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We consider a class of anisotropic P.D. operators defined in a region
Q = R", and degenerating on a symplectic submanifold of T* Q\0, which
is a generalization of certain well-known operator classes (see [6]). The.
results obtained are used in the construction of parametrices for degen-
rate operators.

1. Notation

Write R® = R, XR}™ (1<v<n) and let (2,0) = (2,9; &, 1) be the
points in T*R"

Let M = (M,, M,) be a pair of positive integers and denote by
OPST(9) (meR, @ = R the class of all P. D. operators of the form

(1) Pf(e) = @r)™" [ E“Pp (2, 0)f(0)dL

such that:

(i) the symbol p(z, £) belongs to C°(2 x B");

(ii) there exists a sequence (P,,_;)j=,0f O~-functions on Q x (R"\{0})
with the following properties:

(8) Pm—j(®, Y3 g, M) = P p, (@, 95 €, ), Vi, Vi>0,

(b) p Njg Dy Le.

oot a;(p - pm_j)I = O(|£181 - | Ma =N 10120y~ 17128
i<N
as |£] 4 |] — oo, for all N, a, B, y, locally uniformly in £2.
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The function p,, is called the principal symbol of P, and we set
Char(P) = {(z, &) e T* Q\0| Py, {2, {) = 0}.

Operators in OPSﬁ( ) extend by continuity to operators from &'(£)
to D'(Q).
For every fe &'(2) we define:

WFy(f) = Char(P).
PeOPS)(2),PfeC™(2)

2)

®)

WEy(f) is a closed subset of T"Q\0, stable under the dilations (z,y;
& n) > (z,y; Mg, AM2y), 2> 0, and projects onto sing supp(f) under
the natural mapping =: T*Q2 — Q. Tt can be proved that for every
P e OPST;(9)

) WFy(Pf) € WPy (f) = WEy(Pf)uChar(P), Vfeé' (@)

For a linear continuouns operator 4: CFX(Q) —D' (L) with dis-
tribution kernel K, eD'(2x Q) we can define the wave front set
WEF 30 (K 4) « T*(2x )\0 in the obvious way, and so we see that the
first inclusion in (4) is a trivial consequence of the fact that for any
P € OPSY(£2) we have

(5) WE a0 (Kp) = T4(2X 2\0 (4= diagonal of Qx Q).
For any ¢ € R we define H"M,loc(w) (o = Q) as the set of all distributions
% € D'(w) such that:
fa
O S+ 1825 )t (2, m)2déin < oo,

for all ¢ € 0P (o).

We say that P e OPS};(Q) is hypoelliptic in Q with loss of r anisotropic
derivatives, v > 0, iff for any ¢ € R and for all v = Q the following implica-
tion holds:

(M fee'(2), PfeHiy(0)=fecHEh"(0).

Operators with loss of O-derivatives are exactly those operators P for
which Char(P) is empty. For most of the concepts introduced above
refer, e.g. to R. Lascar [3].

2. A class of P. D. operators

Let
Z={my; &) eT*ON0| & = £ = 0}
and let %, T be positive rational numbers. By N},’?ﬁ([); Z) we denote the
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class of all operators P e OPST,(2) such that:

(1) O50¢puls =0 if |a|I, 1+ BIM; <&
and

C’f Do ta g #0 if (t, 7) # (0, 0);

llgr
Yl 3 I 1B =T

(ii) For j < kI/(1+1) one has:

1
]a[Ml/l+I/31M1<k——+TJ:—j.

Blipy ;s =0 if

Remark. When M, =M, =1=1, %k €Z., we obtain the classes

considered by Sjostrand [6] (written in a particular system of coordinates).

Various other classes, e.g. those considered by Menikoff [5], are in-
cluded in N7,

Let us observe that U N7k is an algebra with respect to composition
and that it is closed lmder the involution P — P*,

ExampLEs (Models of operators), n = 2:
— D'.! 20 Dz Ji—1 D,
1) P =a §+bwh y T 6 4 @, b, ¢ being suitable functions
2) P = aD}+ba"D, i O™(R?
3) P = ad’ D+ D+l D, m 02 (R).
With any operator P e Nz%(2; X) we associate a family of differential
operators with polynomial coefficients in R’, depending on the parameter
¢ € 2. More precisely, for any g € X we put:
YA+
Psle; 1, D)=

=0

. . )
) <1 (704en ) @ DL,
+piay = L

|a|M1

It can be shown that Pg(e; ¢, Dy): & (R") - & (R’) has a finite index
(kerPy(0) = L(R?),...).

Mty TEEOREM. Let P e Ngh(Q; X); then:

L If P is hypoelliptic with loss of » derivatives in Q, then v > KIj(L-+1).
If-P is hypoelliptic with loss of KL/(L 1) derivatives, then

(*) kerPy(g; t, D) = {0}, VoeZ.

II. Let (%) be satisfied (resp. let Ps(g) be, for any g, a surjective map
from & (R onto & (R”)); then there emists a linear operator

, -
B: Hagoo(2) — Hyppoo 1+ (9),
continuous for all 4, such that:

18 — Banach Center t. X
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(i) WFara(E,) = T5(Q % 2\0,
(ii) BP — I is regularizing (vesp. PH — I is reqularizing).

TII. Let (%) be satisfied and suppose that M; < (L-+-1)My; then the left

parametriz B of I is microlocal in the usual sense, i.e.
WEF(E,) = Th(2x Q\0.

IV. If, moreover, P is also a classical isotropic P.D. operator of order
m 3= 0, if (%) is satisfied and if My < M,, then P is hypoelliptic in Q with
loss of m—m|M,+r[M, isotropic derivatives, i.e.

(9) feé'(Q), PfeH (o) =feH MM qy),

The proofs of I and I run along more or less well-known lines (in
particular, for the construction of the parametrix B we follow closely
Sjostrand [6]).

As regards assertion ITL, there are strong reasons to think that condi-
tion M, < (1+1)M, is almost necessary for the mierohypoellipticity
of P. ~

Consider the following example. Let m,, m, € N, m, < m,, and write
My /My = A1[A; with 2, and 1, relatively prime (m, = hi,, m; = hi,).
Consider the operator P in R, x Ry,

3
P= 2 4;(y, Dv)”ml—zljﬂgzlla
i
where 4, is a differential operator of order m,— 4,7 in R*~*. Suppose that
the following conditions hold:

n A
(i) Mold)y,Mamigh=0 it o= f=0
j=0

(o(4;) denoting the principal symbol of 4;);
(if) Y(y,n) e T*R™\0, the ordinary equation:

h .
D ol Me™ W DMg) = 0, ge(RY),
=0

has only the trivial solution ¢ = 0.
Then we can apply the theorem by choosing m = & = ki 4,, M,
= Ay, M, =4, 1 = 1. It follows, in particular, that

(10) WE(Pf) = WEy(f), Vied'.

Nevertheless, it M, > 2M,, P is not microlocally hypoelliptic. Indeed,
-consider the open cone

I'={(@,y; & 1) e T*R™0] 5 = 0}.
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The isotropic principal symbol of P on I'is 2™ ¢(4,)(y, 1), which vanishes
exactly of order m, on the surface z = 0 and whose hamiltonian vector field is
not collinear with the radial vector field. Let A be a classical P.D. operator
with prineipal symbol @(|&12 4 |n*)/%; since A, = 24;; it is easy to see that we
canfind classical P.D. operators 4, of order m, —m;suchthat P= 3 4,4°

t<<am-
(Levi’s condition). We can then apply a result of Chazarain [1] tf) cmlmlude
that not only the equality WF(f) = WEF(Pf) fails to hold (though sing
supp (f) = singsupp(Pf)!), but, moreover, that there is a propagation of
singularities in the fibers Tj,(R"NI. A typical example is given
by the Kannai operator iD,— xD; .

3. Applications

We sketch only some of them.

A. Operators with symplectic characteristic manifold. Let M be a manifold
and let P e OPS™( M) be a classical P.D. operator in M withsymbolp ~ p,, +
+ Pyt ... Let 2y, Z, be two conic sub-manifolds of T*MN\0, of codi-
mension », and such that
(i) 2, is regular involutive (regular = radial vector field ¢ T(X))1);
(ii) 2, is involutive;
(fli) 2 = 2ZNZ%, # @ with transversal intersection, and such that

Tank oy 1 = 27, YoeZ (o= Zdéj A diy).
We impose on P the following hypothesis:
(11) P (2, &) ~ 11" [Ax, (2, 2120+ dy, (2, T/1E1)D,

for some &k, r e N (dgj being the distance to X;). In thecases k = 1or k> 1
and # = 1 which imply » = 1, we obtain a parametrix (left or right) for
a class of sub-elliptic operators. These results are well known, only the
proof seems to be simple.

Examere. D, +ia"|D,|, D,+ "D, (reven), Di+ixD;.
When % and # are greater than 1, some hypotheses on the lower order

terms in the symbol of P are needed to ensure e.g. hypoellipticity.
Suppose k = 2 and r > 2; and assume the hypothesis:

ozt

)+

(12) 1Pmr (25 OIS 18177 [d5, (2, T/1ED + ds, (2, S/IE)™]

where ¢, = max(0, t). Note that conditions (11) and (12) are invariant
under general homogeneous canonical transformations. Then for every
» € X we construct in N, = T,(T*M)[T,(Z) = differential operator P, such
that P is microlocally hypoelliptic with loss of 2r/(r+-2) derivatives iff
P, is injective for every o.
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Exawere. D2+a” D+ D,

The proofs of all the above results consist in reducing by a suitable
canonical transform, to the case of
Z = {(z,y; & eT" (B x By”)N0| & = & = 0}
50 that, microloeally, P belongs to some NmE(R™; ), and recognizing that
the hypotheses imposed on P allow to apply the main theorem.

B. Operators with involutive characteristic manifold. We make the
same assumptions on M, Z,, X, as before. Suppose that P e OPS™ (M)
and suppose that:

(13) D2, ) ~ L™ A5 (2, LD,

For well-known reasons we consider only the case &

keN.
> 2 and define:

i gﬂ & Py

4 2 L.J 02; 0F;

P'(2,8) = Pua (2, O)+ (2, 8),
which is called the sub-principal symbol of P.
For every p € Xy, let X be a smooth vector field on T*M which is
transversal to Xy at p and define:
(15) Lple; X) =7 (X"Pm)( )+’ (e).
Then if I,(g; X) % 0 for every o and X, we get that P is microlocally

hypoelliptic with loss of 1 derivative.

Exawmpre. DE-44iDE,

Condition I,(p; X) # 0 implies that p'(g) # 0. In the case where
P'|z, is identically zero (and k = 2), various results are known concerning
propagation of singularities for the solutions of Pu = f (see [7]).

We consider here the case of & = 2 and suppose that p'|5, vanighes
exactly of order » on 2; N X,. We make the following hypotheses:

(i) p,, takes values in a closed convex cone A < C (with opening
< 7);

(i) p'|z, takes values in a closed convex cone 4’ = Cj

(iif) An(—4") = {0}.

Under the above hypotheses P is microlocally hypoelliptic with loss
of (2r42)/(r +2) derivatives (a two-sided parametrix can be constructed).

ExAMPLE. D}+i2"D,.

Lascar [4] has obtained similar results by a different technique.
We can also consider the case of k=2, r = 1 (under some hypotheses
on the range of p,, and p’|;) and obtain a two-sided mierolocal parametrix.
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ExamprLE. DE+AwDE.

If r > 1, then one is usually forced to assume certain hypotheses
on the lower order terms of the symbol of P. As before, the idea of the
proof is to reduce to the case X = {(®,y; &, 9) # = £ = 0} and to
recognize that, at least microlocally, P belongs to some N7%%(R"; X);
but this time M, M, are not equal to 1 and, anyway, M, < M,.

C. Operators with non-regular characteristic manifold. We consider
here only a well-known example. Let 2 « R, ¢ € C*(2) be real function
with X = ¢~1(0) # @ and gradg 5 0 in Q. Consider the operator

S'a,

.'Ik"

ki3

(16) P =gpa) ot 2 by (@) aixj +o(@),
with smooth coefficients in £ and A e N. Suppose that

(i) The matrix A(z) = (g(2)) is real symmetric, A(z)>
ker A (%) is generated by grad,g(x);

(i) (Reb(®), grad,g(z))+ o (@) Tr(4d (r)Hessp(x)) >0, e Q. Then
Pis hypoelliptic in @, has a left parametrix, and is microlocally hypoelliptic
iff h> 1.

By a suitable change of variables near X, we can reduce (16) to the

operator:
= y 2 i (yi

The hypotheses (i), (ii) allow us to conclude that, locally,
PeNy, (R %) with M=(2,1)and Z={.|y=79=0}

The condition (#) of the Main Theorem is satisfied. When s =1, P is
not microlocally hypoelliptic, as follows from a well-known theorem of
Duistermét-Hormander [2].

0 and

a
17 +B8(y,2) o~ o + e
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