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Ramsey degrees: an overview

Theorem (Kechris–Pestov–Todorcevic 2004)
Let F be a well-behaved Fräıssé class and F its Fräıssé limit. The
following are equivalent:

F has the Ramsey property;

AutpFq is extremely amenable.

The Ramsey property here is a version, in F , of the finite Ramsey theorem:

Finite Ramsey theorem (1930)
For every m ě d ě 1 and every k ě 1, there exists n ě m such that every
colouring of rnsd with k color is monochromatic on a set of the form
rAsd , where A P rnsm.

(Here, rAsd is the set of d-elements subsets of A.)
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Ramsey degrees: an overview

In case the Ramsey property doesn’t hold, one can attach to the class
F a sequence ptd qdě1 of invariants measuring, for each dimension d , the
default of Ramseyness: the small Ramsey degrees.

Theorem (Zucker 2016)
The following are equivalent:

F has finite small Ramsey degrees;

AutpFq has a metrizable universal minimal flow.

In contrast, big Ramsey degrees are invariants measuring the default of
existence of a version of the infinite Ramsey theorem.
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Big Ramsey degrees: the example of Q

Infinite Ramsey theorem (1930)

For every d ě 1 and every colouring of rωsd with finitely many colours,
there exists an infinite X Ď ω such that rX sd is monochromatic.

Can we extend this result to Q? In other words, given d ě 1, is it true
that for every colouring of rQsd with finitely many colours, there exists an
order-copy X Ď Q of Q such that rX sd is monochromatic?

For d “ 1, yes.

For d “ 2, no. Consider a well-ordering ă of Q. Define a colouring
χS : rQs2 Ñ 2 by χSptx , yuq “ 0 iff the orderings ă and ă coincide
on the pair tx , yu (Sierpiński’s colouring, 1933). Then every copy of
Q in itself meets both colours.
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Big Ramsey degrees: the example of Q

Surprisingly, one cannot make worse than Sierpiński’s colouring.

Theorem (Galvin)
For every colouring ψ : rQs2 Ñ k, where k P ω, there exists an order-copy
X Ď Q of Q such that rX s2 meets at most two colours.

Moreover, X can
be choosen in such a way that on rX s2, ψ only depends on χS .

More generally, one can prove the existence of integers td such that for
every d ě 1, and every colouring of rQsd with finitely many colours, there
exists an order-copy of Q meeting at most td many colours (Laver). The
minimal such td ’s can even be computed (Devlin, 1979):

td “ tanp2d´1qp0q.

The numbers td are called the big Ramsey degrees of pQ,ăq.
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Big Ramsey degrees

Given two structures X and Y on the same language, denote by
`X

Y
˘

the
set of all isomorphic copies of Y in X .

Definition
Let X be an infinite discrete structure. Say that A P AgepX q has finite big
Ramsey degree in X if there exists an integer tA such that every colouring
on EmbpA,X q meets at most tA colours on EmbpA,Y q for some Y P

`X
X

˘

.

In this case, the smallest such tA is called the big Ramsey degree of A in
X .

X his said to have finite big Ramsey degrees if every A P AgepX q has a
finite big Ramsey degree in X .

The infinite Ramsey theorem exactly says that all the big Ramsey degrees
on pω,ăq are equal to 1.
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Big Ramsey degrees

Big Ramsey degrees can be defined for all structures, not only ultrahomo-
geneous ones.

But in the ultrahomogeneous case, by a result of Zucker
(2019) they can be used to prove the existence of and to compute the
universal completion flow of AutpX q. By a result of Hjorth (2008), there
is no ultrahomogeneous structure for which all the big Ramsey degrees are
equal to 1.

Existence of finite big Ramsey degrees (sometimes with an explicit com-
putation) has been proved for several classical discrete structures: the
Rado graph (Sauer 2006, Laflamme–Sauer–Vuksanovic 2006), the uni-
versal homogeneous Kn-free graph (Dobrinen 2022, Balko–Chodounský–
Dobrinen–Hubička–Koněcný–Vena–Zucker 2021+), the discrete Urysohn
spehres (Balko–Chodounský–Hubička–Koněcný–Nešeťril–Vena 2021)...
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Big Ramsey colourings
Suppose that A P AgepX q has big Ramsey degree tA in the structure X .
As in the special case of Serpiński’s colouring, one can easily prove the
existence of a specific colouring χ : EmbpA,X q Ñ tA satisfiyng the two
following properties:

χ is persistent: for every Y P
`X

X
˘

, the restriction
χæEmbpA,Y q : EmbpA,Y q Ñ tA is surjective;

χ is universal: for every ψ : EmbpA,X q Ñ k, and every Y P
`X

X
˘

,
there exists Z P

`Y
X

˘

such that ψ factors through χ on EmbpA,Z q.

EmbpA,Z q tA

k

χ

ψ

Moreover, tA is the only number of colours for which a colouring with such
properties exists. Call such a colouring a big Ramsey colouring.
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The Urysohn sphere

Denote by S1 the class of all separable metric spaces of diameter at most 1,
and by Sf

1 the class of its finite elements.

Definition
The Urysohn sphere U1 is the Fräıssé limit of Sf

1.

The Urysohn sphere is ultrahomogeneous (in an exact sense, that is, every
isometry between finite subsets of U1 extends to an onto isometry of U1),
belongs to S1, and contains isometric copies of all elements of Sf

1. It is
characterized by those properties.

U1 is the bounded version of the better-known Urysohn space, i.e. the
Fräıssé limit of the class of all finite metric spaces.
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Oscillation stability
The oscillation of a map χ : X Ñ Y between metric spaces, denoted by
oscpχq, is the diameter of its range, that is:

oscpχq – sup
x ,yPX

dpχpxq, χpyqq.

Theorem (Nguyen Van The–Sauer 2009)
Let χ : U1 Ñ K be a Lipschitz map taking values in a compact metric
space. Then for every ε ą 0, there exists X P

`U1
U1

˘

such that
oscpχæX q ď ε.

Such a result is often called an oscillation stability result, the name coming
from Banach space theory. But this is actually an approximate Ramsey
result in dimension 1, the map χ being seen as a colouring.

From now on, letters K , L, . . . will denote compact metric spaces, and
letters χ, ψ, . . . will denote colourings, that are, 1-Lipschitz maps taking
values in compact metric spaces.
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Big Ramsey degrees The case of the Urysohn sphere Description of the Kd ’s

Big Ramsey degrees of the Urysohn sphere

Theorem (BdRHK)
Fix d ě 1. Then there exists a compact metric space Kd , unique up to
isometry, satisfying the following property.

There exists a colouring
χ : Ud

1 Ñ Kd that is both:

persistent: for every X P
`U1

U1

˘

, χpX d q is dense in Kd ;

universal: for every other colouring ψ : Ud
1 Ñ L taking values in a

compact metric space, every X P
`U1

U1

˘

and every ε ą 0, there exists
Y P

` X
U1

˘

and a 1-Lipschitz map f : Kd Ñ L such that for all x P Y d ,
we have dpψpxq, f pχpxqqq ď ε.

Y d K

L

χ

ψ
fœ ε
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Big Ramsey degrees The case of the Urysohn sphere Description of the Kd ’s

Big Ramsey degrees of the Urysohn sphere

The compact metric spaces Kd are called the big Ramsey degrees of the
Urysohn sphere.

Question (to the audience!)
What is K1?

Answer: K1 is a singleton; this is a rephrasing of oscillation stability.
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Big Ramsey degrees of the Urysohn sphere

The compact metric spaces Kd are called the big Ramsey degrees of the
Urysohn sphere.

Question (to the audience!)
What is K1?

Answer: K1 is a singleton; this is a rephrasing of oscillation stability.
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Description of the Kd ’s

From now on, all results should be taken with a grain of salt...



Big Ramsey degrees The case of the Urysohn sphere Description of the Kd ’s

Semimetric spaces

Definition
Let X be a set. A semimetric structure on X is a pair pM,mq of maps
X 2 Ñ r0,8q (the maximum distance and the minimum distance)
satisfying the following axioms:

for every x , y , z P X ,

mpx , xq “ 0 ;

Mpx , yq “ Mpy , xq ;

mpx , yq “ mpy , xq ;

mpx , yq ď Mpx , yq ;

mpx , zq ď mpx , yq ` mpy , zq ;

Mpx , zq ď Mpx , yq ` mpy , zq.

A semimetric space is a metric space endowed with a semimetric
structure.
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Semimetric spaces

Example
Let Y be a metric space, X Ď Y , and a P Y .

Define, for every
px , yq P X 2:

Mpx , yq “ dpa, xq ` dpa, yq;

mpx , yq “ |dpa, xq ´ dpa, yq|.

Then pM,mq is a semimetric structure on X .
More generally, if A Ď Y , one can put a semimetric structre on X by
putting:

Mpx , yq “ inf
aPA

pdpa, xq ` dpa, yqq;

mpx , yq “ sup
aPA

|dpa, xq ´ dpa, yq|.

If, in the latter example, one takes Y P S1, then for all x , y P X we have
mpx , yq ` Mpx , yq ď 2. Say that a semimetric structure is r0, 1s-valued if
this condition is satisfied.
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Maximal chains

Definition
Given two semimetric structures pM,mq and pM 1,m1q on the same set X ,
say that pM 1,m1q is more precise than pM,mq, and write
pM,mq ď pM 1,m1q, if for every x , y P X , one has Mpx , yq ě M 1px , yq

and mpx , yq ď m1px , yq.

The least r0, 1s-valued semimetric structure on a set X is the one for which
we have Mpx , yq “ 2 and mpx , yq “ 0 for all x , y P X . A semimetric struc-
ture pM,mq on X is maximal if for all x , y P X , on has Mpx , yq “ mpx , yq;
in this case, M is a metric on X .

Definition
Given a set X , denote by SMCpX q the set of all maximal chains of
r0, 1s-valued semimetric structures on X .
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Maximal chains

Example
Let Y P S1, X Ď Y , and f : r0,`8rÑ Y be a continuous fonction
satisfying the two following conditions:

for every x , P X , dpf p0q, xq “ 1;

X Ď rngpxq.

For every t ě 0 and x , y P X , define:

Mtpx , tq “ dpf ptq, xq ` dpf ptq, yq

mtpx , yq “ |dpf ptq, xq ´ dpf ptq, yq|.

Then pMt ,mtqtě0 P SMCpX q.
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Description of the Kd ’s

Given two semimetric structures pM,mq and pM 1,m1q on the same set X ,
let

δppM,mq, pM 1,m1qq “ sup
x ,yPX

1
2 p|Mpx , yq´M 1px , yq|`|mpx , yq´m1px , yq|q.

This define a metric on the set of all semimetric on X . For this metric,
any element of SMCpX q is compact. So we can endow SMCpX q with the
Hausdorff metric.

Theorem (BdRHK)
Kd “ SMCpdq.
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Thank you for your attention!
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