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4. MOYKEO Iymarh, YTO IPH ¢ < § BEJHUHHE! dy U Ay CBA3AHEI C KaKo#-To
HOBOM HETEPECHOM IKCTPEMATBHOM npoGremoii. Ho xaxoit? IocroBepro, uro me
¢ ocHoBHOH u30TEpHUMeTpHIEcKOil 3anaueit s § 2, ubo d,ul, mMeer Apyry0o acum-
ITOTHMKY B CPABHEHWH C Ao ‘

5. MOSKHO DOCTaBHTH 3a/1a4H JUIA MHOTHX IIEPEMEHHBIX, IOZOOHbIE pemeH M
HaMH BBIIIE B OZHOBPEMEHHOM CIyyae. BOSHMKAIOT M30NEPHMETPHYECKHE 3a/auy
moxoykue Ha 3afady us § 2. Mmeer i OHA MPAMOE OTHOIIEHHE K TEOPUH IPHGII-
yxeEmit? UTo 3ameHMT cIUafiHBI B 9TOM CiIydae?

6. OrpanuueHus Ha IPaUeHTEI THIIA BKIIOYEHMI TpeGYIOT paspabGoTKI MHOTO-
MepHOit TEOpHH OOTHMATEHOTO yrpasierusd. Kax 6ymer BHINIAACTs 306CH IpUHIAT
MaKcHMyMa?

7. Beune GpUm peleHbI 3ajauy ATOIPOKCHMAIMH ITanKex Gyaxiuit. Moxuo
TOJIYyYWTh AHAIOTMUYHBIE PE3YJIBTATHI JUIA TapMOHMYECKMX (DYHKUME 3a7aHHBIX
B Kpyre. IIpu 5TOM BOSHWKAKOT IOZTIPOCTPAHCTER, IONOGHEIE CILTAKHAM, HO me
SABJITIOIMECA CIUTaiHamm. XoTenock 651 paspaborTars eUHYI0 TEOPHIO, T/e CIUIAi-
HBI BRICTYNamy OBl Kak HEYTO €AMHOE A IUIA[KHX, TAPMOHWYECKWX, AHAJHTH-
YeCKHX M T. . (QyEKmmit

8. CegoBano OBl JaTh AHAIOCHYHYIO TEOPHIO AIMPOKCHMALHM TUIATKHX
KOMIUIEKCHBIX (DyHKImi.

9. Her JOCTATOYHO COREPIKATENBHOM TOYHON TEOPHM MPHOIIKEHHA KITACCOB
aHAIMTRIECKUX (QyHKIui B HOCTaTOYHO OOLIMX 00JACTAX.

10. CoBepmieHHO He SCHBI OTBETBI HA IIPOCTEHINME BOIPOCHI, KACAIOUTHECH
mprOwKeHusT QYHKIMM MHOIMX KOMIUIEKCHBEIX YEDEMEHHEIX.

ot 0630p cocrapieH Ha 0ase WETHIPEX JEKUMH, IPOYNTAHHEIX ABTOPOM
B Henrpe mm. C. Banaxa Ha cemecTpe II0 TEOPHE AMIIPOKCHMALMM B jeKabpe 1975
rofa. Mue xoTenock 6bI B 3aKIIOYeHHe BHIPASHTH MOIO LIyGOKyIo GIaromapHocTh
OpraHy3aTopam 3TOr0 cemMecTpa B ocoberHocTH npod. 9. Onexy u npod. 3. Yu-
CENBCKOMY 33 NpPEJOCTABICHHYIO MHE BO3MOXKHOCTH IIPHHATH yuyacTue B pabore
CEMECTPA M 33 JIPYIKECKYIO IIOJIEPIKKY.
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A MULTIPLIER IN BESOV SPACES
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IN LEBESGUE SPACES
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1. Introduction

If 1 < p < oo, then M, denotes the set of all multipliers in the Lebesgue space L,,
i.e. the set of all essentially bounded Lebesgue-measurable functions m(x) in the
n-dimensional Euclidean space such that F~'mF is a bounded operator from L,
into L, (here F and F~! are the Fourier transform and its inverse, respectively).
In the same way one defines ., the set of all multipliers in the isotropic Besov
spaces B; , (= Lipschitz spaces 5 ,), where —oo <s< o, and 1 <g<
(A, does not depend on s or ¢; [5]). In [5] it was proved that M, < .#,. In [6]
we introduced the subclass #Z of ., consisting of all multipliers m(x) € .4, such
that the norms of the multiplier-operators belonging to the multipliers m(ax), where
0 < a < oo, are uniformly bounded. We have M, = .#%; [6]. But in the two above-
cited papers we did not clarify whether .#7 is strictly contained in ., or not (or,
in other words, whether M, and ., coincide or not). The aim of this paper is to
give an explicit example of a multiplier m(x) belonging to .4, but not to M,.

2. Definitions

R, is the n-dimensional real Euclidean space; its general point is denoted by x
= (%1, ..., X,). As usual, S is the Schwartz space of all complex-valued infinitely
differentiable rapidly decreasing functions in R,; its dual space S’ is the space of
tempered distributions. F and F~! are the Fourier transform and its inverse, respect-
ively. If fe S, then

EN@E = Qo2 § e ifids;  xE = Z *iér:

Rn

A corresponding formula holds for F~1; one must replace —i by i in the last
formula,
If 1 < p < oo, then L, is the usual space of all complex-valued Lebesgue-measur-

[287)


GUEST


288 H. TRIEBEL

able functions defined in R, and such that

i/p
(S If(x)]"zlx) for 1<p<ow
Rn
fllz, =

esssup | f(x)] for p=o

XeRn
is finite.

Let

Qo= {x —2<x,<2}

and
Q= {x| —2%+* < x; < 21} = {x] —2% < x; < 2},

k =1,2,3, ... If 4 is the characteristic function of Qy, then, by definition,

W Ba={r1se8, 1l = (22 FpErll) " < o).

Here —0 <s<; 1<p<ow; and 1<g< co. (For ¢ = co the /,-norm in
(1) must be replaced by the /,-norm.) These are the usual Besov spaces; see [2],
p. 374, or [4], Lemma 2.11.2.

If1 < p < oo, then #, denotes the set of all tempered distributions m for which
there exists a positive number C (depending on m) such that

@ WF=tmEf |53, < CllS I} as

for all f& S. Heres, —co <5 < o0, and ¢, 1 € g < o0, are fixed. It was shown in
[5] that .#,, is independent of the choice of s and ¢ (for ¢ = oo a small modification
of this definition is necessary, but this is unimportant here: we refer to [5]). Simi-
larly one defines M, the set of all multipliers in L,: one must replace Bj ,in (2)
by L,. [In the same way one can define multipliers in the Lebesgue space (= Bessel-
potential space = Liouville space) Hj, where —o0o <s <o and 1 <p < oo.
But it is easy to see that with a fixed p the set of all these multipliers is independent
of 5: it coincides with M,.]

3. #, and M,
In [5] it was proved thatif 1 < p < oo and if 1/p+1/p’ = 1, then
3) M, = Ay,
@ My = My,
()  MycH,cMy=M, =L, for |l/g—1/2]< |tp—1/2.

In particular, all multipliers belonging to .#, are essentially bounded Lebesgue-
measurable functions. (4) and (5) are counterparts of the well-known relations, [1].

6 M, = M,,,

) MycM,cM,=L, for [ljg—1/2]<|l/p—1/2].
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The aim of this paper is to prove that M, is strictly contained in My,

THEOREM. Let 1 < p < o0 and p # 2. Let (%) be the characteristic Sunction
of the cube

{xl ~I<x;<1forj=1,..,n-1;and 2* < x, < 2k+42},
k=1,2,3,... Then
©
® M) = 3 )
=1

belongs to M, but does not belong to M,.
Proof. Step 1. Prove m € #,. By (1) it is sufficient to prove
) IF=tpemESf ||z, < CIF 7 Ff|lr,, Kk =1,2,3,...,
where C is independent of k. Using the well-known multiplier properties for charac-
teristic functions of cubes, [3], IV, § 4, we infer (9) from
[[F=tyumFEf ||z, = ||[F~*emp, Ff |1, = |[F~ Ff |z,
= IF 'y FF i Ff e, < ClIF- 10 Ff i,

Step 2. Prove m ¢ M,,. Let fy be given by its Fourier transform
N

Ffy = Z e (x).

k=1

10

Here N=1,2,3, ...
obtain

Using the explicit formulas for F~ly,, [2], (1.5.7/10), we

an fu(x)~Z(F 190 Gt e Famg, 3= 29)

N
=c E e—ixn(2+1) SlIl(X,,

k=1 i=1

The last formula yields

sm(x,, ")

(12 1 fyllee < ¢ sup

x,.512

where C is independent of N. Using || fy|lz, = ||Ffy!|z., We infer from (10)
[ forlle, = 272N 22,
If 2 < p < 0, then one obtains

(13) I wllz, < AL

19 Banach Center t. IV
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where €' is independent of N. On the other hand, using (10) and a Paley-Littlewood
theorem for Ly; [2], 1.5.6, we have

N
(14 IF-imEfullz, = HF“; v,
N
> cll(; (E-0E) |,
=c N*ﬂjIj—Si.%j‘—f =N,

where ¢, ¢’, and ¢’ are appropriate positive numbers independent of N. Assume that
m belongs to M, for 2 < p < co. Then it follows from the definition of multipliers
in L, and from (13) and (14) that there exists a positive number C, such that for all
N=1,2,3, ... we have

N2 < efIF-'mEfyllz, < eall fullz, < CNIP.

This is impossible. Hence, m ¢ M, for 2 < p < c0. By (6) we also have m ¢ M,
for 1 < p < 2. This proves the theorem.

Remarks. 1. The proof is based essentially on (12) and (14). Formulas of type
(14) are also useful for the proof that B, , (more generally Bj , for g % 2) and L,
do not coincide. Such an argumentation is due to O. V. Besov, see [2], 9.7. We refer
also to [4], 2.12, and the papers cited there. But, obviously, this is also a consequence
of the above theorem: since .#, # M, for p # 2 it follows immediately that L,
# By forl<p<o,p#2 and 1< q< oo (including ¢ = 2).

2. As remarked above in [6] a subclass A5 of .#, was introduced by the follow-
ing definition: m(x) € .4, belongs to .#% if and only if there exists a number C
such that for all ¢, 0 < @ < o, and all fe S we have

s |1F~*m(ax) Ff ||B;,q < Ci| f1|1B5, 4

(Again s and g are fixed, —c0 < § < o, 1 € ¢ < o0, but #7 is independent of the
choice of s and ¢.) (15) is a homogeneity property. Multipliers belonging to M,
satisfy such a homogeneity property automatically. In [6] it was proved that 4%
= M,. Hence, M, coincides with the set of all “homogeneous” multipliers of #,.
The theorem can be re-formulated by ., # #%. Consequently, m(x) defined by
(8), does not satisfy (15) uniformly with respect to a.
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