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OB OJHOM HHTErPAJIBHOM VPABHEHHHU
H3 TEOPHM HIP

P. B. TAMKPEJIMI3E
Mamemamuueckuil uncmumym usn, B. A. Cmexasosa AH CCCP, Mocxea, CCCP

Brlupcnenye crpareriy B TEOPUHM UID IPECHICHOBAHMS M YKIJIOHEHHS CBOJIMICH,
KaK IIPaBMIIO, K PELICHWIO MHTETPANBHOTO ypaBHEHMA Twua Boisreppa, koTopoe
OJ{HAKO MOYKET ¥ He PEIaThCA CTaHJAPTHBIM IPMMEHCHHUEM METOJA MOCHEN0BaTeNb-
HBIX NpROIDDKEHMH M moTpedyeT CoelManbHBIX IPHEMOB. Bojee TOro, mpu msy-
weHur AuddEepeHIMANBHEEIX MID YKIOHEHHS C HEJMHEHHBIM YIPABICHUEM S CTONK-
HYJCS C HEpaspelluMBbIM B OOBIYHOM CMBICIIC MHTETDAJIEHBIM YPABHEHHEM ¥ UIA
PeLIeHHs MIPOBO 3a1aul IPUIIIIOCh 9TO YPABHEHUE PEIATh B HEKOTOPOM 06001IeH~
HOM CMBICJIE, KOTHA PEIICHHAEM ABIIACTCA HE KOHEYHOMEPHAA BEKTOPHAA (DYHKIWML,
a Mepa, 3aBUCAINAA OT BpemerH. UTo0BI IOy HTh TaKOE PEIICHHE, METOJ II0CTICH0~
BaTEJILHBIX NPHOIMDKERMH NPpHUIIOCh KOMOHMHEPOBATE C HEKOTOPOM CIIENMATIBHO
L7 9TOM IENM IPUAYMAHHOM KOHCTPYKIWeH, KOTOPYIO sI HASHIBAIO OapuyeHmpu~
YECKUM BHIMEMAHUEM MEDBL.

B pmoxnage Oyner ommcaHa 3Ta KOHCTDYKIMS M OyeT IOKasaHO, KaK C e&
[OMOLLBIO TOLyUuTh 0600LeHHOe pelenye. Bee mocrpoerys Mbl GyIeM IMPOBOIUTE
JUIsL YIIPOLIEHHOTO (MOENEHOro» NpHMepa, KOTOPBIA M30aBHT HAC OT MHOIHMX He-
CYILIECTBEHHBIX, TEXHHUECKUX JAeTajlel, IOJHOCTHIO COSPAHMB OCHOBHYIO TPYIHOCTH
peansrol sagaun. Juddepenipanbaasg ¥Urpa, Ui KOTOpol BOSHHKIA HeoOXomn-
MOCTH B OGOCIIEHHOM PEIUEHMH MHTIETPAIEHOrO YPaBHERHSA, 4 TAKXKE PELICHHE 10~
JTyYeHHOr0 TaM YPaBHEHMS, HOApoOHO omucaHsl B paGore [1].

IIycrs 0 < ¢ < T — OTPESOK BPEMEHHON OCH, V' — KommakT, A(t, v), B(t, v)—
JiBE OTPANMUCHHEIE BEKTOPHLIE n-MepHble QyHKimm aprymemra (7, v) € [0, T]x V,
H3MEpHMBIC 1O ¢ X HenpepriBHbie 00 v, O6osHauum uepes F, MHOIKECTBO

F, = {d(t,v)| v eV} < E",
a uepes co F, — pemyxiyio oGonouxy muoskecrsa F;. Ilpemmonoiuam, uro BHYT-

PEHHOCTh MHOMKECTBA
[1 co F: = E”

tef0, 7]
He mycro. CHeoBaTENbHO, CYIIECTBYET TAKOH 3aMKHYTBIA #-MepHBUL map Q, uro

(1) Int(Mco F) = Q.

or [83]
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3amagum IPOMSBOJIBHYIO H3MEPHMYIO (DYHKIMIO
) wi)eQ, 0<t<T,
H DACCMOTPUM YNPABJISIEMOE YpaBHEHHE

o
3) i = Al o)+ B(r,9)dr—w(n), 2(0) =0, 0<(<T,
0
B KOTOPOM 2z -— YUDABJLACMASA TOUKA, ¥ ~— YIPABJFIOIMN napamerp.
Hy»wmo 11t npoussombrolt dymcan (2) Bpibpars yupasnenue (), 0 € 1 <
< T, rakum oBpasom, urobur na Beem orpeske 0 € + € T mojyms |2(r)| ne upe-
BOCXOJMIT CKOJIb YTOHO MAJIOr0 HAepeNsafanmoro ¢ > 0:

@ lz)l<¢, O0<t<T.

Cpasy BHAHO, YT0 HAJIOYKEHHEIe Ha ypasuenpe (3) yenonma (1)~(2) cmaumcom
001141, wr0BB1 MOYKHO GHLITO BHIGPATL TAKYI0 HEMEpHMYyI0 Gymitwo v(f), 0 < 1 < T,
AJUL KOTOPOM BBEIMOMHSANOCH 661 TOXRNECTBO z(1) = 0, 0 < ¢ & T, 1.6, MHTErPAIIL~
HOE YpABHEHME

t
® A(t, 'v)-i-SB(r, Vdr =), v(t)eV,0<r<T,

0
OTHOCHTENLHO BepasecTHol (yrrampm v(f) BoobuUIe roBapsL He MMEET PEXUCHMS DK
yenopmax, (1)-(2). B camom pene, ecrm ypasuenmo (5) MOXHO Gbio 651 yHoBIe-
TBOPUIE, TO XIDH JOCTATOWHO MaNGIX ¢ Toukm A(f, v()) u w(f) 6oim 6ol ouens
6muarcw, wro ma yenosumit (1)~(2) BoBCe me cnenyer.

Taxum o6pasom samaua ynpasaersas (5) me PASPElIMMA B KJIACCE OGBLIMHBIX
ynpasnennii, Pacumpum oToT Knace, BBeAa oG0GILICHMBIE YUDABIEHNS, T.6. Ce-
MeHCrBa BEPOATHOCTHEIX Mep Yy, 0 < t < T, PACIIPEIETIEHHBIX Ha Komuaxre V.
Torpa ympasasiempiit mponece (5) sammuwercs B Brge

t
z = {40, 0)du(0)+ {dr | B(z, 0)dun(o) - (1),
v 0 v

Tie ucxombin sBiAercst obobuennoe yupasuene 4, 0 & £ € T, ¥ HONBITAMEst
BBIGpaTh €ro TaKuM 00pasoM, wrobsl YROBICTROPRLD YCaoB IO 2(1) = 0, 0 £ ¢ <
< T, 1.6 BMECIO MHTErpalLHOro ypasmemms (5) GYNOM DPEIINTh HWHTErPAJHHOE
ypaBuenye

© § 4G 0)du(0)+ {dr § B 0)d(o) =0, 0< 1< T,
14 0

T/ie MCKOMBIM SIBJIAICTCH CEMEHCTBO BEPOSTHOCTHEIX MED fey 0 & | € T, 30/TaHUbIX
Ha V.

MpI moKanem, 910 Py HOCTATOUHO MAMmOH amaee orpeska 0 < ¢ < T ypas-
Herpe (6) Beerza mmeer pemenue py, 0 < ¢ < T, €C/M TOMLKO BBINOIHENB! YCIO-
BuAt (1)~(2). Crepoparensro, ampoxcummpys oGoSmentoe YUPABICHHE (f M3~
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BeCTHBIM 00pasoM OOBITHBIM YIIDABJIEHHEM, MBI TEM CAMEIM DEITHM MCXOJHYIO
sagauy ynpasierus (3)—(4).

Pemenme pr, 0 < t § T, ypaBuenus (6) Gy/iem HasbIBATE 0006UeHHbM PEULEHUCH
mHTErpansHoro ypasrerms (5). Cnemyer ofparurs BHuMamue Ha TOT axT, uTo
ypasrenue (6) JHEHHO OTHOCHTENBHO HEMSBECTHOM MEPEI 14;, XOTA HCXOHOE YPaB—
mempe (5) COAEPIKANO MApaMerp v NPOMBBOJBHEIM HEJTMHEHHBIM 0GpasoM.

Ilepermmmenm ypapHerue (6) B COKpALIEHHOM BHIE

t
¢) wA)+piB)dr = 0(t), 0<1<T,

V]
¥ OPUCTYOMM K €ro pemesmio. B mpocreifem ciyuae, xorga B = 0, moxydmm
ypaBHeHuE

® m(d) =), 0<t<T,

KOTOPOE MOXKHO HHTEPIIPETHpPOBaTh Clefyronmm oGpasom. B xakpabli mMomeHT
BpEMEHH CeAyeT PaCHpeNeNTh Ha KOMIAKTe V eNMHIUHYIO MEPY 4, Tax, 4TOGBI
nipu oToGparkermu 4 (f,+): ¥ — E" 51a Mepa pacmpelesnmaiach 10 MHOXKeCTBY Fy =
= {A(t, v)| v €V} C HEHTPOM TAIKECTH B TOUKeE

w(t)eQ =Int (M cok;
t

KpPOME TOro 3Ta Mepa M, JOJDKHA M3MePHMO 3aBHceTh OT f. Ecim cooTBeTcTBYyIOIEE
4 pacmpenenerue Ha MHOYKecTBe F; oGosnauuTs wepes ¥, To dopuyny (8) moxmo
3anMcaTh B BUE

) = { edn(e) = 0(t) € Q.
Fy
Hckomoe pacnpenesenne y; OyIeM HasbIBATh GapuyeHmpuecKum eulMEmanuen -
HMUHOM 6-MEPBI J,(y HA KoMIaKT V, onpenensememv bysxamueit A(f, v); cooTBer-
CTBEHHO, ¥; Oylem HasbIBATH GapMUEHTPHUECKNM BEIMETAHHUEM MEDHI Ou¢y HA MHO-
xecrBo K.

Hnsa pewerys MHTErpaNEHOro ypasHenust (7) MPHUAETCST NOCTPOMTH CeMeHCIBO
GapHUEHTPUYECKAX BBRIMETAHMI, YIOBJICTBOPSIONMY NONOIHATEIEHOMY YCIOBHIO
soarmuaneBocry. Chopmymmpyem 5T0 TOUHO.

Ilycrs P — MHOIKECTBO BEPOATHOCTHBIX Mep B 0(aHAXOBOM NIPOCTPAHCIBE
Bcex Mep Pagoma ma,V B mycts K — KOMIIAKTHOE MHOMKECTBO, JeXKaliee B
Int (:\ co F,. TIpemmononum, 4ro 3afaso cemeicTo orobpaskenuit n3 K B m:

(©) m:qgemit g =meheM, qek,

Y XOBJIETBOPAIOLIMX CIEKYIOLIMM TPEM YCIOBHAM:

0 § A, o)dmg, 5(0) = m(t, (D) = q, g€k,
v
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— YCHOBHE (GAPHUEHIPHYHOCTIDY, KOTOPOE MOYKHO ellé 3arcaTh Tax,
S an(hq)(e) =4q,
Fy

rpe n(t, g) — o6pas mepsl m(t, ¢) npu oTobparkermm A(t,-): V — E".

(10) gek,

(ii) Mepa m(t, ¢) nemepuma 1o ¢ B cnabo 3BE3AHOM CMBICHE — I J0GOK
HenpepsBHOH Ha V uucnoso# dymxumm ¢(v) dymiimas

a(t) =-'S p@)dmy, @), 0<t<T,
v

uamepama mo .
(iii) ITpm xaxmon t € [0, T] orobpakenune m; THIUIBLEBO, ¢ KOHCTAHTO! He
sapucseit or #:

(1) llm(t, ¢)—m(t, g < ellg'—4"ll,  ¢,4" €K, te]0, T].

B aroit hopmyne HOpMA ClIEBA — CHIBHASL HopMa (HOPMA MOJHOH BapHaLwm) B Ipo~
CTpaHcTBE BCeX Mep Ha V', HopMa cnpasa — (uxcuponannas nopma B E”, Hanpumep
E€BRITU0BA. )

Ecnm cemeiicTBo oroSpasienmii (9), ynosnersopsuouwx yenosuamy (i)-(iii)
39JaHO0, TO C €r0 TOMOIIBIO MHTEIPANBHOE ypaBHeHye (7) JIEIKO PEIIaeTCs METOLOM
TIOCTIEIOBATENBHBIX IPUOIHIKEHNMH,

B camom mene, nycrs () — NeKOTOpHIA miap, coepranmics B Int()co Fy)
t

¥ COREpIKAIumit Q CTPOro BHYTPH, M IIPEANONOMKAM, YTO CEMEHCTBO GapMueH TP~
veckux Bemveranmii (9) mocrpoero A komnakra K == Q Onpenernam

©
e =m(t, o),
) HO)
() = ot)—w(Bdr, 0<1<T
0
¥ 3aTeM IO MHIYKLIMM 3afauM Iua Beex [ == 1,2, ...
[0) 0}
e = m(1, ¢(0)),
(1) 0!
q () = w(z)-—S w(B)dr, 0<1<T.

910 Beerna Momuo npy pocraTowno masom T > 0, rax ke w(f) & Q, ¥ crenoBa~

TENLHO BCe q ed,0 <t T, ubono yenosmio (Gyrius B(f, v) orpammuena
|B(t,v) € d Y(,v)el0, T]xV.
Hneem, B coy GapiueRTpHUHOCTY BHIMETAHHA M,

G =m@ Ly =

(0]
TaK 9TO €CIH NOCIEAOBATEILHOCTE M, CXOTUTCS TIpx = 0 K ﬂeKOTOpOﬂ BEPOAT~

+1) 130
7'() = o)~ | (B)dr,
0
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HOCTHOI Mepe fy, 0 < ¢

TOJTY UMM

< T, 10, mepexofA K mpenesly B IOCENHEM DABEHCTBE,

() = 0O~ {u(B)dr,

T.€. MPEACIIbHAA MEpa ABIACTCA MCKOMBIM DEIIECHUEM.

(9]

PaBromepHas CXONUMOCTE 110 ¢ TIOCTIEXOBATENBHOCTH U, 0 < ¢t < T, B camb-
HOM HOpME IIOJIyUaercs cpasy M3 CIeTyrolel OueBHTHOM OLEHKH, HCIIOIE3YIomeH
JTRIMALEBOCTs Bhmverammst (11);

+1)

I pe ~/h|| = Hm(t q (t))-m(t 4(1))||

YOG [Cabd)
Gl mar] < aa{ il <
[}

(i+1) O]
cll g D—q@ll =

(cdT)!
i

t[
= c| < (ed) 7 <

TloKa3aTeNBCIBO CYIIECTBOBAHUA cemelicrBa (9), YAOBIETBOPAIOUIErO YCIIO-
Busm (i)-(iii), moxxmo mposectn cienyronmam obpasom.

TIpesxpe BCero, 3 OBLIMX Te0per 00 H3MEPHMBIX CETIEKIIMAR, HEIOCPECTBEHHO
CNIENyeT CYLIECTBOBAHME TAKHX 7+ 1 MSMEPHMBIX BEKTOPHEIX ¢$yuxouit or ¢

go(t)s o5 gn(®); 0 < t < T, uro
Vtel0,T] qt)eF,, i=0,1,...,r
" co{go(t), .., ¢:()} 2 Q, te[0, T].
Ilanee, MoyxHO BBIGpATh TaKMe r--1 M3MepuMble (QYHKIMM CO SHAYEHMSAMU B V:
Do(t), ..., v(t), 0<t< T,
yro pasa moboro f € [0, T)
A v@®) =q@), i=01,..,r.

Tyers £ = co{0p, ..., Oy} — (DHKCUPOBAHHBIH r-MEPHBUA CHMILIEKC. Ompene-

M cemeitcTBO ahPUHHBIX OTOOpayKeHuH

fis Z = co{goQ), ..., ¢:(1)},

samas f, B Bepummax: fi(o) = q(t), i = 0,1, .., 1.

Ouesmyo A mo6oro ¢ € co{ge(t), ... » )} mpoobpas fi*(g) — BEmIYKIOE
3AMKHYTOE MHOKeCTBO B Z. PaBHOMEPHOMY DPACIPENSICHHIO CAMHHYHOH MAcChl
0 MIOIKECTBY f;~*(¢) COOTBETCTRYET MEHTP TAKECTH — HEKoTopas Touka o(f; g) €
€ 2; e GAapHIeHTpHUECKHe KOOPAMEATEL Mo(ty ¢); +.. > M (¢, §) M ONPEMEIHIOT uCc-
KOMYIO MepY m (2, ¢), KOTOPAs B JAHHOM CIIydae AUCKDPETHA M COCPENOToueHa B r+1
Toukax vo(f) ..., v(t) co smaveHmaMm Mot 4)s .- s m(t, g). Mepa n(t, ¢) —
dopmyna (10) — COOTBETCTBEHHO COCPEMOTOYEHA B TOUKAX o(f)s .- g.(f) ¢ Temm
JKe SHAYCHMAMH m(?, ¢). BapHUeHTPHYHOCTS MOCTPOCHIOrO BEIMETAHM m(t, g) —
ceolicrBo (1) — OYeBMAHA M3 YIOCTPOSHHS, & USMEPUMOCTE 110 ¢ TAFOKE JIETKO [0-
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xasars. Jlumomanesocts — cBOHCIBO (1ii) — CHEAYET M3 HECHOMKHOM OMEHKH i~
TerpanoB 1o muoxcecrsam f;Y(q).

B CBASH C HBN0KEHHBIM €CTECTBEHHO CHOPMYIMpPOBATh CIEAYIOLIYIO 3amauy.
Tax xax ypasrerue (7) HAXO pemiaTh B PCALHOM BpEMEHH (B XO/E WIPHI), 2 Omm~
CAHHBIN IPOLECC IIPUOIKEHMA CXOMMTCS Tem OBICTpee, UeM MEHbIIC KOMCTAHTa
Jmmureua B Gopmyne (11), T0 JKeNaTesBHO yMeTh XpM 3amaHHoM cemelicrse F,

u Kommakre K crpomrs cemeiicrno peimeramuit (9) ¢ Haumerbluel KONCTAHTON i THE DUALITY OF CONVEX FUNCTIONS
€ KOHCTaHTOMH, GIIH3KOH K BOSMOMKHON HrpKUEH rpas. Mue HeHSBECTHO, HACKOIEKO AND CESARYS PROPERTY ¢
OIMCAHHBIA METOJ TOCTPOCHMS CEMEMCTBA M, JAeT KOMCIANTY, GIMSKYIO K Jena~

eMoit, GERALD 5. GOODMAN

Tureparypa Institute of Mathematics, University of Florence, Florence, Italy

R. Gamkrelidze and G, Kharatishvill, 4 differential game of evasion with non-
linear control, STAM J. of Control, 1974 (to appear). § 1. The property Q

Recent work on the existence of optimal controls and related problems (v. refs.

-cited in [3]; also [6]) has employed an alteration made by Cesari (op. cit.) in the
classical notion of the upper semicontinuity of families of closed sets that applies
in the special case where the sets involved are convex.

What is done is to assign to each point (¢, X) in some index set J belonging,
typically, to R x E,,, a closed convex set XK(#, x) in E,,, and then to form, at each
fixed point (7, ) in 1, the set

0@, % = pocl co U K x).
>

(thx)EN g
Here, ‘cl’ and ‘co’ mean closure and convex hull, resp., and 4/ denotes a d-neighbour-
hood of (7, X).

If the resulting set Q(, %), which is clearly closed and convex, coincides with'
K(t, %), then, in the terminology of Cesari, the sets K(z, x), “have the property 0
at the point (%, X). As Cesari observed, omission of the ‘co’ from the formula converts
it into the classical definition of closed or topological limes superior, and the classical
notion of upper semicontinuity of closed sets emerges.

Cesari’s operation can also be regarded as a limes superior—this time, in the
lattice of closed convex sets, when they are ordered by inclusion and the lattice
operations are defined by

/\lKl. = m;I(ss
V. K, =clcol . K.

Then the operation @ is just the order limes superior, when / is made into a directed

set by preordering points according to their distance from (7, ). Since the order
limes superior is preserved under order isomorphisms, we can expect to arrive at
equivalent characterizations of the property Q when we replace the lattice of closed

N [89]
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