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Basis problems in combinatorial set theory

An elegant and deep program set forth by Stevo Todorcevic.
-S. Todorcevic, Basis problems in combinatorial set theory, Proceedings of the International

Congress of Mathematicians, Vol. II (Berlin, 1998), Doc. Math. 1998, Extra Vol. II, 43�52.

What exactly is at stake here?

Blueprint

Starting out with a class of structures S,
1 Recognize the critical members of S.
2 Show that a certain list of criticial members is complete.

For instance: linear orders (solved by J.T. Moore), topological spaces
(�rst proposed by G. Gruenhage).
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The 3-element basis conjecture

For S a class of topological spaces, and �complete� interpreted in terms
of topological embedding, a basis for S is then a subclass S0 such that
each member of S contains a homeomorphic copy of a member of S0.
Denote by

D(ω1), the discrete space on ω1,

B, an uncountable subspace of the unit interval, and

B × {0}, B considered as a subspace of the split interval.

Cojecture [PFA]

The class of uncountable �rst countable regular spaces has a 3-element
basis consisting of D(ω1), B and B × {0}.

In other words: each uncountable �rst countable regular space contains
an uncountable subspace of the reals with either the metric, the
Sorgenfrey or the discrete topology.
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Some partial solutions:

Gruenhage con�rmed the basis conjecture for the class of
cometrizable spaces, assuming PFA. Todorcevic later showed that
OCA su�ces.

Todorcevic gave a ZFC positive answer in the class of subspaces of
Rosenthal compacta.

Notation: As we will see, continuous at most 2-to-1 maps onto metric
compacta play an important role. A compactum that admits such a map
will be called a premetric compactum of degree at most 2.
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Subspaces of monotonically normal compacta

The main tool here is Nikiel's conjecture, proved by M.E. Rudin: a
Hausdor� space is an image of a compact linearly ordered space i� it
is monotonically normal.

A positive answer to the basis conjecture for this class under PFA
requires a little patchwork from the literature: results of Eisworth,
Gruenhage, and Fremlin.

I have proved that this is true under Souslin's hypothesis.

The critical objects in this setting are, rather expectedly, the split
interval and duplicate interval. The results exhibit a pleasant
parallelism with results from Todorcevic's work �Compact subsets of
�rst Baire class�.

Some further results analyze the situation when a monotonically
normal compactum contains a full copy of the split interval or of the
duplicate interval.
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Subspaces of perfectly normal compacta

A space is perfectly normal if it is normal and every closed subset is a
Gδ-set. Recall that in the setting of compact spaces, HL and perfect
normality coincide.
Restricted to the class of subspaces of perfectly normal compacta,
Gruenhage observed that the basis conjecture is equivalent, under PFA,
to the fundamental conjecture about this class, due to Fremlin.

Fremlin's conjecture

Each perfectly normal compactum is premetric of degree at most 2.

This says that in some sense the only perfectly normal non-metrizable
compacta in ZFC are �relatives" of the split interval.

Fremlin [MM]

Each perfectly normal compactum admits a map to a metric space M
whose �bers have cardinality two or less on a comeager subset of M.
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Aronszajn compacta were recently de�ned by Kunen and Hart.

De�nition

An embedded Aronszajn compactum is a closed subspace X ⊆ [0, 1]ω1

with w(X ) = ℵ1 and χ(X ) = ℵ0 such that for some club C ⊆ ω1: for
each α ∈ C ,Lα := {x ∈ Xα : |(σω1α )−1{x}| > 1} is countable.

For each such X , de�ne T = T (X ) :=
⋃
{Lα : α ∈ C}, and let / denote

the following order: if α, β ∈ C , α < β, x ∈ Lα and y ∈ Lβ then x / y i�
x = πβα(y). (T , /) is then an ℵ1-tree.

De�nition

An Aronszajn compactum is a compact space X such that w(X ) = ℵ1
and χ(X ) = ℵ0 and for some Z ⊂ [0, 1]ω1 homeomorphic to X , Z is an
embedded Aronszajn compactum.
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Theorem [OCA + MAℵ1 ]

Let X be an HL compact space. Then either X has a quotient which is
an Aronszajn compactum, or X is a premetric compactum of degree at
most 2.

Theorem [OCA + MAℵ1 ]

Each perfectly normal compactum admits a map to a metric space M
whose �bers have cardinality two or less on a cocountable subset of M.
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It is clear that the fundamental analysis concerns Aronszajn trees (like
the case of linear orders). The main open question:

Question

Does there exist in ZFC a HL Aronszajn compactum?
Proposed answer: NO.

A negative answer to this question will con�rm the 3-element basis
conjecture for perfectly normal compacta. In addition, it will solve a
question �attributable� (?) to Alexandro�.

Question (Alexandro�)

Does there exist (in ZFC) perfectly normal compacta unrelated to the
double arrow space?
Proposed answer: NO.
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This would also solve a host of questions, surveyed in [?]. Prominent
among them are:

Question (M.E. Rudin)

Is every locally connected perfectly normal compactum metrizable?
Proposed answer: (consistenly) YES.

Question (Przymusi«ski)

If X × Y is perfectly normal and compact, then is either X or Y
metrizable?
Proposed answer: (consistenly) YES.

As mentioned earlier, Gruenhage original work on the basis conjecture
stemmed out of his study of (exactly the last two) open problems on
perfectly normal compacta.
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Some theorems which shed light on the main problem at hand.

Avraham, Shelah [PFA]

Every two Aronszajn trees are club-isomorphic.
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