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Kakutani-Birkhoff theorem

Theorem (Kakutani-Birkhoff)

A T3 topological group is metrizable if and only if it is first countable.
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Malykhin's problem

Definition

A topological space X is Fréchet if for every A C X and every x € A
there is a seqence (x, : n € w) of elements of A converging to x.
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Malykhin's problem

Definition

A topological space X is Fréchet if for every A C X and every x € A
there is a seqence (x, : n € w) of elements of A converging to x.

Problem (Malykhin)

Is there a countable Fréchet group that is not metrizable?

Problem (Juhdsz)

Is there a countable Fréchet space of uncountable 7-weight?

m-weight w(X) of a space X is the minimal size of a w-base, i.e. a family
of non-empty open sets such that every non-empty open set contains an
element of the family.

Theorem (Archangel’skii)

Weight and m-weight coincide for topological groups.
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Malykhin's problem

Partial positive solutions (to both problems):

@ p>wp...Yes
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@ p>w...Yes
o (Gerlits-Nagy) There is an uncountable v-set ... Yes
o (Nyikos) p=b ... Yes

o (Ohrenstein-Tsaban) p = b there is an uncountable ~-set.

Recall that a set of reals Y is a y-set if every open w-cover of Y has a
~-subcover. A cover U is an

@ w-cover if every finite subset of Y is contained in an element of U/,
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Malykhin's problem

Partial positive solutions (to both problems):
@ p>w...Yes
o (Gerlits-Nagy) There is an uncountable v-set ... Yes
o (Nyikos) p=b ... Yes

o (Ohrenstein-Tsaban) p = b there is an uncountable ~-set.

Recall that a set of reals Y is a y-set if every open w-cover of Y has a
~-subcover. A cover U is an

@ w-cover if every finite subset of Y is contained in an element of U/,

@ v-cover if every element of Y is contained in all but finiely many
elements of U.
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Barman-Dow Theorem

Theorem (Barman-Dow)

It is consistent with ZFC that every countable Fréchet space has
m-weight at most N;.
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Barman-Dow Theorem

Theorem (Barman-Dow)

It is consistent with ZFC that every countable Fréchet space has
m-weight at most N;.

It is consistent with ZFC that every separable Fréchet group has weight
at most Nj.
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On the other hand...

Theorem (H.-Ramos Garcia)

It is relatively consistent with the continuum arbitrarily large that every
countable Fréchet space of weight less than continuum has a countable
m-base.
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On the other hand...

Theorem (H.-Ramos Garcia)

It is relatively consistent with the continuum arbitrarily large that every
countable Fréchet space of weight less than continuum has a countable

m-base.

It is relatively consistent with the continuum arbitrarily large that every
countable (separable) Fréchet group of weight less than continuum is
metrizable.

To what extent does the algebra matter in Malykhin's problem?
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To what extent does the algebra matter?

Theorem (Ol'shanskii)

There is a countable group admitting no non-discrete group topology.

Definition
A group is topologizable if it admits a non-discrete group topology.

Observation (p > wy)

Every topologizable countable group admits a non-metrizable Fréchet
group topology.
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Separable precompact groups
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Separable precompact groups

Theorem (Archangel'skii)

Every compact Fréchet group is metrizable.
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Definition

A group is precompact (totally bounded) if it admits a group
compactification (finitely many translates of every neighbourhood of the
identity cover the group).
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Theorem (H.-Ramos Garcia) (There is an uncountable ~-set.)

Every countable abelian group admits a non-metrizable Fréchet group
topology.
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Separable precompact groups

Theorem (Archangel'skii)

Every compact Fréchet group is metrizable.

Definition

A group is precompact (totally bounded) if it admits a group
compactification (finitely many translates of every neighbourhood of the
identity cover the group).

Theorem (H.-Ramos Garcia) (There is an uncountable ~-set.)

Every countable abelian group admits a non-metrizable Fréchet group
topology.

Theorem (H.-Ramos Garcia)

It is relatively consistent with ZFC that every separable precompact
Fréchet group is metrizable.
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The model

Theorem (H.-Ramos Garcfia)
There is a model of ZFC in which

@ the continuum is arbitrarily large,

@ every countable Fréchet space of weight less than continuum has a
countable m-base,

@ every separable precompact Fréchet group is metrizable.
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Plan of the proof

Using a standard bookkeeping arguments we construct a FS iteration of
length x (x a sufficiently large regular cardinal) o-centered forcing
notions, eventually taking care of all countable Fréchet spaces of
m-weight less than . At stage o when dealing with the space X, handed
to us by the bookkeeping device we need to do two things:
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Plan of the proof

Using a standard bookkeeping arguments we construct a FS iteration of
length x (x a sufficiently large regular cardinal) o-centered forcing
notions, eventually taking care of all countable Fréchet spaces of
m-weight less than . At stage o when dealing with the space X, handed
to us by the bookkeeping device we need to do two things:

@ add a set A C X, which has a point x as an accumulation point,
and does not have a subsequence convergent to x, and

@ make sure that we do not add convergent sequences to the sets
added earlier in the iteration.
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Fréchet idealized

o Given a space X and a point x € X we denote by Z, the dual ideal
to the filter of neighbourhoods of x, Z, = {A C X : x ¢ A}.
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e Call an ideal Z on X countably tall (w-hitting) if for every
(X; 1 i €w) C X thereis an | € T such that |X; N /| = w for all
I €w.
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Fréchet idealized

Given a space X and a point x € X we denote by Z, the dual ideal
to the filter of neighbourhoods of x, Z, = {A C X : x ¢ A}.

If X is countable then the infinite members of

It ={JC X: (VI €I)|I NJ] <w} are exactly the sequences
convergent to x.

The space X is Fréchet at x iff every Z,-positive set contains an
infinite element of Z- iff T+ = T, iff for no A € Z} is the ideal
Z, | Atall

Call an ideal Z on X countably tall (w-hitting) if for every

(X; 1 i €w) C X thereis an | € T such that |X; N /| = w for all
I €w.

A forcing notion IP seals an ideal Z if it adds an Z-positive set A
such that the ideal Z [ A is countably tall.
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Preservation of countable tallness

Definition

A forcing notion IP strongly preserves countable tallness if for every
sequence (A,: n € w) of P-names for infinite subsets of w there is a

(Bn: n € w) sequence of infinite subsets of w such that for any B € [w]“,
if BN B, is infinite for all n then IFp “B N A, is infinite for all n".
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if BN B, is infinite for all n then IFp “B N An is infinite for all n".

Proposition (Brendle-H.)

Finite support iteration of forcings strongly preserving countable tallness
strongly preserves countable tallness.
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Preservation of countable tallness

Definition

A forcing notion IP strongly preserves countable tallness if for every
sequence (A,: n € w) of P-names for infinite subsets of w there is a

(Bn: n € w) sequence of infinite subsets of w such that for any B € [w]¥,
if BN B, is infinite for all n then IFp “B N An is infinite for all n".

Proposition (Brendle-H.)

Finite support iteration of forcings strongly preserving countable tallness
strongly preserves countable tallness.

So the plan is to:
@ seal, and
@ strongly preserve countable tallness.
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The Laver-Prikry forcing

Definition

Let F be a filter on w. The Laver-Prikry forcing associated with F is the
set of those trees T C w<* for which there is st € T (the stem of T)
such that for all s € T, s C st or st C s and such that forall s € T,
with s D st the set succr(s) = {n€w: s~ ne T} € F, ordered by
inclusion.
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Preservation of countable tallness by L

Lemma 1 (Brendle-H.)

Let Z be an ideal on w and let F = Z* be the dual filter. Then the
following are equivalent:

(1) For every A€ I" and every J <k Z | A the ideal J is not
countably tall.

(2) Lz strongly preserves countable tallness.

(3) Lz preserves countable tallness.
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Preservation of countable tallness by L

Lemma 1 (Brendle-H.)

Let Z be an ideal on w and let F = Z* be the dual filter. Then the
following are equivalent:

(1) For every A€ I" and every J <k Z | A the ideal J is not
countably tall.

(2) Lz strongly preserves countable tallness.

(3) Lz preserves countable tallness.

Recall the definition of the Katétov order: Given two ideals Z, J on w,
we say that Z <k J if there is a function f: w — w such that
I € J for every | € T.
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Sealing Z by Lx

Lemma 2 (H.-Ramos Garcia)
Let Z be an ideal on w and let F be al filter on w.

IF
ZNF = and for every countable family % C F* there is an | € Z such
that HN I € F* for all H € H (i.e. T is w-hitting w.r.t. F)

THEN
the forcing Lz seals the ideal Z.
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Forcing with Lgense open

Main Proposition

Let X = (w, 7) be a regular Fréchet space, x € X be such that
mx(x, X) > w. Let G be the filter of dense open subsets of X. Then:

(1) Lg seals Z, and
(2) Lg strongly preserves countable tallness.
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The precompact case

Lemma (H.-Ramos Garcia)

Let G = {g, : n € w} be a countable group and f : w — G. Then the set

Ar = f(n) - {gx: k< n}

new

is dense in every precompact topology on G
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The precompact case

Lemma (H.-Ramos Garcia)

Let G = {g, : n € w} be a countable group and f : w — G. Then the set

Ar = f(n) - {gx: k< n}

new

is dense in every precompact topology on G

Lemma (H.-Ramos Garcia)

We can use Ay, to seal Zjg.
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Concluding remarks and questions
Does Malykhin's problem have a negative solution in our model?
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Concluding remarks and questions

Does Malykhin's problem have a negative solution in our model?

_

Is it consistent that every countable Fréchet space has countable
m-weight?

Theorem (Dow) (b = ¢)

There is a countable Fréchet space of m-weight c.
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Concluding remarks and questions

Does Malykhin's problem have a negative solution in our model?

Is it consistent that every countable Fréchet space has countable
m-weight?

Theorem (Dow) (b = ¢)

There is a countable Fréchet space of m-weight c.

Corollary (¢ < wy)

There is a countable Fréchet space of uncountable m-weight.

Is it consistent that there is a non-metrizable countable Fréchet group
but there are no uncountable ~-sets?

M. Hrusak Countable Fréchet groups



