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ON THE WREATH PRODUCT OF MONOIDS
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A monoid is a semigroup with identity 1. A set A is called a left act over
the monoid R or left R-monoid if la € A and (Au)a = A(ua) and la =a
for each 1, p € R and a € A. A monoid R is called a wreath product of the
monoid B with the monoid U by the left R-act A if Ris a set RxF (4, U),
where F (4, U) is the set of all maps from A into U and the multiplication
is defined by

(Zif)(ﬂl g9 = (]'.“ang)v

wheref,(#) = f(ux) and fg(z) = f(®)g(x) for (4, f),(s,g) ¢ Rand z e 4.
We shall writte R = (E wr Ul4)

A left R-act A is said to be admiited if the following conditions are
valid:

1) 141> 2;
(2) It Ax =z for each x e A, then 1 =1;

(8) For each @ cA there existy a unique AeR such that iz =«
for every w e A (this 1 is denoted by »,);

(4) ¥, ueR, a,bed and a b, then there exists ¢ € R such that
oa = Aa and pb = ub.

TarorEM. If A and B are admiited left acls over monoids B and 8,
respectively, U and V are monoids and

(Bwr Ul4) = (8 wr V|B),
then |A| = |B| and U==7V.
Proof. Let R = (RwrU|A), H, = {(v5,f)| feF(4, U)} for a e 4 and
H= \JH,.
acd
LEMMA 1. 9,4 =, and M, = v, for each AeR and acA.
Evident.
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Levva 2. (a) H, = (v, )R; (b) If @ b, then H,n H, = ; (c) H i3

a two-sided ideal of R.
In fact, (b) is evident. Moreover,

(vay 1)(2; f) = (vhs f) = (%, f)

and
(s 9)(¥as ) =
for every (4, f),

(14, gvaf)
)y (#,9) €R by Lemma 1.

Lmnva 3. If (4, f),
F(Aa) = g(ub), then

/Aa, gvaf) E‘Hua S H

(5, 9)eR, a, bed, 2a =%a =ub = u’b and

(l,f)SRn(y, R £3.
In fact,

(2 ) (%14, 1) = (sza’f’m) €4, NN

and
(1“7 g)(”ub} 1)

by Lemma 1. But
Fa(@) =f(0,2) = f(3a) = g(ub) = g(» sz) = g, (@)
for every w e 4, i.e. Fora

Levma 4. If (v,,f)? =
if and only if f(a) = 1.
Furthermore, if

= (”,,257 gv“b) e, R

—'q",ub
(ar Y € R, then we have (v,, )R = (v, 1) R

(*) (Yay (%5 9) = (v, f)
Jor each a,b e A, then f(b)g(a) = 1.
In fact, (v,,f)€(v,,1)R by Lemma 2 (a). If (v,,1) €(,, )R, then

(75 1), v) = (v, 1) for some (€,v) e R, whence f(£z)v(2) =1 for each
@ € A. Besides we have L= f Then

fla) = f(a)f(ta)v a) =f, f(éa)v(a) =1.

Now, it f(a) =1, then (,,f) (va,l) (vas £,) BY Lemma 1. But f, ()
=f(a) =1 for each we 4, ie. fop =1 and (Vay (vay F) R. Further,
from ( «) it follows that f(b)g(a) = f,bg(a = f(a) = 1

Lmvua 5. If I is a two-sided ideal of R, I = Ua‘R ab =a for
every a,be X, |5 >2 and aRADR = J for a # b, then IcH.

We prove this lemmsa in a few steps.

(a) It (4,f), (4,9) € 5, then iy = A and =f.
Evident. ) (4, s ' Jg =f

icm
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B a=(4,f)e & oeR, weF(4,U), acd, gl =la and

w(Ae) =1, then )
i =(g,w)aecaR.
In fact, i = (04, w,f). By (a) we have
(0A)a = (pA)a = Aa = Aa
and
wf(eha) = w;f(Aa) = w(Xa)f(Aa) = f(ia).

By Lemma 3 iRNaR # 0. But iel, i.e. iecR for a certain ce 5.

Therefore
RnaR2iRNaR #0,

whence ¢ = q, i.e. i eaR.

(¢)  |Z]|>2 and a =(4,f) €&, then 4 =, for a certain cec 4.

In fact, otherwise we have Aa == Ab for some a, b € A. Further, there
exists an element b = (u, g) € 5 such that a 5% b. Since 4 is admitted,
there exists ¢ e R such that o(la) = la and o(Ab) = u(ib). Let w e F (4, U)
such that w(le) =1 and w() = g(ub). We take i = (o, w,f) and
w = (4, gf). But i = (o, w)a, pla = As and w(ia) = 1. Therefore, i caR
by (b). Further, w = b(1, f) € BR. Moreover,

(04 (ub) = (0A)(eAb) = oAulb = (e)(ub)
y (a). Hence,
(02 (pb) = () (ub) = (Ab) = p(Ab) = b = p’b

and

w;f((e2)b) = wif (ub) = w(4b)f(ub) = g(ub)f(ub) = gf(ub)

by (a) also. Therefore,
aRNBR 2 iRNWR £

by Lemma 3. This is a contradiction.

LevMa 6. If B = {(v,,f%)| a €A} has the properties of Lemma 5,
then

3(8) = {8l 3e R, 300, 1) = (

={(1,2)| e F(4, U), (b)
In fact, if z has the described property, then

vy, f%)3 for each a e A}
= f¥(a)2(a)f*(b) for each a,be A}.

(+) %2 =2,f°
for each a e 4, since using (*) we have
fo2(@) =f2(@)2(2) =[*(@)f*(@)2(a)f*(2) = 2(a)f*(@) =2, f*(®)
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for each z e A. The converse implication is proved similarly. But () is
equivalent to

(v, (L, 2) = (1, 2) (Vay %)

(¥4, F) 1y 2) = (95, f%) and (v, zvafa) = (1, 2)(v,, ).

So, the right-hand side belongs to 3(&). Now, if (§,2) €3(&), then by
Lemma 1 v, = &y, = #,£ =, for each a € A. Therefore, {a = a for each
a € A, whence & =1 by condition (2). So, 3(&) belongs to the right-hand
. side. .

since

LevMA 7. If 8 = {(v,, /%) a € A} has the properties of Lemma B,
then 3(&) = U.

In fact, we take a certain ¢ € 4 and in view of Lemma 6 we define
_the map ¥: 3(&) - U by ¥(1,%) = #(a). Evidently, ¥ is a homomor-
phism. If (1,#) €3(&) and z(a) = 2'(a), then .

#(@) = f*(a)z(a)f* () = f"(a)2'(a)f*(z) = 2"(x)
for each # e 4 by Lemma 6. So, (1,2) = (1,2'), ie. ¥ is an injection.
If w e U, then we put 2(x) = f*(a)uf*(x). By (x)
@)z (@) =f*(a)f*(a)uf*(a)f*(b) = f*(a)uf*(b) = & (b),
ie. (1,2) €3(5) by Lemma 6. Moreover, ‘
Y(L,2) =z(a) =f*(a)uf*(a) = u

because (va,f“)(vb,fb(a)) = (v,,1) and f%a) =1 by Lemma 4, So ¥ is
a surjection.

Proof of the theorem. Let S = (S wr V|B) and let @ be an isomorphism
of R onto &. Let

K, = {(»,f)| feF(B, )},
where b eB, and K = | J K. From Lemmas 2 and 5 it follows that

beB
@(H) = K. Further, |4] = |B|. Moreover,

Uceg{(ng, 1) aed} =3{Pr,, 1) aed) =V
by Lemmas 5 and 7.

Remark. If I is o free right R-act with the bases X and P(X) is the
monoid of all maps from X into X, then

EndF = (P(X)wr R|X) ([1], Remark 3).

Then the theorem gives a generalization of Fleisher’s theorem ([2 .
lary 2; ef. [3] also). ([2], Corol
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