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1. Preliminaries

Let L* (1 < p < o0) be the space of all 2n-periodic real-valued functions Lebesgue-
integrable with pth power over the interval { —=, =) ; the norm of fe L7 is defined
by the formula

T

1l = {§ 1corax]™.

-1

Consider functions f belonging to L? (1 < p < c0). Suppose that x, & are real,
and set

A1) = 3 (DSt G-,

(8; e = sup |45 f(ie»,
|hl<8

for arbitrary positive k. These quantities are called the k-th difference of f at the
point x, and the k-th modulus of smoothness of this function in LP-metrics, respectively
(see [3]). Denote by E,(f).» the constants of the best approximation of f by trigono-
metric polynomials

W= Y de,

y=-—n
that is
E, (e = i;}f”f(')_Tn(')”L"-
Write
EXie = (E.()rr)®  for positive g.
Suppose now that

o S[f]l= '.=Z_m ¢, e’ = %ao+ ; (a,cos »x+b,sin vx)

[247]
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is the Fourier series of fe L? (1 < p < c0). Put

Jalx) = S Se—w¥.(w)du for o> 0,
where

2 4, & iy aN—C - 1 e .
¥ () = Z ()%™, (iv) = ¥ exp(—zmocmgnv),

ya=—00

the dash ’ indicates that the term with » = 0 is omitted in summation. As is well
known ([9], I, pp. 36, 42, 69, 90-94; II, p. 134), the convolution f;(x) is Lebesgue-
integrable over (—=, ™) and

SUAl= D) @) e
y=—00
The last series converges, eventually, for almost every x; its sum
L(x) = L(x; f)
coincides with fz(x) almost everywhere.

Given any a € (0, 1), we define the derivative f®(x) of fe L? (1 < p < w)
by the formula

SO = '{;Ix—u(x;f):

provided the right-hand side exists. We set

r+1
FEI(x) = (f(a)(x))(n = ch'“ L o(x;f)  if r=1,2,...
For nth partial sums of the series (1) and its conjugate
o0
Stf1= Z (a,sinvx—b,cosvx),
=0

the symbols S,(x; f) and 5,,(x; f) will be used, respectively. The function conjugate
to fis defined as usual:

™
I | S 1
Jx) = ‘li%zi—i; ) {f(x+t)—f(x—t)}cot?tdt.
In this paper we extend to positive k and r two indirect approximation theorems
of M. F. Timan, given in [8], p. 126. We denote by 4..,..., Ba p,... etc., the suitable

positive constants depending only on the parameters oc /3, ... shown explicitly. As
in [S], C(k) will mean the sum of the series

2k o
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2. Fundamental lemmas

In the sequel the following three auxiliary results will be needed,
LeMMA 1. Let v, ¥ be the conjugate complex numbers, and let

Yo=0, yu=% *k=1,2,.).

Write
261 Q-1
V= D me Vo= > pen =12, ..
y=3f-1 y=""Dh 41

Then, if l <p < andn=1,2, .., we have

™ -1
S, Z ,yveivxg

=7 p=-=24]

dx < Ap_S {2 IVu(x)'i‘V—ﬂ(x)P}mdx

Proof. By Lemma 6 of [2], p. 351, there is a system of numbers #,, = 41 (m
=1,2,...) such that -

IZ nm(Vm(X)+V—m(x))| Z Vi (x)+V_,n(x)12} n=1,2,.).

In view of the second inequality (1) of [1], p. 86,

-1 k3 n

Z y, ey = S [ Z V,,(x)Ipdx
1 —T pu=—n

— oy 2Ny
( < Gp_gn!Z‘nm(Vm(x)+V_m(x))|pdx‘

Collecting these results, we get the desired estimate. .

LEMMA 2. Suppose that ¢ 0, k> 0 and 0 < h < ©/2*, where p is a positive
integer. Then,

28—1 R .
besin*vh— (v-+ 1)sink(r-+ 1)A| < By 5 - 24@+0pE,
p=2M=1 '

Proof. The left-hand side of the last inequality does not exceed

21 241

; (v+ 1) sin*vh —sin* (s + 1) | + }; 19— o+ 1)%) sin®sh]
p=at ya= 201

281 241
<24 |sintvh—sint(r4+ 1) + {O+1)1—p7) %,

v=2H#-1 p=2P—1

Further,
k—1pk—1) : ;
lSinki‘h-sin"(v—f-l)h] < {k.(v-H) 'R sinvh—sin(w+ 1A if k> 1,

Isinvh—sin(y+ 1) h* if 0<k<l
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and
. g+ 1% if g=1,
1= ! if 0<g<1
Considering the cases
(a) >1, k> b)) O0<r<l,k>
@ r=1 0<k<1 d o0xr <10<k<1

we conclude our argumentation.

LemMa 3. Letf,f,eL? (1 <
a e (0, 1), the functions

&) =Lax; ) @=0,1,2,..)
are absolutely continuous in {—, =) and that their derivatives
a® =2 @®=01,2,.)

belong to LP. Suppose further that

HACY=Ff( Ol =0, g )—¢( e =0 as
where @ is of class L?. Then the function
@ g(x) = Ii—ulx; f)
is equivalent to a 2m-periodic function h absolutely continuous in { —T, ), such that

H(x) = @(x) ae.
The proof of this lemma can be found in [6], § 2 (see also [3], pp. 532-534).

p < oo, n=0,1,2,..). Suppose that, for a certain

3. Main results

Passing to indirect approximation theorems, let us suppose that & > 0 and put
o=p |if o=2 if
THEOREM 1. Consider an arbitrary fe L¥ (1 < p < ). Then, forn =0,1,2, ...,

w"(n:-l ;f)

Proof. Evidently, we may suppose that

l<p<g2, 2<p<oo.

<ol {Z G+ DB ()

§f(xjdx =0.

Then, the Fourier series of fis of the form

)

e, with ¢ =0.

y=—00

Sif1=
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Let o be a positive integer such that
3) 2t g+l < 20
Write

m

Sn() = Sulxs ) = ) et

=

By Minkowski’s inequality,

NAEAC e < 1AEQAC) = SaoeyC)Ier+114E Sy 1 (-
Applying the well-known estimate

@ {§ vo-siaraf™ < s, 500,

we obtain

A5 ()= Saa- 1 (D> < CRNS)= S0y (ller

< COYMpEzo_y (f)rr < Ck) MpEyy i1 (f)rr.

Hence
® 4EACer <

It is easily seen that

CU My Epp s (fr?+114E S5 (<)l

k 201
AkSzﬂ_l (X—- 7}!) =
p=—2041

rY
fai X
(2151nv—2 ) c, e,

whenever 0 < & < 2x/(2°~1) (see [5], § 2). Putting ’ .

2/‘"—11 v
Vu(x) = L 2ismv~«) ce™ (u=1,2,..),
y=2h—1 2
—op—1
h\k
Vou(x) = Z (Zisinw—) ™ (w=1,2,.))
2
v=—2041

and applying Lemma 1, we obtain

|

~T7

k
Ak Sye_, (x - 711)

- p=1

Consequently,

14k So_y()llzr < 4o § (ZiV,,(x)+V_,,(x)lz) axf™.

“mop=1

"< 4, (> IV,,(x)+V_,,(x)Jz)pl2dx.

251
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If 1 < p < 2, the last inequality leads to

iSOl < 457§ Z 1V, + V- (0) e}

—mwa=1

WL

If 2 < p < oo, the Minkowski inequality gives
1/2

188520l < A (D § 19,0949 uorwas])

u=1 -m

= A;“’{Z V() +V o) e}

u=1
Since
201
n\* .
VG)+V_ () = Z (2sinv?) (c, e+ kn12) 1 G, g=ibx +kni)
=1
261 L\
=) (2sinv~2—) - 2Re(c, 03 +hn),
yes26—1
we have
19,09l = ||| 2 (s ) vl af ",
-7 p=2h—-
where
U,(x) = 2Re(c, & - eikni2),
By the Abel transformation,
(SHAAS
siny—) U,(x)
2
y=2#~1
242 B v P w1
. . ) O
- {Sm"VT—sm"(vH)?l} D U@t =g Y UG,
y=24-1 I=2#-1 J=2hi=1
Therefore
%2 .
P
ATl < Y in v__smk(m)__\{g S wif af” +
y=24-1 - (=201
ARSI LRt
+ sin“(Z“—l)Tt-{S’ > v dx} 3
—n [=2#-1
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In the case 2“"' < v < 2¢—1 (u=1,2,..),
I~ 7 e
(153 oo
A Juy a8t
v T . . 7 Y
=2 S Re Z c,e""coskT—Im Z c e sink—- dx}
AL B il 1431 2
kit v ™
» » \lp
< 2{5 Re Z c et dx} +2{S ‘Im ¢t pdx}w.
RS Byt fhr R B yrad'

Further,

L4 ¥

2Re Z ilx

c e =
1=2P-1 1=3F=1

-2

(@coslx+bysinlx) = S,(x; f)—Spu-1_1(x; £),

2Im

(asinlx—bycoslx) = 8,(x; f)—S1_1(x; £).
17 !

1

Consequently,

{ IZ v'ax) " \{

llp

:)ffax}

+ {_S" S,

By inequality (4) and the well-known theorem of M. Riesz ([9], p. 253),

G{S

< MpEv(f)L"+MpE2!‘“1—l(f)LP < 2My Epp-1_1(f)res

il ) 0} = G

S S aCes /)~ T e

Hs {_S 15,663 ) =7l e} +{§ 1Sancoses )~ Fop )

Qp{S [S,Cx; )~ f(x)l"dx} +Q,,{§ |Su-1_1(x; f)— f(x)]"dx}

< ZQpMpEz“-l—l(f)u.
Thus,

© l,.; G ) < Ny Byer s @1 <0 <21,
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Applying Lemma 2, we obtain

- ’ 123 h ‘ k h ¥
2 k|1Vu(')+V—u(')|lLv<NpEW—‘—l(f)L"\Bo.k‘z 5 +(2*-1) 51 [

HVu(- )+ V(e € Np(Bo, o+ DAY 2% Eps (e (u = 1,2, ..).
Hence

/e

L
(145 S01(-Yllr < AYP-Ny(Bo, e+ DA 2% Eecs_y(f)10}
u=1

It can easily be observed that

o o 2¢4-1.1
D 0 B (e < BBt Cur ) D 9 LEI(f)e.
p=1 p=2y=24-2
This implies
201
1/
o 145 Sy 10 llzs < Dy.ouueh*{ D0+ D121} ™,
»=0

provided 0 < h < 2x/2°,
Further, by Theorem 6 of [5] and the estimates (5), (7),

T 2r 2n
wk(m;f)u’ = wk( n+2 5f)z,p < wk( 2n+1 ’f)y’
< wk(zf—i;f) < C(k)wk'(é—’.f;f) = C)- sup_ 114l

» »
L L O<hg o5

< C) My Ezpis(Aro+ C(K)- sup (|4 Spo—1(-)lleo

0<h<———zﬂ
20 -1_
k 1

<Cl(k)MpEz,,+1(f)Ln+C(k)D,,_‘,,,,(z—f) { Z -+ 1) 1E( f)u}m
»=0

<C* )M, Eypy (ot C(k)Dp'“(%)" {22 (v-+ 1) LE3( f)u}m'
" v=0

But
2n

n 2n
2 OHIPE e = (D4 D Jort et m (e
'y v=0 v=n41

2n
< Z(’V—I—l)ek"lEf(f)Lp+E£+1(f)Lp Z (’l’+1)ek—1

r=0 v=n+1

< G O+ D¥E(f) o
»=0
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and

n

N H, 1fe

(Do < G5 D e+ e e}
v=0

Thus the assertion follows.

THEOREM 2. Let, for some positivep and e (1 < p < 00,0 < a < 1), the function
f be of class L? and

0

2
D B (N < co.
y=1
Suppose that the function g defined by (2) is continuous in the interval {—m, ©). Then
g is absolutely continuous in {—=, ©) and its derivative &' = [ (existing almost
everywhere) is of class L?. Moreover, forn =0, 1,2, ...,

@
T
wk(m; @) < Monaf ZH V(oo +
v=n

Proof. Consider the positive integer ¢ satisfying condition (3). Retain the
symbol S, (x) used above.
By the inequality of Bernstein~Civin type ([5], § 2), forv=1,2,...,
185 1(+) = S3-4_1 (]2
kid

< 2@ =D § 15010~ S

-7

<227 S 12— ()~ P dx) " + (S )= Spr-s_ ()P dx) )

< 2'zw{MpEzﬂ'..1(f)L"+MpEz"”‘—1(f)L"} < AMp- 2% By (f)rrs
whence, if [ > j > 0,
; 2=ty

1524 () = 8521 (Mler < 4M,- 3 2By i (fr < 4M, Ce Z VE (e

[y | i1

Thus the sequence {S5°,(x)} satisfies the Cauchy condition in LP-metric. Con-
sequently, there is a function ¢ e L7, such that

IS 1 () ~@(Mlr >0 as I oo.
Also

182 ()= f(ller € MpEpt_y(f)r =0 as [ oo.
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Therefore, by Lemma 3, the function g is absolutely continuous in the interval
{—m, =y and g'(x) = ¢(x) ae. =
Clearly,
S
wk(n+1 of )LP wk(ﬂ+1 R P PES

I
sp— S2¢_1) P+wk(m§ssy—1)u

if n=0,1,2,..

Y .
SO\

It can easily be observed that

(Tl+l s P SzU 1) » < C(k){S [(F(x)_S§n‘?‘1(x)lpdx}llp

< co|j [ro- Z(Sé’?-mx)—séf’—l-lcx»l”dx}”’
< co{§ oo 3 62005l af”

I dx}l Ip

1,2,..

+C<k){§ l Z (51—~ S5-1, ()|
for 7=

Letting v — 0, we obtain

Ed

Wy ( 7:1 s g— S5 1) ,g C(k) i {S e _1(x)— Sii-a _J(X)de}”p

v=0+1 —m
o0
<C® D 4My 2 Epmi (s
r=g+1
00
<ACRMC Y FE(f.
v=n+1
By Lemma 1,
T a
/2 1]
{S ;52 rad ™ < 4yl § (Dm0 +v_u00r) e,
ey |
with
281 ] K
Vu(x) = z (iv)“(Zisinv—i) c,e";
y=2p—1 2
—au—1
N R AL
V_ou(x) = () 2zsmv—2— c e,
y="2R41

icm°
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Since

. h\*
Va0 +V (9 = ”“(23‘“”?> (X ORI LT i et homi)

y=2H-1
21
n\k
= v“‘(Zsinv—) - 2Re(c,eft**+(=+kml2))
2 ’
p=2h—1
we have
7 26—
_k h Ip
2 lle(')+V—p(')|lLv={S Z ¥ (smv—) V(x) dx} ,
-7y =24~1
where

V,(x) = 2Re(c, e*. glx+hmiz)
The Abel transformation and Minkowski’s inequality give
z—kllvn(°)+v—/¢(')”l}’
262

<
=201

»*sin v————(v-}- 1)“81n"(v+1)—| § ) Z Vi(x)

-1 =241

1/
dx} i

1))
pdx} /4

-1

NI
-7 J=28=1

Estimate (6) remains valid for ¥;(x), too. Hence
2_"”V/z( ')+V—p( ')”L"

W2
< N,,{ Z

y=24—1

(2*—1)*sin*(2*—1)

) h .
2 sm"vi— v+ 1)*sin*(v+ 1)—;’—, +

g }Ezll-l-l (s
Applying Lemma 2, we get
2V ()+V (e < {B« K 2““"*"’( h) +2"‘°‘+"’(i)k}Ezﬂ—x— (Ner
2 2 R
fO<h<2m/2° (=1,2,..., o). Consequently,
1458501 (ller < AR N, (B, o+ 1)hk{2zw+’f)E§u-x_1(f)u}”"~
P

Proceeding further as in the proof of Theorem 1, we obtain
p L

wk( T Sf.?_l) < GEiF 1)" {2 (v + 1)1 Ee(f), }

and the desired result is now evident.

17 Banach Center t. IV
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Analogously, the following related theorem can easily be deduced (cf. [71,
pp. 346-348, 352-353; [8], pp. 126-130).

THEOREM 3. Suppose that fe L¥ (1 < p < ) and that

o0

ZV'_IE,U)LP < o,

y=1
Jor some positive integer r. Then
J(x) = Mx) for almost every x &€ (— 0, ),
where  is a function having the derivatives 29 (j= 0,1, ...,r—1) absolutely con-

tinuous in {—, ©). Moreover, the derivative A (existing almost everywhere) belongs
to L? and, forn=10,1,2, ...,

N

ki3

1G]
Tl+l ’l )1_»
©

<Gud D

v=n+1

n
- 1 (Z )1/9}
r—1 o(k+r)—1 o
v Ev(f)L"l’ (n+ l)k - (1’+ 1) Ev(f)LF .
Finally, we shall present the following
THEOREM 4. Consider positive p, a,r (1 <p < 00,0 <o <1, ris integer) and
a continuous fumction f of period 2m, such that

©

Zﬂa"'r_lE,,(f)Lp < 0.

y=1

~

Then f is absolutely continuous in {~, ) and the function g defined by (2) possesses
the derivatives

g=r"..,
absolutely continuous in {—, ©>. Moreover,

g(") = f(“+"—1),

gD = fen

is of class I® and, forn = 0,1,2, ...,

T . r@en
wk(n+1 af '

0

< QP,lz.r.u{z

y=n+1

,,¢+r-1E'U)U+ _(;_:17 (i +1y (k+u+r)—1E3(f)U)lle}-
v=0

Proof. In view of Theorem 3, the function fis absolutely continuous in { —, 7D,
whence the function g is continuous therein for every positive « € (0, 1).
Applying the inequalities

B < —1F

(8) @TI;IZEE"(f)LD for Y= 0, l, 2,

icm
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(see [4], § 4), we obtain

0 L)

Zv'E..(g)u < Hy Zw“*"‘E, (e < 0.

y=1 y=1
Therefore, by Theorem 3, the function g possesses the derivatives
g, g”
absolutely continuous in {—, =) and g¢+® e L?. Moreover,

wk( H g(rH))

n+1 §al

<] 2 7 E@+ (D G+ -5 )
»=0

v=n+1

Further, the inequalities (8) lead to

i . £
wk(n F1° f )u
H, H (N o BN \Ue
< Mp,k.r{ l Voia BN+ Yoy (Z (- 1eterran-t m) s
v=n+ y=

and the proof is completed.
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