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Summability and global property of transseries solution of Hamiltonian system

Let Hy and H; be given, respectively, by

(1) Hy = ¢°pi+ Y Naps,
=2
(2) Hl = ZQJZ‘B]'(QMQ%UI)DQ)J
=2

where B;(q1,s,q)’s are holomorphic at the origin, A;’s are constants and o is a positive
integer. Define H := Hy+ H;. Consider the Hamitonian system with n degrees of freedom

<3> Qj:vij, pj:_vqu7 j:172,.__’n.
Assume
(4) B, = B,(q1,47p1,q9) = Buo(q1,q) + ¢°p1Bua(qr,q), v=2,...,n,

where B, and B, ; are analytic at (¢1,q) = (0,0). Suppose that the Poincaré condition
holds

(5) Re; >0, j=23,...n

Assume the nonresonance condition

(6) > Nk, =N #£0, Vh €Zi,v=2...n j=2..,n
v=2

Set A = (Mg, ..., A,). The formal transseries is defined by
(7) Z Ck,éf?"l%lekkt,

k>ko, £>4o

where k = (ko,...,kn), Ak = Xoko + -+ + A\ k,. Here ¢ ’s are complex constants,
ko is a multiinteger and ¢y > 0 is an integer. Consider the formal transseries solution

(1 (t), ..., qu(t),p1(t), ..., pa(t)). Then we have

Proposition Suppose that (4),(5) and (6) are satisfied. Then there exists a formal
transseries solution (qi(t),...,qu(t),p1(t),...,pn(t)) of (3) in the domain
{t|Re(\;t) < 0,7 =2,...,n}.

Theorem Suppose that (4), (5) and (6) are satisfied. Then the formal transseries solution
(q1(t),p1(t),q(t),p(t)) is (20 —1)-Borel summable in every direction in {¢t|Re(\;t) <0, =
2,...,n}. There exists a neighborhood of ¢ = 0, ; such that the Borel sum is the analytic
transseries solution of (3) in the domain {t|Re(\;t) < 0,7 =2,...,n} N Q.

Example. The following Hamiltonian is the local counterpart of the Hamiltonian studied
by Taimanov related with the nonintegrability of a geodesic flow

(8) Hy = cqi°p} + > Bi(a)p},
=2
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where c is a constant and B;(q;) is an analytic function in some neighborhood of ¢; = 0.
For Hy in (1), we define H := Hy + H,. We see that xp is not C¥-Liouville integrable at
the origin under a certain condition, while it is C'*°-Liouville integrable at the origin.
Analytic continuation and connection problem of transseries solution.

We discuss the analytic continuation of the summed transseries solution. We use first
integrals in order to study the global property of the summed transseries solution. The
idea is closely related with the notion of a semi-formal solution defined by Balser. (cf.

[1]).
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