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1. Introduction

Let [2, B, m] be a measure space, and let I" be a semigroup of ilon-singular

measurable transformations defined on [2, B, m]. The classical invariant measure
problem can be formulated as follows: find conditions for the existence of a finite
invariant measure 4 (i.e. u(v~1B) = u(B), T eI, B e B) with the same zero sets
as m. With the semigroup I" a semigroup G of linear operators T:

T,f:=—;m—[ S fdm] (rel) in LY(Q2,B,m)
T3(¢)
can be associated. Hence the more general problem arises of finding conditions
for the existence of an m-almost everywhere positive fixed point of a bounded
semigroup G of positive linear operators in L'(2, B, m). This problem was dis-
cussed by many authors under various special conditions ([1], [2], [4], [6], [7], [8],
91, [13], [14], [16], [17], [18], and others). As a generalization P. C, Shields [16]
(see also [10]) treated the special case of a cyclic semigroup as a fixed point problem
in a special Banach lattice, a so-called KB-space. In the present paper we intend
to investigate corresponding questions for more general semigroups and resolvents
in KB-spaces. The results are given without proofs, some proofs and similar results
are published in [11], [12].
We use the following definitions (see [19], [15]). A (real) Banach lattice X is
called a KB-space, if

() x; = x, > ..., infx, = 0 implies limx, = 0,
n n-»00

(i) 0 < x; < X, < ..., sup||x,|] < co implies the existence of x := supx,e X.
n n

An element e € X is called a weak order unit (wou) if inf{e, x} = O implies
x = 0 for every x € X with x > 0, x # 0. Other definitions and notations used in
the following are summarized in [10]; they are closely connected with the termin-
ology in [19] (see also [15]) and will not be repeated here.
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2. Commutative semigroups

Let X be a KB-space with a wou 1, and let G be a semigroup (i.e. T, S € G implies
TS € G) of linear bounded positive operators in X (as usual, positive means that
x> 0 implies Tx > 0). Further, let G be commutative and bounded with C
= sup ||T]} (< o). In this section we give conditions for the existence of a fixed
TeG@

point xo € X of G (i.e. Txo = %, for all T & G) which is a wou of X and, moreover,
we treat fixed point properties of G.
We define

K;={ -_ZT, T,eG; k=1,2,...,n; neN}

=1
where N is the set of positive integers, and in K a relation < by
M; <M,  M,K<c M;K (M, M, ek).

Evidently, K is equipped with the relation < a directed set. In the following it

will be used as index set for some nets.

From a mean ergodic theorem and a criterion of (X, X*)-compactness in X
we get

"THEOREM 2.1. If u € X** is an element with the properties T**u < u for all
TeG and Cu,f) > 0 for all feXF\ {0}, then there exists a fixed point X, of G,
where the net (ML)y cx converges (in norm) to x,.

COROLLARY. If the net (MD)ycx has a o(X**, X*)-cluster point u e X** with
{u, f) >0 for all feXI\ {0}, then

(1) u is a wou in X and a fixed point of G,

(ii) the net (M1)yex converges (in norm) to u.

These results imply

THEOREM 2.2. The following statements are equivalent:

() G has a fixed point x, which is a wou in X,

(ii) the net (M1)ycx converges (in norm) to a wou z, € X,

(iii) there exists a o(X**, X*)-cluster point u € X** of the net (M) x With the
property {u,f> >0 for all fe X\ {0},

@) ri(f) 1= mi‘(Tl > >0 for all fe X\ {0},

) r(f) '—I_IIE(Tl,f) =sup inf (TL,f) >0 for allfeX:t\ {0},
TeG SeG T'>S,TeG

o) r5(f) :=Um{ML,f> =sup inf (M1, >0 for all Fe X3\ {0}.
MeK LeKM=>LMeK

In the case of a cyclic semigroup G the equivalence (i) < (iv) was proved by
P.C. Shields [16]. For some special cases with X = L! (2, B, m) this and other
equivalences are contained e.g. in [1], [7], [8], 19, [13], [17].

The following theorem contains a uniqueness statement.
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THEOREM 2.3. Suppose there exists a wou 1* € X* with T*1* < 1* for all T € G.
If G has a fixed point x, which is a wou in X, then there exists one and only one fixed
point zo with the properties
@) <zo.f> = 1, for all fe X} with T* =f (TeG),
(i) <zo.f> = r:(f) =Tin£<T1,f> Jor all feX¥.
€

If G is induced by a semigroup I' of non-singular measurable transformations
in a measure space [2, B, m)], statement (i) of the theorem was proved by
D. L. Hanson and T.T. Wright [8]. In this case statement (ii) contains a positive
answer to a question formulated in {8].

In order to describe the general fixed point situation of G we denote by X,
the smallest band (or component) in X containing all positive fixed points of G
and define

Yioe := {feX*: ;n(g(Tl, Ifly =0},
€

Xine = {x €X: Ix|,f) = 0 for all fe& Y}

As an example for a characterization of X, we get

THEOREM. 2.4. The KB-space X, is identical with Xioc. The semigroup G has
a fixed point x; € X; which is a wou in the KB-space Xy (*) with the property

Xy = lim M1y,
MeK

where 1y 1= sup{x € Xjoe: x < 1}

If Gis a cyclic semigroup on X = L1(R2, B, m), the KB-space X; is isomorphic
to the space L*(2,, B, m); there 2, = 2 is the corresponding strongly conservative
set as defined and studied by J. Neveu [13].

3. Banach means

In the special case of cyclic semigroups induced by measurable transformations
P. Calder6n [2] used Banach limits in order to prove the equivalence of (i) and
(iv) in Theorem 2.2 (see also [13], [17]). An analogous use of Banach means in our
case is equivalent to the use of o(X**, X*)-cluster points of the net (M1)y ck, con-
sidered in the Corollary of Theorem 2.1. This assertion follows from the next prop-
osition.

Let X be an arbitrary commutative semigroup with unit ¢. A linear functional
I on the Banach space B := B(X) of all bounded real functions on X (with the
norm [|f]| := sug |f(?)]) is called a Banach mean if (i) in}t‘:f(-r) <) < sugf(r)

TE TE TE

(feB) and (i) I(T.f) = I(f) (fe B, v € X); here the linear contractions T, (v€ZX)
in B are defined by (7% 1) (¢) = f(z0) (0 € 2). In the dual B* we define the element
L by {f, Ly := f(1) (fe B); further we use the set

A = {M——ZT;‘; nel; k=1,2,. n;neN}

(*) In this formulation we include the case X, = {0}, x, = 0.
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as a directed set with respect to the relation
My <M, < Mo = M (M, Mped).

THEOREM 3.1. An element 1€ B* is a Banach mean of X if and only if 1 is a
o(B*, B)-cluster point of the net (Ml)yex-

In this way, the existence of a Banach mean is an immediate consequence of
the theorem of Alaoglu. For any fe B the maximal and minimal values fuu., fuin
of all Banach means are characterized by the relations

Joax = m <Mlnf>a fmin = lﬂ'ﬂ <Mlu f>'
MexX Mex"

IfX=N*= {0,1,2,...} we get the well-known results about Banach limits. The
values of the Banach limits for a special sequence f = (x,) € B(N*) are the cluster
points of the real net (xy)uexr of the means xy = (ML, f> (M e X).

4. Resolvents

i

Let X be a KB-space with a wou 1 and (Ry);.0 a resolvent (see [20]); i.e., (Riso

is a family of linear bounded operators in X satisfying the resolvent equation

Ry—R, = (u— AR R, (A, p > 0). Suppose the operators R, are positive and the

family (AR));> 0 is bounded with C := iulg [1AR;]} (< c0). We shall investigate fixed
>

point problems for the family (ARy);, 0. For example, such a problem arises in the
study of the invariant measure problem for Markov processes: under certain con-
ditions the invariant measures of a Markov process are the fixed points of a cor-
responding strongly continuous ‘one-parameter semigroup G = {Iy: ¢ > 0} of
positive linear contractions in a KB-space X = L'(R2, B, m). It is well known
that the fixed points of G are the fixed points of (AR});,0, Where (Ry)s.o is the

o«
resolvent of G defined by R, = § e~¥T,dt (4 > 0), being evidently positive with
0

ARl € 1 (A4 > 0).
The following result is based on a mean ergodic theorem of Hille’s type.

THEOREM 4.1. Let (A,) be a sequence of positive real numbers converging to 0.
For every x € X, one of the following alternative assertions is true:

(i) AR,x converges with A - +0 to an element x, € X (then x, is a fixed point
Of ()‘R1)1>0)3 or

(ii) the sequence (2,R; x) embedded in the bidual X** has infinitely many
o(X**, X*)-cluster points and none of these is an order comtinuous functional on X*.

In a similar way as Theorem 2.2 in Section 2 one can prove

THEOREM 4.2. Let (4,) be a sequence of positive real numbers converging to 0.
The following assertions are equivalent:

(i) there exists a wou x, € X which is a Sixed point of the family (AR;)is0,
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(ii) there exists a wou z, € X with the property lim AR;1 = z, (then z, is
140

a fixed point of (AR:ss0),

(iii) the sequence (AR, 1) embedded in X** has a o(X**, X*)-cluster point
u e X** with the property {u,f> >0 for all fe X\ {0},

(iv) im (4, R, 1,f> > 0 for all fe X {0}

n—+c0O
©

In case X = I}, B, m) and R, = | e~MT,dt for a certain strongly continu-
]

ous one-parameter semigroup (77, o of positive operators the equivalence (i) <> (iv)
and related results are proved by R. Sato [14]. i
If we denote by X, the smallest band in X containing all positive fixed points
of the family (AR));, o and define for an arbitrary sequence of positive real numbers
Jy =0 (n—c0) the sets Y:= {feX*: lim{(4R,1,|f) =0}, X:= {xeX:
n—o0
{x|,f> = 0 for all feY?}, then we can formulate
THEOREM 4.3. The KB-space X; is identical with X. The family (ARDz>o has
a fixed point x; € X; which is a wou in the XB-space X;(*) with the property
xp = lim AR1,

1240
where 1:=sup {xeX: x <1}

5, Non-commutative semigroups

Let X be a KB-space with a wou 1, and let G be a bounded (not necessarily com-
mutative) semigroup of positive linear operators in X. As in Section 3, we denote
by B(G) the Banach space of all bounded real functions on G. Similarly to the

‘terminology in [5] for a subset D € B(G) 2 linear real functional / on D is called

a D-mean if inf p(T) = I(p) = sup o(T) (p € D). For every peD and SeG we
TeG Te

define the functional sp by sp(T) 1= @(ST) (T € G). Let D be left-invariant, i.c. sp
€D for all Se€ G, peD. Then a D-mean [ is called left-invariant, if I(sp) = l(p)
for all S& G, ¢ eD. The semigroup G is said to be D-left-amenable if D is left-
invariant and G has a left-invariant D-mean. Evidently, a commutative G is B(G)-
left-amenable (e.g. this follows from Theorem 3.1 and the theorem of Alaoglu).
We define for any x €X the set

D, := {p e B(G): there exists an element fe X* with
@(T) = (Tx,f> (TeG)}.

Further, we use the set

K;={ =.;1;ZTL T,eG; k=1,2,...,n; nEN}
k=1

(®) See footnote to Theorem 2.4.
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directed by the relation
M; € M, :« KM,K « KM, K.

As a slight modification of a result of J. Dixmier [3] we get

THEOREM 5.1. Suppose that for some element x € X the semigroup G is D~
amenable and the set Kx = {Mx: M e K} is relatively o(X, X*)-compact. Then the
net (Mx)yex has a (norm-) cluster point x, € X, which is a fixed point of G. Moreover,
Sor every left-invariant D.-mean |, there exists such a cluster point x; with the property
IKTx, ) = (a7 (feX®).

(This theorem is also true if X is an arbitrary Banach space.)

On the basis of this theorem, one can prove results corresponding to the
theorems in Section 2 (see [12]; similar results in the case of X = L'(Q, B, m)
were obtained by R. Sato, e.g. [14], A. Hajian and Y. Ito [6], E. Granirer [4] and
others). For example, we denote by 4g = X the set of all wou’s e € X with the
property that G is D-left-amenable. The semigroup G is said to belong to the class
A if 4 # . Evidently, under our assumptions every commutative semigroup
belongs to .

THEOREM '5.2. The semigroup G has a fixed point x4 € X which is a wou in X
if and only if the following condition holds: G belongs to the class W and one of the
following equivalent assertions is true:

(@) the net (M1)ycx has a clusterpoint y, € X which is a wou in X and a fixed
point of G,

(i) there exists a left-invariant Dy-mean I, of G with Io({T1, ) > 0 for all
fexXi\ {0},

(iii) every left-invariant D,-mean I of G has the property I({T1,1>) > 0 for all
FEXIN(O),

@) r.(fH) :=Ti]:£(Tl,f> >0 for all fe X\ {0},

) ra(f) := IT_I':%(Tl,f> = g‘:g T}gi'an;G {T1,f> >0 for all fe X3\ {0},
i) rs(f) :=11£{(M1,f) =IS,I:I]?M>I:2,fMEI§M1’f> >0 for all fe X\ {0}
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