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1. Introduction

Let the triplet
Y] (v, XB,V)
denote the general Gauss-Markoff model in which the nx1 observable random
vector y has E(y) = XP as its expectation and D(y) = V as its dispersion matrix;
X is an nx p known matrix of arbitrary rank, B is a px 1 vector of unknown par-
ameters, and V is an 2 x n nonnegative definite symmetric matrix, known or known
except for a positive constant multiplier, Assume that the model is consistent (see
Rao [5] for a condition). Further, following Watson [8], assume that the vector
of parameters is decomposed as
() B =B1+B2,
where: B, e %(X’), the column space of the transpose of X, and B, € #1(X'), the
orthogonal (under the standard inner product) complement of #(X). It is known
that B, is unbiasedly estimable in model (1) and that ¢'B = ¢'@; for every estimable
functional ¢'@. Also, it is clear that

‘ B = X*Xp,
where X* denotes the Moore-Penrose inverse of X.

In the case of a singular V, there are many representations of the best linear
unbiased estimator (BLUE) of B, given in the literature. Besides referring to the
representation proposed by Ahlers and Lewis [1], on which the main interest of
this note is focused, we shall use the formula due to Albert [4],
®) Al = Xty X+VU2(QVi2)ty,

* This research was accomplished duting the authors’ stay at the Stefan Banach International
Mathematical Center. “
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where

@ Q = I-XX*,

the formula due to Rao [6],

®) B: = X*Pxivay,

where Px|vq is a projector on #(X) along €(VQ) (see p. 444 of Rao’s paper For the
definition of such a projector), and also the formula due to Zyskind and Martin [10],
® B. = XVEX)X'VHy,

where V# i3 some suitably chosen g-inverse of V. Formula (6) simplifies to

) B = X'VX)*X'V+y
if and only if
@®) %(X) = (V).

Note that Albert’s result (3) can be viewed as one in which the least squares estimator
(LSE) of B;, equal-to X*y, is adjusted by another estimator, —X*V/2(QV*/%)ty,
to provide the BLUE of B,. Zyskind and Martin’s result, however, can be con-
sidered as concordant with Aitken’s [2] idea of expressing the BLUE by a sol-
ution of some generalized normal equations.

Ahlers and Lewis [1] have stated that the BLUE of B, admits the represen-
tation

® (51 = Lyy+L,y,
where

(10) = X'V*+X)*Xv*
and

(11) L, = X'UX)*X'U
with '

(12) U= I-VV+,

Note that, similarly to (3), this result can be viewed as an adjustment of one estimator,
L,y, being the BLUE of B, under condition (8), by another estimator, L,y, the
latter having the zero dispersion matrix.

The purpose of this note is two-fold: (i) to show that, in general, formula )
does not provide the BLUE of B, and (ii) to give a necessary and sufficient con-
dition under which it works correctly,

2. Counterexample

That Ahlers and Lewis® formula (9) does not lead to the BLUE of B, in general
case of model (1), can be seen on a simple example, given by Albert [3], p. 92, in

which
Y1 1 10
=) X‘[J’ V”b J’
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and the vector § of unknown parameters consists of one element only. Then, it is
obvious that the component B, in the decomposition (2) vanishes, and hence
the entire B is estimable.
Using formulae (10) to (12) and the fact that, in the example, V = V*, we

obtain

Li=@O*1 0l=1[1 q
and

L, =

Mo 17=10 11.

Thus, formula (9) gives
6 = (y1+y2),
which, in contradiction to Ahlers and Lewis’ statement, is not the BLUE of 8,

this indeed being equal to (y;) (of. Albert [3], p. 92). What more, it may be seen
that E(B) = 2B, ie.,  does not constitute even a LUE of B.

3. Necessary and sufficient condition

Although formula (9) is not true in general, nevertheless it works correctly in some
special cases of model (1). For instance, if ¥(X) = €(V), then UX = 0, and hence
L, = 0, giving ﬂ1 = L,y, which coincides with (7), a particular case of Zyskind
and Martin’s representation (6) Moreover, if V = 0, then also V* = 0, and hence
L; = 0 while L, = X*, Thus {31 = Xy, which is the LSE of B,, butin this case
(see Zyskind [9], p. 1099) simultaneously is BLUE. Therefore, it is natural to
inquire about a general condition under which formula (9) provides the BLUE
of B,. The answer is given in the following

'THEOREM. Let (3, be the estimable part of the vector of parameters in the general
Gauss-Markoff model (y, XB, V). A necessary and sufficient condition for

(13 é1 = (L +Ly)y,
where Ly and L, are specified as in (10) and (11), to be the BLUE of B, is
(14) FXX'V) = €(V).
Proof. In view of (5) it is clear that (13) will represent the BLUE of B, if and
only if
(Ly+Ly)y = Xt Pyyay
for every y for which the model is consistent, i.e. (see Rao [5], Lemma 2.1), for every
ye#{(X:V)}, or (se¢ Rao [6], Lemma 2.1 (ii)) for every y e #{(X: VQ)}. But
this is equivalent to the requirement for the relations

(15) (L +1;) Xa = X+PyvoXa
and
(16) (L1 +Lz)VQb = X*+Pxyo VQb
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to hold for every a and every b, respectively. Then, since PxjvoX = X and PxyoVQ
=0, (15) and (16) become

an L X+L,X = X*X
and
(18) L, VQ =0.

Thus, it remains to establish that (14) implies (17) and (18), and vice versa.

To show the first implication, apply (10) and (11) to check that both components
on the left-hand side of (17) are idempotent matrices, and thus projectors. Further-
more, note that (14) implies V*XX' = WV* for some W. Hence, in view of (10),
(11), (12), and the symmetry of L, X,

L XL, X = XVX)*X'V*XX'L; = X'V*X)*X'WV*+ UXX' UX)* = 0.
Similarly, L, XL, X = 0. Therefore, by Rao and Mitra’s [7], Theorem 5.1.2, the
left-hand side of (17) is the projector on € (L; X)¥ (L, X) along 4" (L, X)nA" (L, X),
where A7+ ) stands for the null space of a matrix argument. But (L, X) = #(X'V*)
and 4(L,X) = ¢(X'U), and then it is easy to verify that

LX) D(L:X) = ¢(X)
and
N LX) A (LX) = FLX).

Therefore L; X+L,X turns out to be the orthogonal projector on #(X'), thus being
equal to X*X. This shows that (14) implies (17). To prove that (14) also implies
(18), note that, under (14), XX'V = VZ for some Z. Then

BVVX) = @(VVXX'VV*) = E(VLV*) = ¢(XX'VV*) = 4(X),
and hence X'V*V = TX' for some T. Thus, by (10) and (4),
L,;VQ = XVX)*X'VHVQ = (X'V+X)*TX'Q = 0,
and so the proof of the sufficiency of (14) is completed.

Conversely, by the repeated use of Rao and Mitra’s [7], Theorem 5.1.2, it follows
from (17) that L, XL,X = 0, or

X'V XVFX(X UX)*X' UX = 0.
This, premultiplied by V*X and postmultiplied by X’ U, implies that
V*XX'U=0,

ie., in view of (12), that #(XX'V*) < ¥(V*). But this can easily be scen as being
equivalent to (14), which concludes the proof.
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