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following the argument in [2], Section 3, Remark (5). However, a more generally
formulated theorem would perhaps be desirable — which gave a necessary and
sufficient condition appropriately involving domains.

Finally we would like to mention that although the singular sequence problem
may remain of interest for normal and some normal-like operators also, it is not
of interest very much beyond them. To show this we would like to give a short
construction which might be of some use elsewhere in these considerations. Let B
be any bounded noncompact operator such that ¢.(B) = 0 and B+ I is invertible.
Let 4 be B2. It follows immediately (from 4+ B = (B+1I)B) that c.(4) = o,(4A+
+B) = 0 and that 4+ B and A have the same singular sequences. But B was not

compact. One may use for an explicit example the B = ([0 0]) of [2]. In that case

one even has A (= 0) self-adjoint, ss,4.5(2) = $54(4), and a negative conclusion
for the singular sequence question.

Added in proof. For W* algebfa the question of Zemdnek [11] may be answered affir-
matively, and negatively for general C* algebras. For further references see K. Gustafson
and M. Seddighin, Nonperturbing algebras, to appear, and the survey by the present author
to appear in the proceedings of the Spectral Theory Semester (2n9), 1982.
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Department of Mathematics, Hokkaido University, Sapporo, Japan

1. Introduction

Let X and Y be complex Banach spaces and let « be a uniform reasonable norm
on X®Y. The completion of X®Y with respect to o is denoted by X&,Y Let
A: D[A] « X - X and B: D[B] = Y — Y be densely defined closed linear oper-
ators with nonempty resolvent sets. Associated with each polynomial of degrees
min £ and n in 7

.1 PEm) = ) cxbinft

Jk
is a polynomial operator

(12) P{4®I,I®B} = ) ¢, A/@B*

i3
in X é,Y with domain D[A™|®@D{B"]. In particular, to £+# and £n correspond
respectively AQI+I®B and A®B. The identity operators in both X and Y are
denoted by the same I. Assume that (1.2) is closable in X ®aY with closure P, This
is the case, for mstance 1f o is faithful on X®Y, i.e. if the natural continuous linear
mapping j&: X®,,Y~+ X®3Y is one-to-ome.

We are interested in the problem of what spectral contributions P gets from
A and B.

The aim of this note is to make a brief survey of our results ([9], [10], {11],
[12]) on the exact representations of the spectrum, essential spectra, approximate
point spectrum and approximate deficiency spectrum of P by the parts of the spectra
of A4 and B. By the essential spectra are meant those in the sense of F. E. Browder
[31, F. Wolf [22], M. Schechter [18], Gustafson-Weidmann [7] and T. Kato [14].
Further we refer to the formulae expressing the nullity, deficiency and index of
P in terms of the quantities concerning 4 and B.

* This work was supported jointly by the Stefan Banach International Mathematical Center,
‘Warszawa, and the Yoshida Foundation for Science and Technology, Tokyo.
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The results may amplify the method of separation of variables and serve as
basic principles in the spectral theory of many-body Schrédinger operators (cf.
Balslev-Combes [1], B. Simon [20]).

If, in addition, the crossnorm « is faithful on X®Y, all the results are valid
for the closure of another associated polynomial operator

(13) P{A®I,I®B] = Z A ®,B*

T
in X ®,Y for (1.2) and (1. 3) have the same closure. Here the 4/ ®aB" are the closures
of the A/®B* in X® Y.

2. Preliminaries

For the basic notions used here we follow T. Kato [14]. ‘

Let T be a densely defined closed linear operator in a Banach space. The null
space of T'is denoted by N[T]. The spectrum and resolvent set of T" are denoted
by o(T) and o(T), respectively. The nullity, deficiency and index of T are denoted
by nulT, def T and ind T, and the algebraic multiplicity of an eigenvalue 4 of T
by (T; 4).

The Browder essential spectrum of T, a.,(T), is o(T) excluding all isolated,
finite-dimensional eigenvalues of T.

The Wolf (resp. Kato) essential spectrum of T, 0.w(T) (resp. ou(T)), is the set
of all 1 in the complex plane C for which T— A is not Fredholm (resp. semi-Fred-
holm). The Schechter essential spectrum of T, o'.n(T), is the union of 0.4 (T) and the
set of all 4 e C for which T— 4 is Fredholm with ind(T'- 4) # 0.

The approximate nullity and approximate deficiency of T are denoted by
nul’ T'and def’ T. We have def’ T = nul' 7", where T" is the adjoint of T It is known
[14] that nul'T is positive (resp. infinite) if and only if there is a sequence (resp.

a non-compact sequence) {z}f2, in D[T] of unit vectors such that Tz — 0 as
I~ 00.

Let

0(T)= {1 eC;nul'(T-1) > 0}, 0s(T) = {1 €C; def'(T— 1) > 0},

o (T)= {eC;nul(T-1) = o}, o (D= {AeC;def'(T-2) = 0o},
0,(T) and. 65(T) are respectively the approximate point spectrum and approximate
deficiency spectrum of T. o..(T) and o_(T) are also called the essential spectra by
Gustafson-Weidmann. We have

D‘(T)= n(T)UUB(T'): Gew(T)z U+(T)UU—(T),
Uck(T) = 0‘+(T)ﬂﬂ'_.(T)- .
All the six essential spectra coincide if T is a self-adjoint operator in a Hilbert space.

For a Banach space Z, denote by I(Z) (resp. H(Z)) the family of all topo-
logical linear isomorphisms (resp. homomarphisms) of Z into itself.
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A crossnorm « is said to have the i- (resp. k-) property on X®Y if for every
TelI(X) (resp. TeH(X)) and Se€I(Y) (resp. S e H(Y)) there exist constants
y(T'®I) > 0 and y(I®S) > 0 such that

(T@®Dull, = y (TONdist(u, N[TIQY), uecX®Y,

and
I®S)ully = yI®S)dist(u, X@N[S]), uecX®Y.

The injective ®-norm « and, in particular, the smallest reasonable norm &
has the i-property. For both X and Y Hilbert spaces, the greatest reasonable norm 7,
the smallest reasonable norm & and the prehilbertian norm o bave the A- and i-
properties; more generally, every ®-norm in the sense of Grothendieck [6] has
these properties (see [12]).

3. The main results

For simplicity, to state our results, we restrict ourselves to the case where P(&, )
= £+9; the corresponding P is denoted by H. Therefore H is the closure of
AQI+I®B in X&,Y.

In the following theorems it is assumed that the resolvent sets p(4) and o(B)
of A and B include, respectively, the outsides of the sectors

5(6,) = {£eC;largél< 0,} and S(05) = {neC;largn| < 05}
with 0 < 0,40, < m, and that
HEE—=A) | < M (args), £¢S(0.),
and
lIn(m—B)"Y|| < My(argn), 71 ¢S50,

where Mr(6) is a constant depending only on T and 6.
The following convention is used. For the subsets o, of o(4) and o of o(B),
the set o4+ o is empty if at least one of the sets o4 and o3 is empty.

TueEOREM 1. Let o be a uniform reasonable norm on X®Y. Then the following
relations hold:

3.0
(3.2)

a(H) = o(A)+o(B).
Oep(H) = (0er(4)+ 0 (B) (0 (A)+ 0e(B)).
If A is outside the set (3.2), then

(33) HH; D= Y. (A @) t(B; ).
(1, 9), p+o=2
P INR))
Ve BYNI (D)

(34) Gew(H) = (0en(A)+ 0 (B)) V(0 (A +0en(B)).
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If A is outside the set (3.4), then

0
G5 indH-NH= Y ind(B-7) ) (nul(4—pu)?—nul(4—pr-t)+
Ll p=t
V0 (BY\ Ty (B)
o0
+ Z ind (4~-p) Z (nul (B—»)? —nul (B—»)P~ 1.
(#, %), B+ v=2 p=i R
6T (AN gy (A)
ed(BINCos(B)
(3.6)  Oem(H) = the union of the right-hand side of (3.4) and the set of all 1eC

outside the right-hand side of (3.4) for which (3.5) does not vanish.

THEOREM 2. Let « be a uniform reasonable norm on X®Y with the i-property.
Then the following relations hold:

€) 0n(H) = 0,(4)+ 0a(B).
(3.8 0.(H) = (0, () +0.(B))u(0.(4) +0.(B)).
If % is outside the set (3.8), then

o0
(nul (A —p)? —nul(4—p)*~1)x
(#9)e0n(A) X 0,(B) p=1
pv=a

(39 oul(H-1) =

x (nul (B—»)? —nul (B—»)"~1),

THEOREM 3. Let o be a uniform reasonable norm on X®Y with the h-property.
Then the following relations hold:

(310) Uo(H) = Ud(A)+Ud(B)~
(3.11) o-(H) = (c-(4) +0s(B)u(0s(A) +0_(B)).
" If A is outside the set (3.11), then

(3.12) def(H-1) = Z 2(cIef(A—p)’-def(A—-y)"“)x
(m,y)eug(A)Xas(B) p

Bdp=i

x (def (B—)? ~def (B—»)?-1),

(3.13) - 0w (H) = the intersection of the right-hand side of (3.8) and the right-hand

side of (3.11).

Theorem. 1 is proved by means of the Fredholm theory and perturbatjon the-
ory by L. C. Gohberg-M. G. Krein and T. Kato (e.g. [13], [14]), and a reduction
theorem of H. The proof of Theorem 2 makes use of a result of Stodkowski-Zelazko
[21] (cf. Choi-Davis [4]) on the joint approximate point spectrum of commuting
bounded linear operators. Theorem 3 is shown by the dual argument of Theorem 2.

1
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Remarks.

1. All the results can be extended to P with a certain class of polynomials
P(&,n) depending on 4 and B.

2. If « is a uniform reasonable norm on X®Y without the i- and h-property,
Theorems 2 and 3 in general do not hold.

3. When X and Y are Hilbert spaces, Theorems 1-3 are true for the crossnorms
7, ¢, and the prehilbertian norm ¢ on X®Y, more generally, for every ®-norm «.
Note [12] that, in this case, A®I+I@B is closable in X®¢Y with closure H.

4. L. and K. Maurin [16] proved the relation (3.1) for both A and Bsalf-adjoint
operators (cf. Berezanskii [2]).

‘5. Reed-Simon [17] has used the Banach-algebra techniques to prove (3.1).

6. Schechter and Snow [19] treated the very special case of the relations (3.2)
and (3.4) of Theorem 1 for both 4 and B bounded.

7. The relations (3.7) and (3.10) show that the spectral mapping theorems
with the approximate point spectrum and approximate deficiency spectrum hold.
But the point spectrum does not possess the spectral mapping theorem [11].

8. The relation (3.1) in Theorem 1 has been applied to the spectral theory
of many-body Schrodinger operators with dilatation-analytic interactions by Bal-
slev-Combes [1] and B. Simon [20]. .

9. The relations (3.4) and (3.6) in Theorem 1 may be used, together with the
perturbation theorems in T. Kato [13], [14] and M. Schechter [18], to determine
the Wolf and Schechter essential spectra of the perturbed operator H = H+V
in X ®“Y when ¥ is H-compact.

10. Theorems 1-3 may contribute to the resolution of the linear operator
equation AU—UB = C in the Banach algebra of all bounded linear operators
on a complex Banach space Z (cf. Davis-Rosenthal [5], R. E. Harte [8], Lumer—
Rosenblum [15]).

11. The question is open how to represent the set
{AeC; H—1 does not have a closed range}.

The author wishes to express his sincere thanks to Professor W. Zelazko and
the Stefan Banach International Mathematical Center for their hospitality during
the Spectral Theory Semester.
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ON SPECTRAL DISTRIBUTIONS OF DEFINITIZABLE OPERATORS
IN KREIN SPACE

PETER JONAS
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Let X be a Krein space, i.e. a Hilbert space with respect to some scalar product
(-, ), equipped with an indefinite scalar product [, -] given by [x, y] = (Jx, y),
x, y € X. Here J denotes the difference of two orthogonal projectors P, , P_ with
P,+P_ =1 (the identity on X): J=P,—P_. Let %.,(X):=dimP,Xe {0,
1, ..., ©}. The quantities.»,(X) are called the rank of positivity and the rank of
negativity, respectively, of the Krein space X. A bounded operator 4 on X is said
to be J-self-adjoint if [Ax, y] = [x, Ay], x, y €X. A J-self-adjoint bounded operator
A on X is said to be definitizable, if there exists a real non-constant polynomial p with
property [p(4)x, x] = 0, x € X. The non-real spectrum of a definitizable operator
can be proved ([6]) to consist of no more than a finite number of eigenvalues.

In what follows 4 denotes a;bounded definitizable operator. We assume that
the spectrum o(4) of A4 is real (for the following considerations thxs is, in fact no
restriction).

The spectral function E( ) of a definitizable operator was found by M. G. Kféin
and H. Langer ([5], [6]). It is a projector-valued interval function defined on all
real intervals whose endpoints do not belong to the set {u,, ..., ux} of real zeros
of the definitizing polynomial p. :

The Riesz-Dunford functional caleulus fi— f(4) can be extended (cf. [6], [4])
to an L(X)-valued distribution which on R\ {1, ..., 4} provides the measure
corresponding to the interval function E(-). This distribution is also denoted
by E. It is a spectral distribution in the sense of Foias (cf. [2]).

In the case of dimX < co (and for an arbitrary linear operator) the order
of E in a neigbourhood of a point u € 0(4) is equal to the maximal length of Jor-
dan chains in the root space of this point minus one.

In this note we are concerned with connections between the order of the dis-
tribution E on one-sided and deleted neighbourhoods of a point u;, 1 =1, ..., k,
and the length of Jordan chains in certain subspaces of the root space to y;.

M. G. Krein and H. Langer ([5], [6]) proved connections of the type consi-
dered here in the case of a Pontrjagin space, i.e. min (%, (X), %-(X)) < co0. Here
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