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Remark 2. If Z(= S) = a group, and ¥(u, t) = Iy, then the above statement
is just the assertion of Naimark dilation theorem — see [4], [5], [6].

Remark 3. Using standard arguments of dilation theory —see [3], [51, oné
can prove suitable theorems, which explain how some continuity properties of B
and V(-, -) imply such properties of (- ).
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The lecture was devoted to the results of paper [4].
In [1] the following theorem was proved:

THEOREM. Let T be a contraction of the class Cy on a separable Hilbert space
Then there exists a unique (up to constant factors of modulus 1) sequence {m;},
of inner scalar functions such that:

(1) my;,, divides m; for each i,

(2) T is quasisimilar to S(m,)@Sm.)® ... (the “Jordan model” of T).

In [3] and [5] it was proved that if T has finite defect indices 8; = dpe = n
then, for i=1,2,...,n, m; is equal to the (n—i+1)-th invariant factor of the
characteristic function of T.

In [7] the problem was raised what is the relation of the functions m; to the
characteristic function of T in the general case. An answer to this question was
given independently in [4] and [2]. The main result of [4] is the following theorem:

THEOREM. Let T be an operator of class C, acting on a separable Hilbert space,
O its characteristic function and let Q be a contractive analytic function such that
O = Q0 = y- I, where y € H® is inner and n is the defect index of T (such an
2 exists by [6], VL3.1). Let S(m)®S(m)P ... be the Jordan model of T. Then
m, = y/[e,(2) for every natural number r < n, where &,(2) denotes the r-th invariant
factor of  (if n is finite then in this notation m; = 1 for i > n),
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In 1949 Beurling gave the now famous factorization of analytic functions on the
unit disk as the product of an inner function and an outer function. Years earlier
Szegs had solved the somewhat similar problem of describing the positive functions
on the unit circle that can be written as the modulus of an analytic function. (The
best known contemporary reference for these theorems is Hoffman’s book [3]).
Within the past few decades many theorems in.operator theory have exhibited
some resemblance to the above results. Not always has the relationship between
the operator theory and the classical function theory been clear. The purpose here
is to describe one direction in which such research has moved, to tie together some
theorems that have appeared in the past few years, and to answer a few previously
unanswered questions concerning these theorems. Most of the 1dcas contained
herein arose in, conversations with Ralph Gellar. In particular, the multiplicity
theorem (Theorem 4) was his conjecture.

First we briefly review the necessary language of Hardy spaces. For each of
the LP spaces of functions on the unit circle, H? is the subspace consisting of those
functions whose Fourier coefficients of negative index are all zero. In H?, an outer
function is a function f having the property that fH™ is dense in H 2, and an inner
function is a function that is of modulus one almost everywhere on the unit circle.
The bilateral shift is the operator U: L? - L* defined by U: f(z) — zf(z). The
unilateral shift S on H? is the operator S = U|H>.

Recall also that there is an easy description of the operators that commute
with U or S. (Wé shall assume throughout that “operator” means “bounded oper-
ator.” Also, for simplicity in the multiplicity discussion surrounding Theorem 4
we shall assume that the underlying Hilbert space is separable.) The commutant
of U'is L™, ie. each operator B that commutes with U is of the form 4 = 4,:
f— ¢f for all f € L?, where @ € L™. In the same sense, H” is the commutant of S.

The original factorization theorems of Beurling and of Szegs are as follows:
TreoreM 1. If f€ H?, then f = gh where g is inner and h is outer.
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