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TANGENT SETS AND DIFFERENTIABLE FUNCTIONS

CORNELIU URSESCU

Institute of Math tics, Jassy, R

The purpose of the present paper is to define some tangent sets (see Definitions 1,
2, 3, 4) and to discuss the transformation of these tangent sets (see Theorems 1, 2)
by means of differentiable functions (see Definitions 5, 6).

Tangent sets

Let X be a real topological vector space. We shall denote by # the family of all
neighbourhoods of 0 in X,
Let X, = X, and let x, € X.
DEFINITION 1. Ly, (x,) is the set of all x e X satisfying the condition: there
are r > 0, U e % such that if s € (0, r), u € U, then xo+s(x+u) € X,.
DEFINITION 2. Jx/(xo) is the set of all x e X satisfying the condition: there is
a U e such that for every r > 0 there is an s € (0, r) such that if ue U, then
Xo+s(x+u) € X,.
DEFINITION 3. ky[(x,) is the set of all x € X satisfying the condition: for every
U e% there is an r > 0 such that for every s € (0, r) there is a ue U such that
Xo+s(x+u) € X,
DEFINITION 4. Ky, (x,) is the set of all x € X satisfying the condition: for every
r >0, Ue there are s € (0, r), u & U, such that x,+s(x+u) € Xo.
There exist many definitions, and notations for each of the above tangent sets.
Let us recall that Definition 4 is equivalent to the definition in [1]. For other references
see [2].
[131 the sequel we shall denote by compX, the complement of Xo. The subse-
quent three propositions are direct consequences of the above definitions.
ProrosITION 1. The following equalities hold:
comp an(xo) = Koampx.,(xo)i
comp Iy, (¥o) = K qompxo (X0);
compkyx,(¥o) = loompxs(¥0)}
comp Kx,(*0) = Leompx,(¥o)-
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PROPOSITION 2. The following inclusions hold:

Lxo(x0) € Iy (x%0) S Kxy(x0) ;
Ly o(x0) & kxy(xo) Kx,(xo).
PROPOSITION 3. Let X; € X, < X. Then:

Ly, (%0) € Ly,(x0);
lx1 (x0) = lx,(xo)i
kx, (x0) kex, (x0);
Ky, (%) = Ky, (x0).
PROPOSITION 4. Ler X, € X, X, < X. Then:

Ly, (%0) N Ly, (%) € Ly, ~x,(%0);
Ly, (x0) 0 I, (x0) € by ~x, (X0)s

Ly, (o) N kx,(x0) < kxmxg(xo);
Ly, (x0) N Ky, (x0) = Ky ~x,(%0).

Proof. We shall assume that x e Ly, (x0) N My, (x,), and we shall show that
X € My, nx,(xo) whenever M e {L, 1, k, K}. Tn any case, there are re>0,U e%
such t%lat Xo+s(x+U;) < X, forall s € (0, r) (Definition 1).
First, let xe Ly,(¥o0) NLy,(x0). There are ry >0, U,e% such that
ch},+sgc+ ({Iz) S &, for all se€(0,r,) (Definition 1). Write r = min (e, 1)
= Ui nU,. Then xo+s(x+U) € X, X, for all s&(0,r), ie L )
(Definition 1), s ) dew 26 Lrpomro)
Next, let x € Ly, (x,) N Ix,(x,). There is a U, e % such that for every r, > 0
there is an s & (0, r,) such that Xo+s(x+U,) € X, (Definition 2). Write U =
-—; U, nTth, and let r > 0. Consider r, = min(r, ry), and choose se (0,r,) as
above, 2 i i
2bo ;)‘ en s e (0,r) and xo+s(x+ U)c X, nX,, ie, xe I, ~x,(%0) (Defini-
Further, let Xe Ly, (x0) Nk, (), and let Ue. Corresponding to U,
= Un. ,Ul , there is an r; > 0 such that (%0 +sCe+ U)) n X, # Bfor all se(0,r,)
(Definition 3). Write r = min (r;, r;). Then (xo+s(x+ U)nX,nX, # @ for
all s e'(O, r),ie, xe kx, ~x,(%o) (Definition 3).
~ Fmally, let x& Ly, (x,) NKx,(x%0), and let r > 0, Ue %, Corresponding to r,
(Bnémgr, ri,) T{r}h-: UnU, thereis an s & (0, r,) such that (0 +8Cx+ U)X, # @
chnition 4). Then s € (0, ¥) and (xp +5(x+ U N X, A X i
(Definition 4 (%0 +¢( NNXiNX, # B, ie, xe Ky, nx,(%0)

PROPOSITION 5. Let X, < X, X, < X. Then:
Iy, (x0) N kx,(xo) Kxynx,(%0).

Proof. Let x e lxl(xo)nkx‘(xo), and let r > 0, Ue%. There is a U, € % such
t!lat for every r, > 0 there is an s & (0, 1) such that x, +s(x+U,) < X, (Defini-
tion 2). Write U, = U U,. There is an r, > 0 such that (o0 +sCx+ Z-J“)) :\X 7& 15}
for all se(0,r,) (Definition 3). Consider r, = min(r, r,), and choozse s ez(O, ry)
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as above. Then s e 0,r) and (X +s(x+U) N X, N X, # @, ie, x € Kx,nx,(¥o)
(Definition 4).

Differentiable functions

Let Y be a real topological vector space. We shall denote by %" the family of all
neighbourhoods of 0 in Y.

Let xy € Xp, and let f: Xy — Y.

DeFINITION 5. The function f is said to be differentiable at the point x, if for
every X € Ky, (%o) there is at least one y €Y satisfying the condition: for every
Ve there are r > 0, Ue % such that if s € (0, r), u e U, and x+s(x+U) e X,,
then f (xo+s(x-+u)) € (%) +s(y+V). ‘

LemMA. Let Y be separated, and let f be differentiable at x,. Then for every
x € Kyx5(x,) there is at most one y € Y satisfying the condition in the statement of
Definition 5.

Progf. Let x € Ky,(x,). Assume, by contradiction, that there are at least two
y, €Y, y, € Y satisfying the condition in the statement of Definition 5. There is
a Ve9 such that (y,+V)n(y,+V) = Q. Also, there are r; > 0, U; e such
that f (Xo+s(x+uw)) € f(xo) +5(y:+V) wheneves:s-€ (0, ) u e U; and xo +s(x+u)
€X, (ie{1,2}). Write r = min(ry,r2), U= Uy nU,. There are s€ (0,7), ueU
such that x,-+s(x+u) e X, (Definition 4). It follows that (1/s) ( F (%0 +s(x+u) —
-—f(xo)) € (3, +V)n(y,+V), and we get a contradiction.

Henceforth we shall suppose Y separated.

DEFINITION 6. Let f be differentiable at x, . The differential of f at x, is the func-
tion Ds(%o): Kx,(Xo) — Y, which assigns y € ¥ to each x e Kx,(x;) in the manner
described in Definition 5.

For other properties of differentiable functions we refer to [3].

Transformation of tangent sets

Let ¥, © Y. In what follows we shall denote by f~*(Y;) the counterimage of Yo
by /.
PROPOSITION 6. Let f be differentiable at x,. Then:

(Df (xo))_l(Ly,, ((xo))) = Kxo(xo) A Lp-i¢xgyvcomp Xu(x‘));
Kpmiory (%) € (Dy(xo))™ (K, (f(50))-

Proof. Let x & (Dy(%0)) ™ Ly, (f(%0))), that is, x € Ky, (xo) and Ds(xo) (x)
& Ly, (f(xo)). There are >0, Ve ¥ such that Fxo)+s(Ds(xo) () +V) = Yo
for all s & (0, 7) (Definition 1). There are ¥ > 0, Ue % such that (o s(x-+1))
[ f(xo)—l-s'(D,(xo)(x)+V) whenever s € (0,F), ue U and xo+5(x+1) €Xo (Defini-
tion 6). Write r = min(F, 7), and let s € (0, r). If u € U, then either X0+ s(x+u) X,
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therefore f(Xo+s(x+u)) € Yo, or xo+s(x+u) ¢ X,. Consequently, x,-+s(x-+ U)
€ [ (¥s) v comp Xo, which is equivalent to X € Ly-1ryy o comp xo(%0) (Definition 1),
The second inclusion follows from the first inclusion by replacing ¥, by comp ¥,
and using Proposition 1.
PROPOSITION 7. Let f be differentiable at x,. Then:

(Drx0))™ I (f(50))) € Kio(66) 0 r-scxgroomp xo(%o);
kprarp(%0) S (Dr(x6) ™ ro(f(%0))) -

Proof. Let x & (Dy(%o)) (b, (f(x0))), that is, x & Kxo(xo) and Dy(xo) (x)
€ Iy, (f(x0)). There is a ¥ & ¥ such that for every ¥ > 0 there is an s & (0, 7) such
that f(xo)+5(Dp(x0)(x)+V) € ¥, (Definition 2). There are ¥ > 0, Ue® such
that f(xo+s(x+u)) €f(xo)+5(D(x6)(x)+V) whenever se€(0,7), ueU and
Xo+s(x+u) € Xo (Definition 6). Let r > 0. Consider # = min(r, 7), and choose
s€(0,7) as above. If weU, then either x,+s(x+u)eX,, and therefore
S(xo+s(x+)) € Yy, or xo+5(x+u) ¢ X,. Consequently, x, +8(x+U) = f~Y(Y)u
wcomp X,, which is equivalent to X € [-1ygyucompx,(¥0) (Definition 2).

The second inclusion follows from the first inclusion by replacing ¥, by comp¥,
and using Proposition 1. .

THEOREM 1. Let f be differentiable at x,. Then:

(a) on(xo)n(Df(xo))“‘(LyD (f(xo))) S Lp-1ypy(%o)

S Lyy(%o) 0 (Dr(x0)) = {fono f(xo)));
0) I (60) 0 (Dr(50)) ™ (Lyy (F(50))) S Lty (o)

S Ixy((00) 0 (Dy(oxo)) ™ (Ko /%0)));
©  Fexy(%0) v (Dyx0)) Ly, (f(%0))) € Kp-serey (x0)

< fexy(o00) 1 (Dy(x0)) ™l (1x0)) s
@ (Dsx0)) ™ (Lry (f(x0))) € Kpicrpp(o) € (Drx)) ™Ky (£ Gxo))) -

Proof. First, if x & Ly (%0) N (D,(xo))"i(Lyo ( f(xo))), then x € L1y gy oomp 2o (¥o0)
(Proposition 6) and x € Ly-yry (%) (Propositon 4); thus the first inclusion of (a)
is verified. The first inclusions of (b), (¢), (d) can be proved in a similar way.

Next, if xeLpyyg (%), then x €Ly, (xo) (Proposition 3), x € kpe10ygy(%o)
(Proposition 2) and xe (D,(xo))"‘(kyD (s (xo))) (Proposition 7); thus the last

inc;usion of (a) is established. The last inclusion of (c) follows from Propositions 3
and 7.

Finally, if x & ¢y, (%), then x & ly,(xo) (Proposition 3), x & K1y, (¥o)
(Proposition 2) and xe (Df(xo))‘l(Kyﬂ (f(xo ))) (Proposition 6); thus the last
inclusion of (b) is proved. The last inclusion of (d) is the same as in Proposition 6.

~
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THEOREM 2. Let f be differentiable at x,. Then:

(® Lx,(xo) N (Df(xo))_l(lfo (fx0))) € Lo(%0) Olg-scr(x0)
S Le(xo) 0 (Drla)) ™ Ky, (010
) kx,(x0) N (Df(xo))_l(lfo (f (xo))) S kxo(x0) N Kp-1z) (%0)
S ky(%0) 0 (Dy ()™ (Kro 1%0)))-

Proof. First, if x & Ly,(xo) n(Df(xo))’l(lyo ( f(xo))), then X € L-stvgyw somp xo (Xo)
(Proposition 7) and x € [y, (%o) (Proposition 4); so the first inclusion of (@ is
proved.

Next, if x €kxo(¥o) 0 (Dr(x)) (I, (f(%0)))s then  x € Lsgryyocompro(X0)
(Proposition 7) and X € Kp-1¢v,(x,) (Proposition 5); so the first inclusion of (f)
is verified.

Further, if x & Ly,(x0) N [p1rg) (o), then ¥ € Kp-1¢y,y (o) (Proposition 2)
and xe (Df(.vco))“(!(yu (f(xo))) (Proposition 6); so the last inclusion of (e) is
established. .

Finally, the last inclusion of (f) follows from Proposition 6.
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