icm®

SPECTRAL THEORY :
BANACH CENTER PUBLICATIONS, VOLUME §
PWN-POLISH SCIENTIFIC PUBLISHERS
WARSAW 1982

KPATHAS IIOJIHOTA YACTH KOPHEBBIX BEKTOPOB
MNOJJUHOMHAJIbHBIX OIIEPATOPHBLIX IIVUKOB

C.C. MUP30OEB
ym Mame. u Mex AH AsCCP, Baky, CCCP

}2 ¢

B nssecrnoit paGore M. B. Kennenna [1] 65Ut yKasaHE! IPASHAKK KPaTHOR IO~
HOTEI CHCTEMBI KODHEBBIX BEKTOPOB II0JMHOMUAIBHBIX ONIEPATOPHBIX Iy uKos. Pas-
mranste o6obmenmst Teopemst M. B. Kenmenua ganer B paGorax [2], [3], [4] = T4,

OxaspIBaeTcst, YTO NPHM PELUCHHH MHOIMX 3ajad B MaTemaTuueckoif dusuxm
BO3HHKAET HEOGXOJMMOCTH KPATHON MOJNHOTHI YACTH KOPHEBBIX BEKTODOB OIrepa-
TOPHBIX IyuKOoB . CyIIeCTBYIOT DA3JIHMYHEIE IIOXOAB! K HCCIIE{0BAHMIO STOH 3aaun,
KoTopsle manoykensl B [5]-[10].

OpuuM M3 TOJXOXOB OPU PACCMOTPEHWH IOIMHOMHANBHEIX IYIKOB SIBIACTCH
H3yYeHne onepaTopHO-AuddepEeHINaIEHOr0 YPABHEHMA, COOTBEICTBYIOIErO One-
paropromy nyuxy [3], [6]. '

PaccMoTpum B rHIEGEpTOBOM IpOCTpaicTBe H NOMMHOMHANEHEIY ONEPAaTOPHEL
IIyYOK
1) P(A) = I+ 14,4+ ... +24,_+ A+ A",

rae 4; (j =1, ..., n) IuHEHAHEBIE ONEPATODEL, 3 4 — TONOXKUTENLHO ONpeAenEH-
HBI camMoconpspKenHbll oneparop. C STHM IOTMHOMUAIGHBIM IIYYKOM CBSDKEM
3anauay .

@ : P(d/dryu(t) = f(1),

3 u(+0)=¢, j=01,..,m—1,m<n,

B mpocrpanctse Ly(0, co; H). Crenys paborst [3], [6] 3amaun (2)~(3) nasosem

m-pezyanproii sadavei, eciu ipu Jmobom f(¢) u3 Ly(0, oo ; H) u mpu sEoGom Ha-

Gope m BexTopoB g € D(4"~I-12), j=0,1, .., m—1 ypasnesme (2) mmeer

pemtenwe u(t) Taxoe, 4T0

1) u(t) MMeeT CHIBHO HENpEepHIBHEIE IPOH3BOMHBIE 0 (n—1) MOPAMKA BKIFOTM-
TeJBHO 1pH £ > 0;

2) ut(t) € L,(0, 03 H), A" € Ly(0, co; H);

3) P(d/dt)u(t) = f(t) nourn BCrony npu ¢ > 0;

4 yP(+0) =¢g;, j=0,..,m—1
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B paunoit paGoTe HalffileHB! QOCTATOYHBIE YCIOBHMA Ha KO3(GdOUIMEHTEI monyg-
HOMUAJIBHOTO ONepaTopHOro nyuka (1), mpy BLINOMHEHMM KOTODHIX 3aaua 2-3)
HMMeeT eqUHCTBEHHOE /M~PEryIIApHOe pernenue u cucrema K(I7_)— KOpHEBBIX Bex-
TOPOB €ro, OTBEYANIMX COGCIBEHHBIM 3HAYCHHAM M3 JIEBOH MOTYILTOCKOCTH
m-KpaTHO noxHa B H.

HIMEoT MecTo CIEAYIOIIHE TEopeMbI

Tropema 1. ITyems n = 2k u nyyox P(2) umeem 6ud

2%
@ P(2) = ) (iAY Ay + A%
j=0
20e Ao =1, A— nosoxcumenssiio onpedesennviii ca. A Wi onepamop,
ad; (j=1, ..., n) — sauxnymse suneiinse onepamopyt ¢ H. Jance, onepamopu:
44~ (=1, .., n) cyms ozp pamoper ¢ H u ennoannemcn Hepa-
aencmeo
Daldai <1,
j=1
20e

Wde-n-Dzk, j =1, k-1,
¢ = 2-1, j=k,
2-k=Dj2k, j=k+1,...,n
Tozda 3adava (2)~(3) umeem eduycmeennoe k-pezyasproe peuserue.

Tropema 2. ITyems nyuox P(1) onpedessemca gopmysoii (1) u n = 4k-+1
(k=1,2,...), onepamopn ;A= (j =1, ..., n) cyms ozpanuenKble Onepamopul u
Zc,nA,Afn <1,

j=1
20e

—j\¥* _ dmea-p- @kezaki )
2 yoi=1,..,2%—1,

(=

k41 \1? kreny
o= 7%

n

3

’ j=2k,

O\ embakn
Wu) 27

P , J=2k+1,..,n

Tozda 3adava (2)~(3) uncem eduncmsenroe (2k+1)-pezyasproe pewenue.
‘TeopEMA _3; IIyems nywox P(2) onpedeanemen dopmuyaoti (1), n = 4k—1, u one-
pamopw A4~ (j =1, ..., n) cyms ozparmuenne onepamopu u

Y el < 1,

J=1
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20e
—j 12 jin(n—J)~2k(2k-1)}
) 2 2n
n

€=y G\ eoikakon
(7) o, J=2k+1,..,n

Tozda (2)~(3) umeem eduncrmsennoe (2k—1)-pezyanpuoe pewenue.

3ameuanue. ABANOrMYHBIE TEOPEMBI MMEIOT MECTO, eciu n = 2k-+1 M mydox
P(2) nmeer BHA:

P(A) = — "I+ A+ ... +4,+4"

HameruM KpaTiOe HOKA3aTENHCTBO, HAPUMED, Teopemsl 1.

VI3B€CTHO, YTO OTHOCHTENHHO CKAIAPHOro mpoussemenus (x,y), = (4"x, A"),
%,y € D(A") muOKECTBO P(A") CTAHOBMTCA THILGEPTOBBLIM NPOCTPAHCTBOM.
O6o3naunm gepe3 P(0, oo ; H;) MHOXKECTBO GecKoHeuHO U0 pas Auddepenmu-
pyempix dyuxumit co spadeHusmu B H;, KOTOPBIE HMEIOT KOMIIAKTHBIE HOCHTEIH
ru0) =0, j =0, ..., k—1. Juneiinoe muoxecrBo 2(0, oo; H;), cHabxErmOE
HOPMOIf

Hullw = (1u@0F, +114%%u)Z )2
SABJAETCA NpPEArdas0epToBbIM mnpocrpaHcrBom. Ilomonuenme ero oGo3mHaumm
yepes Wy(0, co; H;). Toraa mpu BHINONHEHHM YCIOBHS TEOPEMbI 1 Uit BCEX
dynxupit u(t) € Wi(0, 00; Hy) CHpaBeUIMBO HEPABEHCTBO
(5 yllullw = [1Peulle, = pllullw,

rper € [0, 1], P, = Py-+7Py n
2

1 7
+ A%, P, ——v( dt) Asgej.
J=

P, =

3/1eCh IIOMIOYKUTENHHbIE YHCTA ¢ U 4 HE 3aBUCAT OT #(f) u oT mapamerpa v. Crepsa
JIOKA3BIBAETCA, UTO ypapHenme Pou = f ONHOSHAYHO PaspemiMMo Ipu Beex f u3
Ly(0, o0 ; H). Jlanee, MCIONE3YA HEPABEHCTEA (5) ¥ IPHMEHSSA METOX TIPOKOIDKEHI
0 TIAPAMETPY T MAXOIMTCS, YTO ypaBHEHMe Py = f uMeeT e[MHCTBEHHOE PEIeHUe
u3 W(0, 03 H;) npu Beex f(t) € Ly(0, co; H). HaxoHen orMeraM, yTo 3ajiaya
(2)«3) ouepupmem o6pasom NPMBOAMICA K ypapHemmoo Pu=f, rme ue€
€ W0, c0; Hy), a feLy0, co; H).

B paGorax [3], [6] M.. Tacsimos noxasait, uro eciu safaya (2)~(3) mmeer m-pery-
nsipoe pemrenme npu f(t) = 0 u nyuox P(1) € K, . (ompenenenne xiacca K,
nMmeercss, Hanpumep, B [3]), To cucrema K(II_) m-xparso momsa B H. Fcnomssys
STOT PE3YIHTAT MBI YKDKEM CIEYIONIME TEOPEMBI O KPATHOH NOJIHOTE CHCTEMBI

().

Trorema 4. Ilycmb eunosnstomca ycaosun meopews L u A= e G, (0<p< ),
AAd7eCy (j=1,2,...,n) um A~' € Cy,, npu 00CMAMONHO MAAOK &> 0,
mozda cucmema K(I1_) o6pazyem k-xpamuo nosnyro cucmeny 6 H.
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Iipu k = 1 us aroil Teopems! MbI Tosyqyaem Teopemy M. I'. Iaceimosa [3]
n A. T'. Kocrrouenko, koropas oGobmaer peaynsrar M. I'. Kpeiina u I'. K. Jlanrepa
[5] mpy camocornpsKEHHBIX ONEPATOPHEIX IIYUKOB BTOPOI'O IMOPAMKA.

OrMernM, YTO TIpH BBIIOJHEHMM YCIOBHSL TEOPEMBI 4 KODHEBBIE BEKTODBI
K(17+) myuxa P(1) orsewaroluux COGCTBEHHBIM SHAUECHHAM M3 NPABOH NOIIyILIO-
CKOCTH TaroKe ofpasyer K-KparHO NOMHYIO CucTeMmy B H.

Trorema 5. ITycmb swnoansromes ycaosus meopexst 2 (meopems 3) u A-' e
€C, 0<p< ), 4;/47eC, (j=1,..,n). Tozda cucmena; K(II_) nyyxa
(1) (2k4-1)-kpamno ((2k—1)-xpamno) nosna ¢ H.

Ormernm, uro ecmu B Teopemax 4 u 5 omeparop 4! € C;, 10 Aust jmoboro
Habopa m BextopoB (m = k, 2k+1, 2k—1)), f; € D(4A"/~?) pasnorxenme
no cucreme K(I71_) m-xpatso cymmupyema meromom AGens.
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~ A NOTE ON GENERAL DILATION THEOREMS

W. MLAK.

Institute of Mathematics of the Polish Academy of Sciences,
Kr‘akdw, Poland

Summary. Positive definite scalar functions on homogeneous spaces are one
of the main objects of representation theory of groups. Functions of this type are
on the other hand closely related to induced representations of groups. Several
generalizations of results concerning such functions to the case of operator functions
have been extensively studied by Kunze in [1], whose paper inspired the investi-
gations discussed below. Inspiration goes also back to recent trends of general
dilation theory as presented in [2], [3], [6].

We introduce _the notation: Let E be a complex Banach space and E* its topo-
logical dual. By L(E) we denote the space of all antilinear bounded operators
from E into E*. Given two Banach spaces M, N, we denote by L(M, N) the space

of all linear bounded operators from M into N. We write L(M) £ gM, M).

DerFINITION (see [2), [6]). Let Z be a set and B(-, Y: ZXZ - L(E) an oper-
ator valued function. We say that B(-, -)is positive definite (abbreviated: p.d.)
and write B > 0 if for every n, every fi,....fs € E and every z;,..., 2, the in-
equality

[

f;.(B(z" 20£) (f) > 0

holds true. . .

The factorization property of positive definite functions presented below
plays a basic role. For p.d. scalar functions it is atributed to Aroszajn and Kolmo-
gorov, and its abstract operator version appears.in papers [1] and [7] for Hilbert
space valued operator functions. In both these papers the factorization is used
essentially in connection with certain dilation problems. The extension of factor-
ization theorem to Banach space valued operator functions and an explicit use
of it to dilation problems appears in [2] and [6] and reads as follows:

(A-K)Let B(-, -): ZxZ — L(E)bea positive definite operator valued function.
Then there is a Hilbert space K and an operator valued function X(-): Z » L(K)

such that B(u, v) = X(v)*X(u) for allu,veZ K iS‘ minimal, i.e. K = XZX(U)E,

[347]
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