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1. Introduction

Let X be a random variable with probability density f(x, 6). The parameter § belongs
to a set . The present author [5] studied confidence sets based upon the likelihood
function. The sets are of the form

_ g S0
S(x) = {0. ?Igff(x, ) > c},

where ¢ is the largest ¢ such that
(0Y)] P{leSX)} > 1—

From the confidence sets we can also easily derive a test of the hypothesis

H: 0 =20, against 6+ 0,;
the test rejects if 6, ¢ S(x). Then the probability of a false rejection is
Py {00 ¢ S(X)} < o

The author [5] has shown that under certain assumptions the confidence
sets (1) are unbiased. Then the test which rejects H when 6, ¢ S(x) is also unbiased.

In this paper we shall consider the situation where the distribution of X' depends
upon two parameters § and #, where 7 is a nuisance parameter. Suppose that there
exists a statistics Y(X) with density g(y,0) (with respect to a measure w) which

depends only upon 0 and not upon #. Then, from the likelihood function g(», 6),
we can construct confidence sets of the form.

_ 1y, &0, 6)
TO) = f: sup (7, 0) > C}'

Under the following assumptions Al-A3 (see Spjztvoll [5]) the confidence
sets T(y) are unbiased.
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Al. Q is a separable topological space.
A2. g(y, 0) is continuous in § for all y.

A3. The family of densities {g(y,0): 0 € 2} in invariant under a group G
of measurable transformations of the sample space and w is absoh}_tely continuous
with respect to ug™* for all g € G. Furthermore, the induced group & of transforma-
tions of 2 is transitive over 2, and the transformations g € G are continuous.

2. Confidence sets for unknown variances

Let the variables X;;, i=1,..,7, j=1,...,N; be independent with normal
distributions, where EXj; = u; and VarX;; = of. The parameters of interest are
o2, ...,02. To find a confidence set for ¢2, ..., ¢ consider the variables

Nt
1 Ta
5 = ‘E;(X” )
where
Ny
= 1
n=N-1, Xi=-—) Xj.
(=N, N:;

The joint distribution of S, ..., S, is proportional to

r
@ [T tsv2-tormexp (~ imsifod)}.
i=1
A1-A3 are satisfied with G a group of scale changes for each variable S;. The max~
imum of (2) w.rt. oy, ..., 0, is attained for the values

~2

ogi=8, i=1,..,r.

The value of the maximum is proportional to

'..
I Isrl.

f=1

@
The ratio of (2) to (3) is

,
I T (Giorrizexp (~ gmsjod).
=1

It follows from the results of Section 1 that the confidence region

{10 TT {sulody>exp (- imsi/o?)} > constant}
i=1

is unbiased.
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Next, consider a confidence region for ratios of the ¢;—s. Introduce the vari-
ables

S
L ~
5 =Ll
The joint density of T, ..., T,_, is found to be proportional to
r—1 —t
3 - z
@ (H gzt VFMZ) (Z nﬂ‘i/?’i""‘h) B
=1 ey
where
_d
yl"a}’ i=1,..,r-1

Al-A3 are again satisfied with G a group of scale changes for each variable T;.
The maximum of (4) w.r.t. y, ..., y,_, takes place for the values p;, = t;, i =
1,...,r—1, and the maximum is proportional to
r-1
o ([ )
I=1
The ratio of (4) to (5) is
r-1 r—1 o »
Lty v tress 15 ooy Prod) = {H (fi/)’i"'lz)} (Z niti/yi""”nr)_(”z)zl:lm-
i=1 =1
The confidence region
{C7RTRER) E ¢ I AP RPN Y cqnstant}
is unbiased. !

The test which rejects the hypothesis ¥, = ... = y,_, = 1 when L(f, ...
1, ..., 1) < constant is also unbiased. We have

B tu—-l:

L(tyy s fyegy 1, oy 1) = (ﬁ 1"1/2)(
i=1

which also can be written in the form

r r 5
—(12)Ui=1m
2
(LT st2) (3 mas) :
i=1 i=1

Hence the test obtained is Bartlett’s [2] test for testing equality of variances. The
result that Bartlett’s test is unbiased is not new, it was proved by Pitman [4] using
a different method.

=1 o
—a»Nilim

niti+nr) s
i=1

3. Confidence set for an unknown covariance matrix

Let px 1 vectors Xi, ..., Xy, (N > p), be a random sample from a multivariate
normal distribution N(u, ) where both 4 and X are unknown. Consider the problem#
to find tests and confidence sets for X' It is natural to start with the density of
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N
S= > @~X) K- XY,
N i=1

where X = N~1 3’ X;.

The distribu‘:;olml of Sis a Wishart distribution with n = N— 1 degrees of freedom
and covariance matrix X, hence the density is proportional to

|12 S]=P= D12 exp { — Ltr (E-15)}.
The maximum of (6) w.r.t. occurs for 5= nts (see, e.g., Anderson [1], pp. 46-47),
and the maximum is proportional to
@ ISI"(P+1)[2.
The ratio of (6) to (7) is
L(S, Z) = |SZ-1| exp{—4tr(Z~'S)}.
Al-A3 are satisfied with G the group of all transformations CSC’ of S where C
is a nonsingular matrix. An unbiased confidence region for X is given by
{Z: L(S,Z) > constant},
and an unbiased test of the hypothesis
I 2= 2%,

is given by rejecting H when
®) L(§, Zy) < constant.
Sugiura and Nagao (1968, [6], pp. 1686-88) proved the unbiasedness of the test
(8) by a different method using a generalization of Pitman’s [4] technique.

against I # X,

4. Joint confidence set for the mean vector
and the covariance matrix

If we want joint tests and‘ confidence regions for both 4 and 2, we can start with the
joint density of X, ..., Xy which is proportional to
® | 2|72 exp {— §(SE~1+ N (X~ ) (X— ')}
The maximum of (9) w.r.t. & and X occur for ji = X and £ = N-1S. The maxi-
mum of (9) is then proportional to
19
The ratio of (9) to (10) is

LX, S,Z, u) = |SZ-1 M2 exp{—4tr(SZ-1+ N —p) (X—=p)'}.
Al-A3 are satisfied with G a group of translations of X and transformations CSC’
of S. The unbiased confidence region for u and £, and the unbiased test for the
hypothesis g = po and X' = X, is found in the usual way. The results agree with
#hose of Sugiura and Nagao ([6], pp. 1691-92) where a different method of proof
is used. .

R

icm

' A TECHNIQUE FOR PROVING UNBIASEDNESS OF TESTS 307

S. The test for sphericity
Consider again the example of Section 3. We shall derive a confidence region for
the ratios
= O
Vi o1y
Let Sj; be the (7, j)th element of S, and introduce the variables
Sy
Il_,et T be the pxp matrix with elements Ty;.
811 is proportional to
2] TP DiRgia~texp {_ Lg, tr (TE1)}.
Integrating over s,; the density of T is found to be proportional to
(1) [Z] =2 | T|¢=2= 112 {tr (TZ-1)}-npj2,
Let 4 be the matrix with elements vy Then (11) can be written
(12) |4]—m2| T |n=p~1)2 {tr (T4-1)}-por2,
Using methods analogous to Anderson ([1], pp. 46-47) it is found that the max-
imum of (12) takes place for 4 = T. The maximum is then proportional to
(13)
The ratio of (12) to (13) is

L(T, d) = [TA-12 {tr (T4~ 1)} iz,

The joint density of the Ty—s and

||~ @ +12,

Al-A3 are satisfied with the group of transformation that G in Section 3 in-
duces on the space of matrices T.

The confidence region 4 based upon L(T, 4) is therefore unbiased.

The hypothesis of sphericity

H: X = ¢?] for some o2, against X s ¢2[
is equivalent to
H':4 =1 against A#1.
An unbiased test of H' is given by rejecting when
(14) |T|"2(tr T)~"?12 < constant.
Using the relationship between T and S, (14) can be written
(15) |S|"2(tr S)~"?I2 < constant.

The unbiasedness of the test (15) was first proved by Gleser [3] and Jater by Sugiura
and Nagao ([6], pp. 1681-1691). The rechnique used in this paper is different from
both the earlier ones.
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Search linear models, introduced in Srivastava [1] (1975), are now well known.
R _ Consider the model '

! o E(y) = A1E1+ 428, V(§) = 0%y,

where y(N'x 1) is a vector of observations, A;(V x»,), and A,(Nx»,), are known
matrices, §,(» x 1), and E,(y, x 1) are vectors of unknown parameters, and o2 is
a known or unknown constant. On &,, we have the following partial information.
It is known that at most % elements of E, are non-negligible. The problem is to
search the non-negligible elements of £, and draw inferences on them as well as
on the elements of §;. For work on the design or inference aspects of this problem,
see the references at the end. In this paper, we consider a variation of the above
problem. We assume that interest lies in estimating the fixed set of parameters
E: alone. In other words, although some elements of €, are non-negligible, we do
not need to search or estimate them. This problem is very important since in many
applications a solution to this problem may be considered adequate. We prove
fundamental results concerning this new problem under a model which is more
general than (1).

1. Introduqtion

Search linear models of the type (1) are well known. They were introduced in Sriva-
stava [1], where the noiseless case (i.e. when o2 = 0) was specially developed. Of
course, in all statistical problems, some noise is present (i.e. ¢2 > 0). However,
it is clear that if we cannot do the search correctly, or estimate the parameters
*precisely’ (i.e. with variance zero) in the noiseless case, there is no hope of doing
s0 when noise is present. Indeed, as is elaborated in the papers of the author on the

* This research was supported by the National Science Foundation Grant No. MCS76-23282.
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