω there is α such that Aβ,n splits B for all β ≥ α and all
n ∈ ω.
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Tail splitting and closed almost disjointness 1

Ā = (Aα,n : α < ω1, n < ω) ⊆ [ω]ω is a tail-splitting sequence of
partitions if the Aα,n (n ∈ ω) are pairwise disjoint and for all
B ∈ [ω]ω there is α such that Aβ,n splits B for all β ≥ α and all
n ∈ ω.

So this is slightly stronger than a tail-splitting sequence.
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Tail splitting and closed almost disjointness 1

Ā = (Aα,n : α < ω1, n < ω) ⊆ [ω]ω is a tail-splitting sequence of
partitions if the Aα,n (n ∈ ω) are pairwise disjoint and for all
B ∈ [ω]ω there is α such that Aβ,n splits B for all β ≥ α and all
n ∈ ω.

Theorem

The existence of a tail-splitting sequence of partitions implies
aclosed = ℵ1.
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Tail splitting and closed almost disjointness 1

Ā = (Aα,n : α < ω1, n < ω) ⊆ [ω]ω is a tail-splitting sequence of
partitions if the Aα,n (n ∈ ω) are pairwise disjoint and for all
B ∈ [ω]ω there is α such that Aβ,n splits B for all β ≥ α and all
n ∈ ω.

Theorem

The existence of a tail-splitting sequence of partitions implies
aclosed = ℵ1.

This can be distilled from the proof of CON(aclosed < b).
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Observation

There is a tail-splitting sequence of partitions in the Hechler model.
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Tail splitting and closed almost disjointness 1

Observation

There is a tail-splitting sequence of partitions in the Hechler model.

Observation

d = ℵ1 implies the existence of a tail-splitting sequence of
partitions.
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Tail splitting and closed almost disjointness 1

Observation

There is a tail-splitting sequence of partitions in the Hechler model.

Observation

d = ℵ1 implies the existence of a tail-splitting sequence of
partitions.

Thus both the Raghavan-Shelah Theorem and CON(aclosed < b)
follow from this theorem.
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Tail splitting and closed almost disjointness 1

Observation

There is a tail-splitting sequence of partitions in the Hechler model.

Observation

d = ℵ1 implies the existence of a tail-splitting sequence of
partitions.

Thus both the Raghavan-Shelah Theorem and CON(aclosed < b)
follow from this theorem.

Question

Does s = ℵ1 imply that aclosed = ℵ1?
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