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1. Introduction

Let U be an open subset of C" and denote by PSH(U) the plurisubharmonic func-
tions on U. In Cegrell ([3], p. 322) it is proved that there is an. open subset U
‘containing U such that :

(1) |o: PSH(D) » PSH(U) is a bijection.

) If |y: PSH(¥) — PSH(U) is a bijection then V < U.

Here |y denotes the restriction map.

The purpose of this paper is to study the situation where

lg: PSH(V) — PSH(U)

is a surjection, not necessarily a bijection. We wish to point out that we know of
no example where the restriction map is surjective without being bijective.

2. Domains of existence

DeriNiTION. Let U be an open connected subset of C". We say that U is a do-
main of existence for the plurisubharmonic functions on U if there is a plurisubhar-
monic function on U which cannot be extended as a plurisubbarmonic function
to any open connected set strictly containing U.

In the same way we may speak about domains of existence for analytic func-
tions, pluriharmonic functions and so on.

EXAMPLE. Any pseudoconvex domain is an example of a domain of existence
for the plurisubharmonic functions. The converse is not true. Cf. Bremermann [2]
and Cegrell [3], p. 329.

TueoREM 2.1. Let U be an open connected subset of C". Then there exists an

* Supported by the Swedish Natural Science Research Council Contract No. F 3435-100.
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open connected set U containing U such that the restriction map |y: PSH((V]) - PSH(U)
is surjective and U is a domain of existence for the plurisubharmonic functions.

Progf. Consider the class 4 of open connected subsets U’ containing U such
that [y: PSH(U") - PSH(U) is a surjection. Partial order 4 by saying that U’ < U”
if U' < U” and |p.: PSH(U") » PSH(U') is a surjection. It is then clear that any
totally ordered subset of 4 has an upper bound in 4. So, by Zorn’s lemma, 4 has
a maximal element U which means that

(1) y: PSH(U) - PSH(U) is a surjection.

@) If W= U and if [y: PSH(W) — PSH(U) is a surjection then 7 = W.

It follows from Proposition 2.2 that U is a domain of existence,

Prorosition 2.2. If U is not a domain of existence for the plurisubharmonic
function, then there is an open connected set U’ containing U such that U # U’ and
lv: PSH(U") — PSH(U) is a surjection.

For the proof we need some preparation.

TrroreM 2.3. If U; 2 U, and if PSH(U,) |y, is non-meager in PSH(U,) then
there is an open set Uy, U, S Uy = U, such that

PSH(U;)|y, = PSH(U,).

(We consider PSH(U) as a complete metric space with topology induced by L, (U).)

Proof of Theorem 2.3. Choose z, € U;ndU, and r > 0 such that B(z,, r) is
relatively compact in U;. Put

Ay = {p e PSH(U,UB(z,,1)); Plam < 1}

It is clear that 4,|g, is closed in PSH(U,). Furthermore, G Aply, > PSH(UY) |y,
n=1

hence there exists a number # such that 4,|y, has an interior point in PSH(U.).
Let @y be such a point. Then there is an ¢ > 0 and a compact subset k of U, such

that if @ € PSH(U,) and S|¢p—-(po]dz <& then @€ 4,|y,. Choose N so that
k

$ow —po < £/3 where on = sup(po, —N). Put

k

1
fm=sup (‘Po"'"nTlOg!Z—Zo ls “N)
and choose m so large that S[ fo—®al < &/3. Given p € PSH(U,). Put
k

€ 1

EENT TS
k

Then Oy+ f,, € PSH(U,) and é10w+f,,.—quo[ < &. Hence, there is a 61/;\-1-/{,,, €4,
with

6

Oy t+fulu, = Op+f.
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Put E = {z e U, U B(zo, 1); <po+—’iTlog|z—zol < —N} and choose r; < rsuch that
B(zo, r,) is relatively compact in E. It then follows that on B(zy, r,) A U, we have
fm= —N. Put
(2), zeU,,
[
PO = | L GrThat ), 2 € Blao, ).
It is clear that ¢ is a plurisubharmonic extension of u to U,UB(z,, ;) s0 we
can take U; to be U,UB(z,, r,).
. Lemma 2.4, The connected open set U is a domain of existence if and only if
PSH(U") |y is meager in PSH(U) for every connected U’ 3 U.
Proof. If PSH(U')[y is meager in PSH(U) for every U’Z U we may use the
same idea as in Lelong [4], p. 31, to see that U is a domain of existence.
Conversely, if there is a U’Z U such that PSH(U") |y is non-meager in PSH(U)
it follows from Theorem 2.3 that U cannot be a domain of existence.
Proof of Proposition 2.2. Assume that U does not satisfy the conclusion of
the proposition. It follows from (2) and Theorem 2.3 that PSH(W) is meager in
PSH(U) for every connected W2 U. Hence by Lemma 2.4, Uis a domain of existence.

Remark. Proposition 2.2 is also stated in Bedford and Burns [1]. Cf. Zent-
ralblatt fiir Mathematik (1979), 403, 32011.

3. Some special cases

The following theorem contains the theorem in Bedford and Burns [1] as a special
case.

THEOREM 3.5. Let U be an open connected subset of C" such that U < (CU)°
and there is a dense set of points (P)? in U such that for each point P; there is a ball
B(P;, r) and a complex hyperplane H of codimension 1 containing P; such that
either

@ B(P,r)NnUnH =P,
or
(i) B(P;, r)n U H\ (Py).

Then U is a domain of existence for the plurisubharmonic functions.
Proof of Theorem 3.5. Let P be a point where (i) is satisfied. Put
¢= sup —loglH|

TUnaB(P, r[2)
and
c, z e UN B(P,r/2),
p(z) = sup (¢, —log|H|), ze€UNB(P,r/2).
B(P,1/2)

3%
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Then y e PSH(U) and since zhn}’ w(z) = + oy has no plurisubharmonic exten-
z'elV

sion over P,

Let now P be a point where (ii) is valid. We can assume that P = O and that
H contains {(z4,0,...,0);z; €C}. There is a £, 0 < £ < r/2, so that for each
x eC" with |x] < & we have [0B(0,r/2)nH]+x < U. Since 0e U and since
(CUY® > U by assumption we can choose x° & (CU)° with [x°] < & There is an
7,0 < 1 < rf2, such that B(x°, ) = (CU)°.

Put

1 = inf{~loglz; ~x}|, ~log(n/2)},
4
@, = log [',Eﬂ(zz“xg, Zn—xg)l] .
Now ¢ = sup(gy, ¢,) is plurisubharmonic outside B(x®, %) sincg |z,~x%| > 5/2
gives —log(n/2) > —loglz,—x?| so
p= SUP{—IOgIZr-X?I, log[-niz—l(h—xg, -'-,Z,.-—x}?)l]}-
If |z,—x2| < /2 then |(z,~x3, ..., z—xD)| > /2 so
4 2
'Flfzz*xg, ces Zg—XR)| > ';7"
which means that

4
log;;-l(zz,—x;’, e Z=x)| > ~10g%.

Thus

4
@Y= IOg ?—I(Zz_xg, “eey z,.—x,'f)l.
Now, we have ¢ = —~log|z; —x9| on
Un{z;—x = ... = z,—x = 0}
so if @ has a plurisubharmonic extension @ to a connected set containing U and
B(P,r) we have

sup  @(z;,x9,...,x%) < su & 9, s X8
2:e8B(xQ;r2) (P( L2 g ") z,sB(x?, r{2) 93(21 » X2 ’ x”)
which contradicts the maximum principle.
It follows now from Proposition 2.2 that if there is a dense set (P;)72., where

(i) or (if) is satisfied, then U has to be a domain of existence for the plurisubhar-
monic functions. '

_ Proposimion 3.6. Assume that U c V. If |,: PSH(P) —» PSH(U) is a sur-
Jection am? if VNU is compact in V then V\U has no interior points.
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Proof. The proof of this theorem is similar to the second part of the proof
of Theorem 3.5 and will not be repeated.

THEOREM 3.7. Let U be an open connected subset of C". If one Uis pseudoconvex
then every pluriharmonic function on U has a (unique) pluriharmonic extension to u.

Proof. Put W= MU'; U’ > U, U’ pseudoconvex. It is clear that |,: PSH(W)
— PSH(U) is surjective. Given ¢ € PSH(U). Then there is a ¢ € PSH(W) which
extends ¢. Now, by Cegrell ([3], Theorem 6.2), Csuppdep is pseudoconvex. Hence
@ is pluriharmonic on W. Thus, any pluriharmonic function on U extends to a
pluriharmonic function on W.

Choose now a fundamental sequence (K,)®2.; of compacts in W. If there is
a point z, in UnW take Zy —> Zo, B> 00} Z, € W\Ie,,, Z, € IA{,,H. Then there exists
f, analytic on W such that )

n—1
S Il < s Refle) >t D 1A

Put h = ZRef,,. Then

>n~-1.

u n—1
he) = lim Re fi(z) > ~1+Refi(z)—| > fi(z)
Ladis 1 y=1

y=

Now # is pluriharmonic on W so any_plurisubhannonic extension of h to U is
equal to 2 on W. But A(z,) =nso lim h(z') = + co which proves that & has
Waz'—+zq

no plurisubharmonic extension to a neighborhood of z,. Since z, was any element
in UnW and since U and W are connected we have proved that U = W.
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