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CTPYKTYPA PEIIEHHII CMEIMAHHOIX SATAYHU
W 3AJTAYH KOIIH IS OHOTO
HECTAIIHOHAPHOI'O YPABHEHHS

H.B. CYBEHKA
b5 wm Mame. AH MCCP, Kuwunes, CCCP

3amerKa NOCBAINEHA MCCIIENOBAHAIO CTPYKTYDHI PEIIEHIIT CMEIITaHHO% aa,matm H 32~
mauw Komu A ypaBHEHMs

2 du(t,x) _
(1) A(E)u(t,x)+a———*5t~——-0,
roe
a 32k+1
A(—a;)z—wa—xm—, kzl, a= +1.

Ha ocrOBaHWM mHONyYESHHBIX IpEeICTABNEHWI pemaercs Ges Tpyxa sajaua
HCCTIENOBAHMUA B IEJIOM IIOCTPOEHHLIX pemmennii. B nepBoit wacTa paGoThI paccmoT~
DPEHHA BEMYTCA LPEMEHHTENHHO K 3afade Kommr. Bo BTOpOH >ke yacTd mOX TeM
7K€ YTJIOM 3PEHUA COOTBETCTBYIONIHE MCCIETOBAHMA BEAYTCH [ CMEINAHHOM 3a-
Jauyyd Ha IOJIYIPSMOH.

1

Moso moxasaTs, ITo 3HAK IPH IPOXSBOIHOMN 110 7 UMEET OTPEETeHHOe SHAUCHHE .
B sroit ceasu cemeiicTBo ypaBHenwmit (1) pasbmsaerca ma gBa mopceMelicTBa BAA

azk+1u _ ou
@ ST (=D =0
u

azk+1u du
3) W+(—1)’°a—=

JJIA KOTOPBIX MCCIIEIOBAHUS TIPOBOIATCS OTHENBHO. Taxoil pasmelbHBINA TOIXOLX
BBI3BAH TEM, YTO Z-KODHH ypPAaBHEHUS

@ 224 (111 =0, Rei>0,
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obmagator cBoMcrsamu: Rez; <0, i=1,2,...,k, Rez >0, i=k+1,...,2k+1,

B TO BpEMS KaK Z-KODHH YDaBHCHHA
® 2P (=1DFA =0
raxme, uro Rez; >0, i=1,..,k, Rez; €0, i=k+1,...,2k+1.
(2) IIycre u(t, x) — pelleHue ypaBHEHUA (2), ynoBIeTBOpSIOLIEE YCIOBRIO
(6) u(0, x) = @o(x).

Jemma 1. Boau  po(x) € CH(RY, h = 2k+3, |0 (x)| < Mexp {8|x|} npu
X —00, 20¢ 6>0, a npu x— 00 eeaununst Re pf’(x) u Im @ (x) moromonmo
cmpenamea k wyaro (1), mo pewenue 3adavu (2), (6) umeem aud

@ w(t %) = po(x)+ (= DF gV + .. + (";.)k” 1 RO (x) + ..

h—1

ol [

RS, el el )
|zt !

ity k —c0

[ oD% | ememoprass

Z
—jo+y r=1

G

2ni

2k+1 +0
Ar

e-—zy(E—-x) ‘P(‘)h)(f) df} Lﬁ.,

r=k+l x
20e A7' = (2k+1) Z2%.
JIemma 2. Ilyems cmenens 2aadxocmu h gﬁyma;uu @olx) u noaebeuue P (x)
npu X — — o0 makue one, xak 6 semme 1, Ecau o (x) € Ly(81,0), 6, €RY, u cy-
wecmsyem mpeden

x
.1
hmT S P () dy = m* {e}, a>0,
e x—1
moz0a pasHomepHo no X u3 ar06020 Komnaxma K < R

lim ¢ ( S ﬂk*: )u(t,x) =

1=
{04y k ©
- (“l)kmi {99((3")} . 1 S Z S 260 “,1/(2k+1)d d
2k+1 i 2k+h— 2 k+h— n(az.

—loty » 2k+1 r=1

(1) JIuGo 7’6‘) € Ly (8o, 00), 8y ER™.

icm°®

CTPYKTVYPA PENEHH CMEIIAHHOHN SATAUM M 3AJAYM KOIIH 105

Ecau oce (%) € Li(R), mozda

_(2k+h _1)
lim ¢ \2Ze+1 y(t, x) =
=00
)k 13 . 2%e+1 .
(=1 Z ) -ty Z‘ ) g-» 1
=%+l P (=) + p = (~) IR
=1 r=k+1 I|i=—/——
(5%+1)

20e z, = W AY@HHD
(6) Ilycrs u(t,x) — peenne 3a7aun 3), (6).

Jlemma 3. Eeau @o(x)eCH(RY), h > 2k+3, | (x)] < Mexp{dx} npu
x— 00, 20e >0, a npu x— —0c0 sequuuns Repd?(x) u Im@f? (x) moromonro
cmpemamen K wyaw, mo pewtenue 3adaqu (3), (6) umeem 6ud

_1)&-1)8
@) (1) = pol@)+(= D HPFHD () + .+ (—1)7— 15 g IR(x) 4 ..
(k—1)
( 1) [ 1] (2k+')[2k+1](x)t[2k+1]
l2k+l
( 1)" . foo+y f_‘ y
g S e"{}_J 3 Se""e“"’ P (§)dE+
27 7
—i04y r=1 X
k41 —o0
+ ‘:}: S e~z o0 (E) dEL dA.
r=k+l T X

JIemma 4. ITycms cmeners zaadxocmu h dyrxyuu po(X) u nosedenue PP (x) npu
X = 00 MaKue e, Kax 6 ACHME 3. Ecau 9P (x)eL, (61,—00), 6, = R*, u cywecm-
gyem npe()e/t

x+1

im - { oP0)dy = mi (o) a>o0,
I+
) ,

mozda pasromepro mo X us arobozo xomnaxma K < R*

2k+h
lim ¢ 28T

=00

1) u(t,x) =

T iy b k ©

(=1 m% {pf} 1 S e { 1 S ag-mptlxtD g |
= "5 Thrh1 E prevecel Rkt #az-
2k+1 27 iy ;TR L 7 o
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Ecau oce p{P(x)eL,(R), mozda

_(.2"_"_’1_)
lim ¢ V261 y(t,x) =
1>
k : 2%k+1
(=1 1) o L) go- L
= g 1|2 ] #8 | D G| o0
r=1 . r=k+1 I‘(m)

202 GEAUNUHBL (O, UMEIOM MOM XCE CMBICA, WO U 8 JeHME 2.

B saBepinerue sroro pasnena NpUBEZeM PEACTaBNEHMe perennst sanaqn (1),
(6) B ciywae, xorma @i +1(x) e WE(RY), 1>2k+2, h>3.

Hmeer mecro Taxoif pesyswrar: bymmima u(f,x) — pemesme 3amaum (1),
(6) — mmeer BHZ

t 12 .1 28
u(t, ¥) = po(x)— — Ago(x) + 5 47 Po(¥) =57 = A po(x) + ...
-1y —1)t-t g1
+~f-l_%-t—z,~A Po(X)+ ... +(‘(;'—_)T)!—7;.TA"'1%(JC)+
(- 1 S B! S & dpy(8)
+"'_—a,‘_1 ﬁ_iw+77ﬁ' %’_m (Z-E)zk+1+al“ dérda,

rae f(£) — npeoBpasonamue Pypse dymrmmm f(x) e L,(RY). Tlosenerue no Bpe-
MCHJ IIOCTPOCHHOFO DEIICHHS MMEET XapaKTep NpENEeNbHOr0 MHTErpaBHOTO pa-
BCHCTBA ¥ yCTAaHABIMBACTCH HA OCHOBE HEKOTODPBIX JemM u3 [1].

2

(a) Ilycrs u(t,x), t>0, x>0, ects pemieHne 33/1aun

92k+1 u(t, x) ou
® TR AL +("1)t_1—§= 0, >0, x>0,
10) u(0,x) = ¢1(x), x>0, .,
-tu(t,0
an —_a;fgl_)=ﬁ(t), t>0,

e ¢1(x) m J}(f), J=1,2,...,k — sanamnsle QyHExnm.

JIevma 5. Iyems @y (x) € C*[0,00), h > 2k+3, cesuwunn Reo®(x) u
Im {" (x) monomonno cmpenamen x uymo npu x -, fi(f)e CM0, o0), by > 3,
af{eCh[0, 00), by, 22, u dymxyuu f&9(5), 820, j=2,...k, donycxa-
wm npeobpasosanue Jdansaca. Tozda ecmayem pewsenue 3adawu (9), (10), (11),
Komopoe daemcs 6 sude cymms u(t,x) = Up, (1, X) +up(t, %), 20e u, (t,X) — pe-
wenue sadauu (2), (6), @o(x) — npodosscerue dyrryun @4 (x) uz (10) na eacwo
SEUYECNBERHYI0 OCb C COXPAHEHUEHM CMENcHY ZAGOKOCIMU U ONPEDEeHHNIN 3aKOHOM NO-
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sedenusn npu X - — 0, up(t,x) — peusenue ypasuenun (9), ydossemsoparousee
00rHopoOHOMY yeaosuro (10) u 2panuuromy ycaosuro
&= ug(2,0) 1y, (¢,0)
gt = A - ——
JIemma 6. IIyems dymiyuu @i (x) u f;(1), j = 1,..., k, ydossemeopsrom ycao~
BUAM JAeMMBL S, Cywpecmsyrom npedesst
1

lim - { A% () dr = my (7®), @ >0,
- e

=12 ..,k

-

U uMeem mecmo pagehcmso

1 i—1
0{1+h1 = d2+hz+m‘l—— = drl"hrl"‘m‘-—
= ox+h it B azh
=gt t Erl %
Toz0a cnpasedaugo npedessHoe COOMHOULEHUE
k o4y o0
tmeeuen = Y gy | || werade
1200 4= TCL _m_'_yzhj«x» ST ~1 °

Jpyree BosmMoxmsle cATyarmE B mosefeHmE dyHxmut @i(x) u fi(1), j=
=1,...,k, MBI omyckaem.
(6) Iycrs u(t,x), t =0, x>0, ecTs pemenne 3afadTd

e az‘:-*—lu du
(12) W+(*—1)k—a—t=0, t>0, x>0,
a3 . u(,x) = (), x>0,
150t
(14) %.E—;Q=fj(t), >0, j=1,...,k+1,

1 BBOIOJNHEHB! YCIOBES COIJIACOBAHHA:
[10) = 9,0),  fi(0) = (=1 **+1(0),
£0) = =10, j=2,...k.

Jlemma 7. Iyemw dymxyuu  @1(x), f:(¥), i= 1,....k+1, ydosaemsopaiom
yeaoeuro .

@1(x) € C'[0, 0),
f1(t) e CM[0, ), hy >3,
u cywecmeyrom obpasw Jansaca dymyuii f# (1), i= 1,...,k+1. Eciu esnos-

Henst yeaosus cozsacosarun (15), moeda pewenue sadawu (12), (13), (14) Ocemcs
cymmoli u(t,x) = uy, (t,%)+up(t,X), 20e u, (t,x) umeem 6ud (8), po(x) ecms

13)

lpP(x)| < Mexp{6x}, x>0, 6>0,

fi(HeCh[0,0), hy=2, j=2,....,k+1,
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npodoaorcenue Fyruxyuu i(x) usz (14), yoossemsoparuee yciosunm semmss 3, a
e (1, X) ydosaemsopsem ypasreHuro (12), o0nopodrony ycaosuro (13) u zpanuynvin
YCAOBUAM

=t ug(t, 0)

&1y, (2,0)
oxI-1

= £(1)— B =1kl
ox:
B ITOM CJIy4dae HMMEET MECTO TIOXOXKHIX B CMBICHE JIOBEACHUS II0 BPEMCHH

TaKoH DPesyJIbTaT.
JIemma 8. ITycms gﬁymfuuu p(x) u f;(1), i=1,...,

$) -~:k+13 hl

k, ydosaemsoparom ycao-
2k 1 =h, u 1#9(1) € L1 (0, 0),
fi#(t) € L1 (0,00). Tozda cnpasedauso npedessroe pasercmeo

. _ ("t"”(oo)—f("l"”(O)
lim t#- Dy (s, x) = L2 S
Jim 182 u(t ) (=11

suam nemmvr 7, hy > byt —

71_

3anmeqanue. HOCTPOC}IHI:IB HaMy BBIIIE DCIICHHA BXOI(}IT B KJIaCcC €QUHCTBECH-
HOCTH pememm COOTBETCTBYIOINUX 33/1a4.

JInTepaTypa

[11 M. B. CyBetixa, Peuenue sadauu Kowm dan 0dnozo u e20
ACUMPMOMUKA nPU DOMBUUY SHAUEHUAX spemeny. 11, I[ndnq)epemamnme ypaBﬂeHun 10.4

(1974).

Presented to the Semester
Mathematzcal Models and Numerical Methods
(February 3-June 14, 1975)
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‘ON THE SOLUTION OF A CLASS OF EQUATIONS WITH MONOTONE

OPERATORS BY ITERATION AND PROJECTION-ITERATION

K. GROGER
und AMerh

Zentrali fiir Math ik der ADW, Berlin, DDR

Introduction

In our lectures during the semester on “Mathematical Models and Numerical
Methods” at Banach Center we were concerned with the following problems:

1. Approximative solution of equations of the type 4u = 0, where A is a strongly
monotone and Lipschitzian operator.

2. Approximative solution of problems of the type Au+4us 0, where A is
a (possibly multivalued) maximal monotone operator and A is again strongly mon-
otone and Lipschitzian.

3. A posteriori error estimates for approximate solutwns of equatlons with
monotone operators.

The results we presented and further information on some special cases one
can find in Gajewski~-Groger—Zacharias [11] (Kap.IIL3, Kap. V), in Aubin [I]
(Chap. 10) and in a series of papers of Gajewski-Groger ([5]-[10]). Therefore, in
this paper we shall not repeat the contents of our lectures. Instead of this we shall
present some results, which are closely related to the subject of our lectures and
which were stimulated by our stay at Banach Center. We shall consider problems
of the type

Au+BAus0, wueD(A),

where A is maximal monotone and 4, B are strongly monotone and Lipschitzian.
Our results are slight generalizations of the results of Gajewski-Groger [5] on prob-
lems of the type Au-+ Au 5 0 mentioned above.

The paper consists of 3 sections. In Section 1 we start with a precise formu-
lation of the problems we are interested in and we prove an existence and uniqueness
result by means of the contraction principle. We show under some assumptions on 4
and B that it is possible to reduce the original problem to the iterative solution of
a sequence of problems with linear operators instead of 4 and B. In Section 2 we
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