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for ¢ e [0, T]. Since u—w is a solution of (2.10) with (v—w)(0,1) =0,
the estimate (3.2) holds for » —w and if follows that |(u—w)(z, t)| < & for
(=, 1) e[—1,1] % [0, T]. But by the definition of w this estimate is ident-
ical with (3.1).
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Let X be a smooth closed Riemannian manifold of dimension » and B
a smooth Hermitian vector bundle over X. If A: (*(X, B) - (°(X, B)
is a self-adjoint elliptic operator of order m > 0, then A has a disercte
spectrum {Ahon With |4;] = oo as k— co ([6], part XII, Theorem 14).
In [1] Atiyah, Patodi and Singer introduced the function

n(d; 8) = D 'sign(h) -4l
]
holomorphic for Res > n/2m. More precisely, it is known ([1], [4]) that
this function has a meromorphic extension onto the whole complex plane
with only simple poles and that there is no pole at s= 0. This function has
then been used to define an invariant ind(4; D,, D,) depending, for
fixed flat connections Dy, D,, only on the operator A.

In this paper we compute this invariant in a special case, where it
has a clear interpretation. In particular, we obtain an expression for the
index of the family of self-adjoint Fredholm operators over §* by an integer,
which is a spectral invariant of the family, the so-called spectral flow. The
main properties of this invariant, which were mentioned in [1], are also
proved.

1. Extension of a pseudo-differential operator to an auxiliary
flat vector bundle

DerFNrTIoN 1.1. Let V be a smooth Hermitian vector bundle over
a smooth manifeld X. V is called flat if it has a trivialisation {U;, ¢} with
constant transition functions.

If this is the case, the exterior differential d acting.locally on the

sections of U;xC¥ = V|U; extends to a global connection Dy on the

[413]
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whole of V. The curvature Q- of this connection satisfies 2y =D% =0
_Con;ersely, any connection with this property determines a flat structure
in V.

) Le?t B anfl F be vector bundles over X. If A: 0°(X,B) - (X, F)
xswa differential operator, then 4 has a natural extension A, ’ I:
(X, EQV) — (X, FQV). To define it, we write any h e C*(X, Il/)'l)7as

N
h = 2 Z TS

tel k=1
where fy, & OF(U,), sy, € C°(U,, V|U,), sy(a) = o e, (0,..,1, .., 0)),
N = dimV, and we put

N
(A®p, 1) (s@h) = D' 3 A(fus)@sy.

tel k=1

) TIIEOB:EM 1.? ([61, part IV, §9). Under the above conditions there
exists a unique differential operator ARy I with the properties

(i) U(A®DVI) =0(4)QI, .
(i) A eC0®(X, V) and Dph =0 =>A®D,,I(8®h) = As®h, seC(X, ).

It 4 is merely pseudo-differential, the situation i i
. , situation ig a little more compli-
cai:,ed, since 4 need not be local. We may, however, use a partitionpof
unity {y;} subordinate to the covering {U;} and define

N
A®p,I(s®h) = ' 3 1, A(f5)@sy.
i k=1

This depends, of course, on the partition of unit i ii
Ths ¢ ‘ ¥, but (i) and (ii) are still
saﬂsf}ed. Observe that, since the transition funeti(’)ns are const;n% mn‘tam]y
matrices, the operator A® L 18 self-adjoint if A is self-adjoint.

2. The invarjant ind (4; D,, D,)
Let B: ¢*(X, B) - (~(X, Z) be a self-adjoint elliptic pseudo~differenﬁa1

operator of positive order. If we keep the bundle, the order and the prin-

cipal symbol of B fixed, we obtain a convex subset J i
such operators. Define € in the space of al

&B; 8) = In(B; s) +dimkerB).
It is proved in [1] (8§ 2 and 6) that the function
MB) = &B; 0)mod Z
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is a smooth function on J with values in R/Z, so that du(B) is a well-defined
real-valued 1-form on J. For all By, B, €J the integral

By 1
J #u(B) = [ au
B, ]

does not depend on the choice of a smooth family joining B, with B;.
This integral will be denoted by ind(B;, B,). We thus have

EBy; 0)— &(Bg; 0) = k+ind(B,, B,), keZ.

- We are interested in the value of ind(B,, B,). From now no the following

special situation will be considered: A is a self-adjoint elliptic pseudo-
differential operator of positive order; D, and D, are two flat connee-
tions on X x CY. We then define

ind(4; Dy, Dy) = ind(4®p, I, A®DOI).
The following theorem was proved in [1], §§5 and 6:

THEOREM 2.1. ind(A4; Dy, D,) is a real-valued homotopy invariant of
the operator A, depending only on the element oi(A) e K'(TX) determined
by the principal symbol of A (for fiwed flat connections D, Dy).

Remark 2.2. A determines the family
cost+iosint  for te[0,w],

o({d}) =1 .
() [e*‘ for telr, 2],

where ¢ denotes the prinecipal symbol of A. Thiy family gives rise to an
element in K (8' x TX), trivial for { = 0, and thus to an element in K*(TX)
(see [5], part IT) denoted by o,(A). It is proved in [1] that every class in
K'(TX) may be obtained in this way.

Remark 2.3. Let a: II,(X) = U(N) be a representation and X the
universal covering of X (X — X is a prineipal IT, (X)-bundle). The bundle
V, = X x,C¥ is flat. Assume that it is trivial and let ¢: V, - X x CV
be a fixed unitary trivialisation. Then

ind{e, ¢, 4) = ind(4; ¢*D,, d),

where the left-hand side is defined in [1], § 6; here D, is the natural flat
connection in V, and ¢*D, = ¢D, ¢ ".

3. The spectral flow

Let {B};; be a smooth family of self-adjoint elliptic pseudo-differential
operators of positive order acting on sections of a bundle F. If there exists
a unitary automorphism y of F such that B; = yByy~! then &(By; 0)
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= £(B,; 0), so that k = —ind(B;, Bo).

The integer % equals the value at ¢ = 1 of the following function j:
f0;11+2%:

(i) §(0) = 0;

(i) at t = t, the value j(f) increases by 1 for each eigenvalue i(?) of
B, changing sign from < 0 to >0, and decreases by 1 for cach eigenvalue
changing sign from > 0 to < 0 (the eigenvalues are counted with their
multiplicities).

The function j is well defined since we can approximate {B,} by an
analytic or piece-wise linear family.

DErFINITION 3.1. The value j(1) is called the spectral flow of the family
'{B t}teI .

The spectral flow may be defined not only for families of pseudo-
differential operators of positive order as above. Let {4,};,; be a family of
self-adjoint Fredholm operators acting in separable Hilbert space H. For
such operators zero is an eigenvalue of finite multiplicity, so in a neigh-
bourhood of 0 we have only the discrete spectrum, hence we may still
calculate the number of elgenvalues changing sign and sf{4,} is well
defined.

In fact, in this case there is an elementary proof that the eigenvalues
near zero are continuous functions of the operator in the norm topology
(cf. Theorem XTIT.1, and Problem 2 in Chapter XIII of [7]).

LEmyA 3.2. Let {A}er, {Biher be the families of self-adjoint Fredholm
operators such That for each t |A,— B, is sufficiently small. Then sf{4,}
= sf{B;}.

Proof. Tt is obvious that in this case the eigenvalues of A4 change
sign if and only if those of B do. This will be described in details in [8].

Assume, in particular, that there exists a unitary automorphism y
of H such that 4, = yA4g . The group of unitary automorphisms of H
being contractible, there is a family {y},; of unitary transformations
of H continuous in the norm topology such that y, = y and y, = idg.
The family {4}y yields then a family {4}, of operators over 8%

Ay - for = s e[0, 4],
Ves1-doymty  for  sel}, 1]
Observe that sf{4;} = st{4,}, since all the operators A, for se[},1]
have the same eigenvalues, which in particular do not change sign in
this interval. We may thus assume for our purposes that “the family

over §'* means a family {4,},; such that 4; = p4,y~" for some y as
above. We then write {4,},.q1.

i -

T
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THEOREM 3.3. Let {4,},s be a family of self-adjoint Fredholm operators
acting in a separable Hilbert space H. Then sf {4,} is a homotopy invariant
of the family.

Proof. This is the consequence of Lemma 3.9.

4. The index theorem for families of self-adjoint operators

To compute value of sf{4,},.s1 we shall use the index theorem for families
of self-adjoint operators.

Recall [2] (see also [8]) that the set 7 of all self- -adjoint Fredholm
opelators in a separable Hilbert space H has 3 connected components
b R F_ and F,. The spaces - 14’ consist of operators that are essentially
positive (respectively es%entmlly negative), i.e. positive or negative modulo
compact operators. Both these spaces are contractible. The space ﬁ'* is
known to be the classifying space for the functor K%, which means that
for any compact space X, K 1(X) ~[X, 1:’*], where the last symbol denotes
the set of homotopy classes of continuous maps X — P

Let now {4,},.p be a continuous family of self—ad)omt Fredholm
operators over a compact space P. The element in K~ 1(P) determined
by {Ai,} will be called the enalytic index of {4,} and denoted by index{4,}.

A}oep is a family of self-adjoint elliptic pseudo-differential opera-
tors acting on sections of a Hermitian vector bundle E, we may express
index {4,} in terms of topological invariants. In this case {4,} defines
a family {4, }est pep glven by

cost+id,sint  for

‘, ;
T e for

tel0, =],
ter, 2x].

The symbol o{4,,} gives an element in K (8*xPxTX) trivial over
{0} X P x TX, and thus an element o,(4) e K'(TX x P) called the symbol
of the family A = {A,},.p. The topological index t-ind {o(4,,)} e K( S X P)
is a homotopy invariant of {4,} and depends only on ¢;(4). We may now
formulate

TEEOREM 4.1 (the index theorem for families of self-adjoint operators,
[11, §3). Let A = {4, }yep be a continuous family of self-adjoint elliptic
pseudo-differential operators over a compact space P, acting on sections
of a Hermitian vector bundle B. Then index A equals the value of the homo-
morphism t-ind: E'(P x TX) -~ K'(P) on the symbol o,(A) of this family.

Assume now P = S'. Then the map »: K'(8Y) —Z given by »(o)
= ch(o)[8'] is an isomorphism. On the other hand, we have

27 — Banach Center t. X
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Leia 4.2. sf is an isomorphism IT,(F.) - Z.
Proof. Let A, be the operator in I*(8") given by
sign(k+1)e** for k=0,

Ay (67®) = i
o(6™) sign ket*® for k<0

and y, the automorphism of §'x C defined by
v, 2) = (@, eisz)7

where z i a real coordinate mod2r. Denote by {C,;} any family joining
A, with y,, Agyzl. Tt is known that IT, (F.) = II(QF) = Z (the periodicity
theorem) and that the classes of {C,,;} in Hl(ﬁ*) are different for different
m. What is left is to observe that sf{C,,;} = m.

THEOREM 4.3. Let A = {A}.s1 be a continuous family of self-adjoint
elliptic pseudo-differential operators acting on sections of a Hermitian vector
bundle E. Then

st4 = »(index4d).

Proof. Assume that sf A = m. If A has the spectral decomposition
{A; Pulrez and it A; = yAy ™" for a y eaut I, then 4, has spectral de-
composition {J;; yg,}. We may assume that 4, is invertible. Let |4,
= (A2, Then 4, = 4,|4,)™" has the spectral decomposition {signi,; g}
and A, = 4,4, = yA;p~' has the decomposition {signi;; vy}
The family joining A, with A, has, of course, the same symbol as the family
A, since |4,|7* is a positive operator of order —p (p = order A), which
does not change the elass of a symbol in K and a fortiori in K* ([6], part
XII and [3], Theorem 2.2). Hence index A= index A and moreover
sf A = m by construction, so that index 4 is equal to the class of the family
{Cp} in KY(8Y) and std = st{C,,;}. The proof will be complete if we
construct for any m a family B,, with spectral flow m and with » (index {B,,})
= m; this is done in Section 6.

5. The class b(D,;.D,). A cohomological formula for ind (4; Dy, D)

As follows from the construction in Section 1, a self-adjoint operator has
many extensions to X x CV, which depend on the choice of the flat struc-
ture. The difference between two such extensions may be measured by
the cohomological difference between two connections.

Let Dy and D, be two connections on X xCV. Any family {D}.s
of ¢onnections joining D, with D, defines a global connection D on I X
« X x CV with the matrixt o (¢, ) = w,(z), where w, is the matrix of D,.
The form ch(D)— N determines an element in H¥ (X x I, X x {0,1}: R)
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= H°%(X; R) that will be denoted by f(D,; D,). The corresponding
element in K-1(X)®,R will be denoted by b(Dy; D).

LevvA 5.1. Let D be a connection in X X C¥ and y o unitary auto-
morphism of X X CN. Then

B(y*D; D) = ch[X x C¥; y],
where [X x CN; y] is the element in K~ (X) determined by y.

Remark. The pair (X x C¥; y) determines the following bundle W
over 8'xX: W =IxXxC% ~, where (0,9 ~(1,2,yv). Then
{(W]l—-¥ e K(§" xX) and gives an element in XK~'X) denoted by
[XxCV;5 9]

Proof. In this case the connection D defines a global connection on
W. Thus

B(y*D; D) = ch(D)—N = ch(W)—N = ch[X x CV; ¢].
We now turn our attention back to the invariant ind(4; Dy, D)

under the assumption of Theorem 2.1. Assume additionally that D, = y*D,
= yDg™}, where v is a unitary antomorphism of X x CV.

LeMMA 5.2. Let D be a flat connection in X xC¥ and y a unitary
automorphism of X x C¥. Then
A@ppl = 1®y)(A®p1)(1®Y ™).

Proof. Let h be a D-flat section of X x C¥ over an open set U c X
(i.e. Dh = 0). Then yh is a y*D-flat section over U. If now fe C5°(U) and
s e C*(X, H), we obtain

A®ypI (s®F(7h)) = pA(f5)@7h = (1®y) (A®pI) (1 y)(s®F(vh),

where ¢ € C°(U), pjsuppf = 1. By Theorem 1.2 the proof is complete.

TEEOREM 5.3. Let Dy = y*D with D and y as above. Then the family
{A}er of operators joining A®pl with A®,.pl is a family over 8 with
symbol a,(4)®[X x CY; y1.

Proof. In this case the family {4,} joining AQ,I with A®,.«,I defines
a global operator on sections of n* EQW, where n: 8 x X ~» X is the pro-
jection and W is as above. The bundle »*F W may be obtained from
EQCY pulled back over I xX if we identify (0, e®v) with (1, e®9v).
Let now e & 6°(X, E), v e C°(X, CV), dv = 0. Then

A, (0, e®9) = (AQpI){0, e®v) = (0, Ae®@w) ~ (1, Ae X yv)
= (AQ,ipl)(1, e®yv) = A,(1, e®@yv).
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Hence it is clear that ¢{4,} = ¢(4)®I, where o(4) acts on #*F lifted to
L5 (TX\0) and the identity acts on W lifted similarly. Thus, after the
factorization,
01{4} = 0 (4)B[X x C¥; y].
Note that this is an element in K°(TX) since o,(4) e K'(TX); [X x CV; y]

is viewed here as a lift o K~'(TX) of an element from K~!(X) and we
have the pairing K-1(TX)QK*(TX) - K°(TX).

COROLLARY 5.4. The following formulas hold:
ind(4; y*D, D) = —it—ind {0,(4)b(y*D; D))
—ch [t—ind {o;(4)b(y*D; D))}[8"]

I

= —ch(o;(4))B(y*D; D)7 (X)[TX],
where 7 (X)) is the Todd class of the manifold X.
Proof.
ind(4; y*D, D) = —sf{d} = —»(index{4;})
= —ch[t—inde,(4)b(y*D; D)]
= —cho,(4)8(y*D; D)7 (X)[TX]

(see [3], Theorem 5.1).
A more general formula has been proved in [1]in the-case of dim X odd.
THEOREM 5.5 ([1], § 6). Let X be an odd-dimensional (compact Rieman-
nian) manifold. If D,, D, are two flat connections in X x C¥ and indg
=t—ind®I: K(TX)Q;R — R, then.

ind(4; D, Dy) = —indzay(4)b(Dy; D).

' 6. The case X = §'; an example
Let X = §. Consider the operator B,: 0*(8%, C) - 0=°(§', C),

af
B = —j—
olf) i A
( is the real variable mod 2x). Bo has the spectral decomposition {%, 6%},
80 that 7(By; 0) = 0 and £(B,y; 0) = %. In this case all connections are
flat.

Consider a connection D, in §' x C with the form w,(z) = iads,

aeR. Then B, = B®p, I :0*(8, C) - 0*(§, C) is of the form
By(f) = —ii‘{'“f-
dw
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B, has the spectral decomposition {k-+a, ¢*®}, .5 thus 5(B,; 0) = 1—

—2(a—[a]), where 0 < a—[a]l<1fora>0, [a]leZ and 0K [a]—a<1
for a < 0. Thus

&(B,; 0)—&(Bg; 0) = [a]—a;

in particular ind(B,; D,, d) = —a.

Let us caleulate the class b(D,; d). As a family of connections joining
D, with d we may take {D;},, D, = tD,+ (1 —1)d, which gives a con-
nection in I x §' x C with matrix w(f, 2) = iatds (in the trivial frame)
and curvature Q(f, ) = fadir ds. The corresponding Chern character
equals

trexp —Z~.Q = 1—|——a~dm/\ at,
2% 27

hence B(D,; d) = a e H*(§'; R) =~ R.
Let us compute the symbol a;(B,). It belongs to
ENTS) = B (DSYSSY) = B}(8* x 8) = K (Y@ KNS = 2@ Z.
The generators of K*(8 x 8') are given by the following pairs:

[ X8 % C; a(z, £z = 692], [F'x8xC; a(z, f)z = 2],
On the other hand, A
tef0, =],

e for tel[r,2n].

(cost—igsint)z  for
o(By) (@, &, 1) (2) =

We thus obtain a complex of bundles over B determmmg the Bott class
in K(R*) = K (8% = K*(8"). Henee

01(Bo) = [8' X 8 x C; a(z, §) = ¥]
By Theorem 5.5,

and choy(By) = —df)2x.

—ind oy (By)b(Dy; @)

- [gi][ ][Sl x 8] = ———ffdm/\d; - —a.

Let a = k €Z. Then

ind(By; Dy, d) =

B, (#) = a,(2)Bo(2) 0 (),

where a(3) (2, 2) = (#, €*°z). The family {B,}o<;<; thus defines a family
of differential operators over 8. The spectral flow of this family equals
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k and we compute index {B;} as above:
ch(index {B;})[8'] = choy(By)ch[§" X C; o]

a&r kdx " _— k .
[*’2:][3:][5 18 = g [ [ amae = .

This completes the proof of the equality sf = »(index).
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