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ON THE RATE OF CONVERGENCE IN
THE CENTRAL LIMIT THEOREM

‘Z. RYCHLIK and D. SZYNAL
Institute of Mathematics, Maria Curie-Sklodowska University, Lublin, Poland

This note studies the rate of convergence in the central limit theorem in terms of
Trotter’s operators. The obtained results are more general and, in some cases, give
sharper estimates than those of [1].

© e o ntroduction’ and notations :

@

Let {X,,n> 1} be a sequence of 1ndependent random variables with variances
0 <07 = 02X, <00, foreachneN.
‘Write
ay = EX|, By=EX), 0Kj<rijeN,rz2.
Further on, we assume that
0 %;L=y‘,, "for 0<j<r;ieN.
i : o B

Let us observe‘fhat (1) takes place‘ if, for instahéé, we have the pseudomoments

70 = § A= Pfo] = 0, for 0SS riiEN,

where @ denotes the standard normal dlstnbutlon function.

Let us put
n n
Sn=ZA,i9 53= Za%) X;‘=‘X(/S,,,
e

i=1

= 2 Xt, ai'@®= min { |x'dFi(),
1<isn, .
[ 1x] <dsn
where § > 0, ¢ > 0;
' X t ' . o.tIY’t
blt = E ' ljlzzx ’ bit = E z'tf(—a'.—y_)il— »
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222 Z. RYCHLIK and D. SZYNAL

where Y denotes a normally distributed random variable with mean value 0 and

variance 1;
n n
Bu=Ybe,  Bu= b
i=1

i=1
: - |
’” S—t1 * J
= 0] b B = max U;E"——'_‘ .
B, 'il i Outs nt 2yriiei<s S (@ D)2

We will use

CFt=maxZ, k@)= | [xad@),
1<i<n Sn || 20Fy

n
n Zo’{"

L@ = | WdEe, pH =,

" I=T |x]285

meN.

Iflim F;* =0 ‘and lim LP(6) =0, 6 >0, then we say that Feller's con-

n-» o0 n—oo
dition and a generalized Lindeberg condition are satisfied, respectively. Since L (8)
< LE+HD(8)/8, the condition LE+(8) — 0 implies L§’(8) — 0. Moreover, we see
that Lapunov’s condmon implies lim L (d) = 0.

n—+»ow
Let us set
AD(8) = LO(3)+DRKD(),
. AD) = s, LEV(8)+ DOKED(8),
and

| ware+ § xrasco.

x| =8Vn |x|=8Vn

Let C(R) = {fe Cp(R): e Cy(R), 1< j<r}, where Cy(R) stands for
the class of bounded, uniformly continuous functions defined on R. By w(f; 8) =
]slupdl fx+h)—f(x)|, for fe Cx(R), d > 0, we define the modulus of continuity.
h| <
A function f € Cy(R) is said to satisfy a Lipschitz condition of order o, 0 < a < 1,
in symbols f'e Lipa, if o(f: 8) = O(8%). One can prove that
@ w(f; 28) < (14 Do (f; 0). ’

The operator Tx: Cy(R) — Cp(R) defined by

o) =

Tef() = EfX+) —S S0x+9)dFx (%)
will be called Trotter's operator. It is well known [3] ([2], p. 516) that

3

lim P[S,—ES, < xs,] = di(x) =—

1 Se"’/zdt
n~+w 1/27E H
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holds if there exists an r € N such that for each fe C§(R)
@) Iilg | Tsp-gs, f—Tef1] = 0.

Sn

In [1] has been established the rate of convergence in (4). The aim of this note
is to extend the results of [1] to a larger class of independent random variables and
to give more precise estimates in some particular cases.

2. Results

We shall first give the estimates in the case of non-identically distributed random
variables. Without loss of generality we can assume that EX; = 0, ie N.

THEOREM 1. Let {X,,n > 1} be a sequence of independent random variables
such that (1) holds with y;, 0 < j < r, as the moments of a normally distributed ran-
dom variable.

Suppose that
©) B = E|X;|* <0 forsomes > 0,ieN.

A. If (5) holds with s = r, then for any fe C§(R)

Ty~ Tifl < 22055

©) 522" {an" (1) By +

+ @G RN D (1) 53 Baes 1y + Bus+ 52 Baer 1y} +
+ 2 min [0(7®; 55 AW 17RO,
and moreover, for s > r,

™

55

75/~ Tl < 22U eor (i (B, 4+ Br) +

+Zominfo(F; 5 AR 170 142 D)

B. If (5) holds with s > r, then for any f @ € Lipoz,‘O <ax 1, )
®) |ITs#f=Tuf || = O(sP~"+*[aha PN+ D (1) By + Baaraol + A (D)
and moreover, for s > r,
® | Tspf= TS|l = O(s3*~"~*[as "*+PF(1)Bys+ Byl + 4R (1)).

C. If (5) holds with s > r, then for any fe CP(R)

(10) | Tsgf—Tefl| =
and moreover, if r is even,
) [T/ Tef 1 = Ofsr1 | Z ati(8) Byt 7 %B:.'.] +4 (9))
holds. il

( zs-r—u[ 2 aisin(g) B,,,+B:;] +420),
J=r+1 :
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224 Z. RYCHLIK and D. SZYNAL

One can observe that, in the case s = r,'the estimates (6) and (8) concern a lar-
ger class of independent random variables than those of [1] (Theorem 1), and they
are, in general, more precise. i

If {X,,n> 1} is a sequence of 1ndependent random: variables such that
azl(8) = a.> Ofor n2 ng, then we can: obtain more convenient bounds of the
type in question. For example, Theorem 1 implies

TreoreM 2. Let {X,,n > 1} be asequence of mdependent ldenncally tlistrtbuted
random variables such that EX, = 0, EX? = 1 and that

(12) : ay=1v;, 0<j<r,reN,
where y;, 0< j < r, are the moments of the standard normal distribution _ful';ctton
and ‘ e . . o
asy o B, = E\X,|* <, forsomes>O0.
A’. If (13) holds with s > r, then for any f& CP(R)
©) Ty~ Tofll =

! s X|5+! '
O(G)(fm§”_m)”s_(r_z“z[E nsl_i’){zs +nE - s+1l [Xz(wl) +E

1YP
n5+ Y2$ +

!Ylu-l

+ "EWBT] +n~ =D min[w(f7; n“‘)Zf;"*”(l); ZE,"(I)])

and morevver, for's > r,

@ lITsnh/;,f—Txf!|=O(w(f");n““’)n"“"z”’[E X e ]*

n Y

+n =D 2minw(f7; n‘”ﬁﬁ?f*”(]); 25.5’(1)]).

B If (13) holds with's > r, thenforf"’ elipa, 0 <a <1,

) T/ =Tef | = O (=20 & Y e +E ey | +
s, /;/‘ n_s+m+ngs+a) nﬁ+az+ Y2G+®)

sre-rmggm)

and moreover, for s > r,

<9’>nTs,w;f—'Tyfn=o(ns—«~z+«>/z[E Xt g X0 ]+ﬁ—<s-2>/2;i's"’<1)).

nS'+X2! ’1!+ YZS
C'. If (13) holds with s > r, then for fe CH(R),
10) Ty =Tl

— S—(r—1)/2 'XP ‘Yls ‘ —(#=2)/2 A(®) )
O(n [E X +E Py +n AP (D],
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and moreover, if 1 is even,

a1y \Tgyf~Tef

= O |n*--1D2 E___& +n‘1/2E—l—1i— +n—-(s—2)/zA—(s)(6)
ns+X2s ns+ st n .

It can be observed that estimates (6')-(9') can be used in more general situ-
ations than those of [1] (Theorems 1 and 2).
CoRroLLARY. Under the assumptions of Theorem 2 (the point C'):

149 1Tg ynf—Tefll = O(a=~01%)
and in the case where r is even

‘ . (- X
147 ) “Ts,,/l/,‘,f"Trf“ = 0(" ¢ I)IZEW

Proof of Theorem 1. By the definition of Trotter’s operator and the assumptions
fe CP(R) and (5) we have

(19)  Tatf0) = EfKifsy+) = | ftsn 40 dFi(a)
R

- 2f<f>(y>au/ﬂs’+ { xro0xis,+0-r00naRm+
J=0 \x|<sn

s § xroess, ) -roonaRe,
T iz

where 0 is some number between Q and 1.
Now, using (2), the inequality E|X| < (E|X[)", and by simple evaluations,
we have

(16)

L { o +n-roonane

" % <sn

<;T13"7 S (X170 (f®; |0x/s, ) dF1(x)

|x| <sn
). o—1 —1
< o(f; 551 S |xlrdF () + 20w 2 w(f 35at) S x|+ dFy (%)
rl S; |x|<sn ! S,, | x| <sn
. ¢—1 .
< w_____(fr'____;;v,. ) iy (1) S |x[*dF,(x) +

% <sn

w(f('!),sn) l»«(r+1)/(ﬂ+1)(1) S les-q-ldF‘(x)
rls,

| x| <sn

Y

. —1
224 T S garrin(1)sErh +
). S—l
#2207 Gl D)5 b
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Analogously, we obtain

an 7:‘1; S X OOx[su+)=f CONdFi(x)
AT
<) { apeanco+ oL ";;5""2‘ | wran
(5B [%] s

z%ﬁi]‘li |x|**1dFi(x),

and also
. )

an r!ls" S X FOOx s, +3)—f Q) dF(x) <“2“%fs,’,_” S I dEL ).

|x[=sn |x| 3 sn

Hence, by (15)-(17), and (17'), we have

- fd)
a8 |Tar- ) I
j=0
20(f®: st :
- (frls n _)__ [ayl.""‘S§5"b,s+a,.(si’f)‘”““)(l) sz(s+1)—rbl(a+1)]+

rLemin[or; s { wpraneiiron | ).

1%} 250 BIER

Taking into account that for Y there are moments of arbitrary order, we can
obtain by the same methods

) 2 ™. g
19 | Tarnaf- { ot < 220D e

2
4+ min [w(f"’ L oo ieon &
|| > Fy ]x|>r,.
By (18) and (19), and using the triangle inequality, we get (6). Estimate (7)
can be obtained in the same way.
The assertions of ‘B fo]]ow from analogous conslderatxons, by using the fol-
lowing estimates: for s >
1

rls;

[x}“d(b(x)] .

{ *Uo0xs,+9)-ro03aR0)

(%] <sn

1
a:(”r&;a)/(s +a)

1
S rl sr—m S lx|r+adFi<x) <
“ On

|x| <sn

[ bxreeann

1
r! sr+a
" [ ] < 5

2
L Q28=ra 1 (-
< 7 Sn a"(!+u)a)/(s+n:)(1) bi(s+a)’
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and fors > r

1
rlsh,

| 1ot +)-roonane| <

2
TS s (1)l
|%] < sn

and similar estimates if we consider the random variable o, Y.

Now we are going to prove C. Assuming that EX; = 0, i > 1, we have
Ty £ . )}
@ T = L S0 ane
s . sl
j=0 J=r+1 | x| <8sn

+ *rlss { xrro@xis+n-roonane+

|x| <dsn

S Do)

S x dl";(x) +

%] >6sn

{ oo, +n-roonarm,

=85y

+ s o——
s! sy I

where § > 0 is any given number (which will be fixed later). But for s, —

8
alFat) o h .
@1) Z L (y-)- S XdF,9)| < C% Z (50 s (8)) 77 S Ix|* dFy(x)
jer+l J " |x} <85, L sy |x|<dsn
- X,
<205 Y ai OB

j=r+1
Since fe C§(R), for each ¢ > 0 there exists a 6 > 0 (previously introduced) such
that |0x/s,| < & implies |/ Ox/s,+3)—f ()| < e. Therefore,

1

s!sy

Xif
TS

S KL OOx/5,+3) S PO WdE:(x)| < 265,E

|%] < 85,

22

Now we observe that

J )
(23 A f,)(f) S X! dF(x) <csis S |x[*dFi(x),
j=r+l J:Sn |x| 2855 " x| S6s,
and
U0 o romare oo rormamel < 2IF®N ,
@4 iy lxli’hx[f“’(fbc/s,.+y)—f‘’(Jf)]dff’l(X)!<-——s,s; MSM lx|*dFy(x).

15%
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Hence, by (20)-(24), we get for sufficiently large »n

r

f(f)
25) Tx;ﬁ - Z—' oij
=
M s
X0 2f®
<20 a2 (o,
52t + X; s!sy
jertl %] 0sn
In a similar way one can obtain for n > ng
r
Y FD
@26 | Toris,— L L ol
= J:
J
5
. Y o
< 2Cs2® Sﬂ s/ max a’E——ml—— +2C—- x[*dD(x).
S ] " risjes | SEE (oY) Sh \x|>op,.l P2 (e)
Combining (25) and (26), by the triangle inequality, we get (10).
’ 0
To prove (11) it is enough to remark that S x"dP(x) = 0if r is odd.
-

The statements of Theorem 2 follow immediately from Theorem 1.

Estimates of the type “o-small” give the following theorems: ‘

THEOREM 3. Let {X,,n> 1} be a sequence of independent random variables
such that (1) holds with y;, 0 < j < r, as the moments of the standard normally dis-
tributed random variable. i

If (5) holds with s > r, then for any f e C§’(R) and an arbitrary ¢ > 0

)
@) Tsef=Tufll < 2o @ 0) Bt B+ 2L7L g,
where 8 is the number introduced above.
THEOREM 4. Let {X,,n > 1} be a sequence of independent random variables

‘such that (12) holds with y;, 0 < j < r, ds the moments of the standard normally dis-
tributed random variable. ' :

If (13) holds with s > r, then for any fe CS'(R) and an arbitrary & > 0
@8 I Ts;yaf— Tufll ‘ ‘

- X Y
S 2,,5 e=ni [E n9+XZS + E ns+ YZB
To prove (27) it is enough to use for any & > 0 the decomposition
VXU Ox/5,42) =1 )] dFi(x)

R

- ]

|x|<es,

j +2CnE=DI240(3).

XLfOOx/5,+) - "’(,v)]dl";(x)+I ]§ X [fOOx/sy+3) D] AF(x),

and then to follow the considerations given in the proof of Theorem 1.
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Estimate (28) follows from (27).
COROLLARY. Under the assumptions of Theorem 4 for s > r
|XP (YT
ns + st :

ns+Xzs +E

ITswaf—Tefll = o ("”“"2”2 [E
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