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Abstract. Let there be given a differential operator on R" of the form D = ZZ =1 @ig -
x;0/0x; + p, where A= (a;;) is a real matrix and y is a complex number. We study the following
question: To what extent the mapping D : S'(R") — S’(R™) is surjective? We shall give some

conditions on A and p which assure the surjectivity of D.

n

1. Introduction. Let 7 be a space of functions or distributions on R™. A
differential operator D on R™ is called globally solvable in T if the equation Du = f
has a solution w € 7 for any f € 7. By the classical theorems of Malgrange,
Ehrenpreis and Hormander a differential operator D with constant coefficients
is globally solvable in the spaces C°°(R"™), D'(R"™) and S’(R™). However, if D
has non-constant coefficients, then in general D is not globally solvable in any of
these spaces. In general, D is not even locally solvable. Here D is called locally
solvable at a point p € R™ if there exists a neighborhood U (p) of p such that for
any f € C°(U) the equation Du = f is solved on U by a distribution u € D'(U).
For example, Lewy’s operator is not locally solvable at any point p € R™.

In the present lecture, I shall study solvability questions for differential oper-
ators of the form

- 0
D = D"? = Z aijxj% +un
ij=1
with A = (a;;) € M(n,R) and p € C. Clearly, the principal symbol of D is
degenerate at the point x = 0. Therefore, all the difficulties which can arise
manifest themselves at z = 0 (or at least at those points x where Z?:l a;jr; =0
foralli =1,...,n). At other points, D can be locally transformed to an operator
with constant coefficients by the Picard—Lindelof theorem and all local solvability
problems disappear.

[147]
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Clearly, we cannot expect that the equation Du = f always has a C'*°-solution
u for any C'°*°-function f; in fact, for u = 0 the left hand side is 0 at the origin
whenever u is a C*°-function. Therefore, in general we have to look for a distri-
bution solution.

Our intention is to obtain results on global solvability in the space S’ of tem-
pered distributions. This problem can be compared with the division problem for
distributions. Hérmander’s famous division theorem ([4]) says that the multipli-
cation operator T'+— P -T, T € S, where P is a polynomial, is surjective in
S’. As a consequence, by taking the Fourier transform, we get the surjectivity
of any differential operator with constant coefficients in §’. Now, the operator
D= Dl’:‘ is an operator with “polynomial” coefficients and seems to be a kind of
combination of a multiplication operator and a differential operator with constant
coefficients. And now we ask if it can be “divided” by D, so to speak. Of course,
in view of Lewy’s example we cannot expect that any differential operator with
polynomial coefficients is surjective in S’.

There are good reasons to investigate our problem in the space S’ rather than
in the space of D’ of all distributions. First, the space S’ seems to have a better
behavior towards our problem ([1], Ex. 2). Furthermore, the space S of Schwartz
functions is a Fréchet space and therefore by functional analysis principles ([7],
Ch. IV, §7) D : & — &' is surjective if and only if the transpose operator
D! : S — S is injective and has closed range.

It is easily verified that D! is of the form Df} again; in fact, we have (Dl‘f)t =
D;ftr( A) where tr(A) denotes the trace of A. Therefore we have to study, for
D= D;‘, under which conditions on A and u

(a) D: S — S is injective, and

(b) DS C S is closed.

We shall get the following

THEOREM. D = DZ‘ is globally solvable in S'(R™) whenever one of the follow-
ing conditions holds:

(i) A has an eigenvalue A with Re A # 0;

(i) Re p # 0;

(iii) A is nilpotent with A # 0.

In a recent paper ([6]), D. Miiller and F. Ricci have studied solvability ques-
tions for homogeneous left-invariant differential operators of second order on the

Heisenberg group H,,. In particular, they have given necessary and sufficient con-
ditions for local solvability of operators of the form

> Y X+ nZ,

i,j=1

where X1,...,X,, Y1,...,Y,, Z is the standard basis of the Lie algebra of H,.



OPERATORS WITH DEGENERATE SYMBOLS 149

But these operators are transformed to the operators Z'D;1 by the Schrodinger
representation. Now the conditions (i), (ii) and (iii) of the Theorem are contained
in the sufficient conditions of Miiller and Ricci. Thus it can be conjectured that
it is possible to find a close relation between the Theorem and the Miiller—Ricci
result, using the Schrédinger representation.

2. Injectivity of D. First, let us give a different description of D = D;‘. It
is immediately verified that

d ,
(2.1) Dpla) = Zetlo(etha)| g eCURY).
t=0

Thus, apart from the factor e#!, our operator D is the infinitesimal generator of
the flow

(2.2) (t,z) — ea.

Therefore, a C!-function ¢ is annihilated by D if and only if ¢ is relatively
invariant under this flow, i.e.

(2.3) e p(ea) = p(z)
for all x € R™ and t € R. From this observation, we get the following

PROPOSITION 2.1. Let C be the space of all C*-functions vanishing at co.

The mapping D : C1, — CY is injective whenever one of the following conditions
holds:

(i) Rep # 0;
(ii) A is not similar to a skew-symmetric matriz.
Proof. Let ¢ € CL be given with Dy = 0. If Repu # 0, the equation (2.3)
gives ¢(z) = 0.
Now let Re u=0. By assumption, A is not similar to a skew-symmetric matrix.

Therefore {e!“z | t € R} is unbounded for all x in a dense subset M of R™. Since
 vanishes at oo we conclude from (2.3) that ¢(z) = 0 for all z € M. Thus ¢ = 0.

Remark 2.2. We cannot expect that D is injective for any A and p. Namely,
if n =2,

(2.4) A= (2 _05>

and pu/fB € iZ, then (2.3) can be satisfied by some test function ¢ # 0, for example
by

(2.5) p(2) = (z/l2])*e(2]), 2€C=R?,

where k = ipu/ and € is a non-vanishing test function on R whose support does
not contain the origin.
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3. Closedness of DS. The aim of this chapter is to give conditions on A and
p under which DS is closed in §. First we look for an inversion formula for the
equation Dy = f.

LEMMA 3.1 Let o, f € S satisfy
(3.1) Do=f.
For a given point x € R™, assume that one of the following conditions holds:
(i) Rep > 0;
(ii) Rep = 0 and the set {e*4x | s < 0} is unbounded;
(iii) Rep < 0 and there are ¢,y > 0 such that |e*4z| > ce™* for all s < 0.

Then
0

(3.2) o(z) = f el f(esx) ds

— 00
where the integral converges absolutely.

Proof. By (2.1) we derive from (3.1) the equation

d d
(3.3) e feha) = — el A) = et p(e*a).

Using the Jordan canonical form of A we observe that by the conditions (i), (ii)
or (iii) the integral in (3.2) converges absolutely and that

(3.4) lim e**p(edz) =0.
S§——0Q
Therefore we get
0
(3.5) J e tetn) ds = e p(eta) =0 o = pla),

as was to be shown.

Now we observe, again by using the Jordan canonical form of A, that each of
the conditions (i)—(iii) of Lemma 3.1 holds for all z in a Zariski open set if it holds
for one x. In this case we get an almost everywhere defined function by setting

0
(3.6) Sif(x) = [ e fle**z)ds
— 00
for f € S.

In some situations it is useful to have an alternate formula defining S;f f(z).
We regard the transpose operator D? as an operator in S’. Then we observe that
the closure DS of DS in S is just the orthogonal complement of the kernel of D?.

LEMMA 3.2. For a given point x € R™, assume that one of the following
conditions holds:
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(i) Rep > 0 and there are ¢,y > 0 such that |e*4x| > ce?® for all s > 0;
(ii) Re . = 0 and the sets {e*Ax | s <0} and {e**z | s > 0} are unbounded;
(iii) Rep < 0 and there are ¢,y > 0 such that |e*4z| > ce™* for all s < 0.

Then
(3.7) u f eMu(esz)ds, ues,

is a tempered distribution which belongs to ker D, and for f € DS we have
(3.8) S f(x) =— f et f(e* x) ds

Proof. By Lemma 3.1 it is clear that (3.7) defines a tempered distribution.
To see that it belongs to ker D! we have to show that

(3.9) f " Dop(e* ) ds = 0

for all ¢ € S. This can be derived from (3.3). Now (3.8) follows from DS =
(ker D*)*, and our lemma is proved.

Our method for proving closedness of DS is to prove
A
(3.10) Spfes

for f € DS. For this we use the Sobolev embedding theorem ([3]). Given m € N
we consider the Sobolev space H™ of all functions v on R" such that for all
multi-indices o = (a,...,®,) satisfying |a|] < m the derivatives 0%u (in the
sense of distributions) belong to L*(R™). The norm in H™ is given by

(3.11) i = (3 looul2:)””

lo]<m

Clearly, we have S & [),,cy H™. Therefore we want to modify H™. For b,m € N
we consider the space H]"™ of all functions u such that x#9%u(z) belongs to L?
for all multi-indices a, § satisfying |o| < m, |5| < b. The norm in H}" is defined
by

(3.12) ]|, = ( > Hxﬁaau\|iz)l/2.

laj<m

|B]<b
Now Sobolev’s embedding theorem gives
(3.13) ) H'=S8
m,beN
Given f € § and s € R, we define a distribution TJf on R" by

(3.14) (T5,u) = [ fle*a
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Denoting by a;;(s) the matrix coefficients of e*4 we have

a S . S
(3.15) c’)TjT =D aii(5)T55/a, -
i=1
Denoting by @;;(s) the matrix coefficients of e~*4 we have
(3.16) 277 =Y d5i(s)T5, ;-
i=1
Generalizing (3.6), for a measurable weight function w : |—o00,0] — C we define
the distribution
0
(3.17) Saf= [ w(s)Tids
—0o0

provided that this integral converges in the space of tempered distributions. In
this case S2 f is called well-defined.
The following lemma is obvious:

LEMMA 3.3. Assume that there are ¢,y > 0 such that
(3.18) lw(s)] < ce?®.

If ~y is sufficiently large, then for any f € S the distributions S2 f, S;ﬁaij (0f J0x;)
and Sﬁaji(xif) are well-defined and

D oy mgn (O
(3.19) 2,50 = 2, (57)
(3:20) 3(S5f) =D _ Sty wif).
=1

LEMMA 3.4. For given b,m € N there exists v > 0 with the following property:
If (3.18) holds for some ¢ > 0, then for any f € S the distribution S2 f belongs
to Hi and S4 defines a continuous operator from S to H".

Proof. By iterating Lemma 3.3, we only need to show that for sufficiently
large

(3.21) 1S5a (270 )12 < e

for all f in a O0-neighborhood U in &, where a is a product of functions a;; and
aj;. Writing for a small 6 > 0

(3.22) w(s)a(s) = /2 (w(s)e 2 %a(s))

and using the Cauchy—Schwarz inequality, we can estimate the expression in (3.21)
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by
0 0

(3.23) [ [ eds [ Jw(s) e |a(s)Ple**z170 f(e*42)[? ds da

R™ —o00 —o0

Using the change of variables formula, obviously it is enough to show that
0

(3.24) [ lw(s)Pela(s)Pe* @ [ |21P0° f(2)|* dzds < e

—0c0 R"™

for all f € U. Of course, this holds provided that v is sufficiently large, and the
proof is complete.

Remark 3.5. Let 0(A) denote the spectrum of A. If o(A) C iR, then S
defines a continuous operator from S to Hy" whenever (3.18) is satisfied at least
for one v > 0. This follows immediately from the proof of Lemma 3.4 keeping in
mind that a,;(s) and @;;(s) are bounded by a polynomial in this case. By (3.13)
we conclude that ¢ := S;:‘ f € Sforany f € S whenever Re 4 > 0. The techniques
of Lemma 3.1 give Dﬁgp = f. Therefore, replacing A and p by —A and —p in
case of need we get

PROPOSITION 3.6. If 0(A) C iR and Rep # 0, the mapping Dl’:‘ : S — S s
bijective.

Let A be an eigenvalue of A. Then, of course, A is also an eigenvalue of the
transpose matrix A*. We can view A’ as an endomorphism of the dual space (R™)’
of R™. Take an eigenvector [ : R" — C of A? for the eigenvalue A\. We may assume
that [ is real-valued if A € R. Obviously, we have

(3.25) l(Az) = N(z),
and therefore

(3.26) (et z) = Mi(x),
(3.27) DM lp) = 1D\

By Hormander’s division theorem the mapping T +— IT, T € &', is surjective.
Therefore the mapping ¢ — ly, p € S, is a topological homomorphism, and we
can derive the equation

(3.28) D, (1S) = 1D}, ,S .
Now, for any r € N we define the function space
(3.29) E,:=D}(I"S) =1"D},,\S.

Let z\ =z +iyx € C" be an eigenvector for A. If A€ R we take yy = 0. Now
we define a differential operator d by

(3.30) do(z) = % : %[cp(x +txy) +ip(z+tyn)]l ., e CPR").
t=0
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It is easily seen that

3.31 d(poet?) = eM(dp) o et
( P @

By differentiation with respect to t at t = 0 we get
(3.32) dDj}o = Dj}, ydyp .
Consequently, we have

(3.33) dD;'S = D}}, \dS .

Now we select 7; € R" such that I(z;) = 1. If A ¢ R we select y; € R" such that
l(y) =i fXeRweputy,:=0. Let 2z, :=x;+ iy, and 2 := Az — A\z; =: T+ iy
with 7,7 € R™. It is easily seen that z,7 € V. Putting

— 1 d .
(3.34) Oo(x) = = - —[p(z + tz;) +ip(z + ty)] ,
2 dt o
~ 1 d _ .
(3.35) Op(x) == = - —[p(x + tT) + ip(x + ty)]
2 dt t—0
for ¢ € C*°(R™) we calculate
(3.36) ADG = Do+ 20+ 0.
We conclude
A A = &
(3.37) oD, = D#+;8+8
and thus
=k A A =k =k—1%x
(3.38) 9'DA=DA,.0 +kD D
for k=0,1,2, ...

Because of (3.25) the kernel V' of [ is A-invariant, and thus we can define a
differential operator Dg on V by

d [e.e]
(3.39) Dggoo(xo) = %e“two(em:vo) . el e (V).
t=0

LEMMA 3.7. Assume that (D2+k>\+k/5\)t is globally solvable in S' (V') for k, k' =

0,1,2,... Letr € N be given. Then for each f € D;‘S(R”) there exists 1 € S(R™)
such that

(3.40) f-Diy€E,.

Proof. Having proved the assertion for » = 1, we can get it for all r by
iteration.
Thus, let f € D:;‘S be given. Let ¢ — ¢ be the restriction map from S(R")

onto S(V). Then f° belongs to D)S(V). Since S(V) is a Fréchet space, by as-
sumption Dg is a topological isomorphism from S(V') onto its (closed) range in
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S(V), and therefore
0 _ 10,0
(3.41) o= D%y

for some ¥° € S(V). If ¢ € S(R™) is an extension of ¢°, the function f — DI’;‘@ZJ
vanishes on V. Now, in case of real A the subspace V has codimension one and
thus

(3.42) f=Diyp=1f
for some f; € S(R™) (see [8], Chap. V, §5).

In case of non-real A it is harder to get equation (3.42). Let f = lim, o D;j‘cpl,
with ¢, € S(R™), v € N. First we shall prove by induction on & that the sequence
(0F¢,)? converges in S(V) for each k. For k = 0, the assertion follows from the
equation
(3.43) 9= lim DY

V—0Q0 H

keeping in mind that Dg is a topological isomorphism from S(V') onto its range.
Now assume by induction hypothesis that

(3.44) lim (0% 'p,)? =) _,
and let ¢5_1 € S(R™) be an extension of ) ;. By (3.38) we have
(3.45) (8"1)° = lim (D7}, 0%, + k0" 1dp,)°

= lim DY ;3 (0%0,)° + k(9r—1)°

Since Dz T is a topological isomorphism, it follows that

(3.46) lim (9%, )" =: Y.
Now a suitable version of Borel’s theorem ([5]) gives 1) € S(R™) such that
(3.47) (%) = .

Using (3.38) again we conclude that for each k
(348)  (9"(f — D))’ = lim (D}}, 59" (0u = ¥) + kD" 10, — )"

= Jim (D), (00,)° — ) + K316, — 1) = 0
From [2], Lemma 2.7, we get f — D;‘zﬂ = If1 for some f; € S(R™), and (3.42) is

proved for non-real A, too.
The proof is complete when we show that

(3.49) fieDi,s.

Because D;:‘S is the orthogonal complement of ker(D;:‘)t and [f] € D;:‘S, it is
enough to verify that

(3.50) ker(D;}, )" C lker(D;)".
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So let S € ker(D #+)\) be given. By division of distributions, take 7' € S’ such
that

(3.51) IT=35.
By (3.27) we get
(3.52) I(D)'T = (D ,)'S =0.

If X is real, then (D})'T is the trivial extension R” of a distribution R € S'(V).
(The mapping R +— RO from S'(V) to §'(R™) is just the transpose of the re-
striction map ¢ — ¢°.) By assumption there is a distribution W € &'(V') such
that

_ 0
(3.53) R=(D%)'W.
We conclude
(3.54) (D)W =R° = (D))'T
and thus
(3.55) T —W° € ker(D;)".

Clearly, we have
(3.56) T -W°%=I1T=8,

and (3.50) is proved in case of real .
If A is non-real, then by [2], Bemerkung 2.6, we have

(3.57) (DT =Y "R}
k=0

for some distributions Ry € S'(V). Using the assumption and formula (3.37), it
is easily seen by induction on k that for any R € S&'(V) the distribution 9% R°
can be written in the form

k
(3.58) TR = (D4, (ZEW]O)

for any v = 0,1,2,..., where Wj € §'(V). Therefore we can derive from (3.57)
that there are distributions W; € §’(V') such that

(3.59) (DM'T (Z 5 WO)

Thus

m

(3.60) Z 0 € ker(D;)'.
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Furthermore, we have

(3.61) (T-Yow)) =T =5
§=0

since

(3.62) WOW)) =& (IW)) =0

for each j. In (3.62) the relation 91 = 0 has been used. Now (3.50) is proved also
for non-real A, and the proof of our lemma is complete.

PROPOSITION 3.8. If A has an eigenvalue A with Re A # 0, then D;‘S CSis
closed for all u € C.

Proof. Replacing A and p by —A and —p in case of need, we may assume
that Re A > 0.

We proceed by induction on the dimension n. Take [ : R® — C according
to (3.25) and put V := kerl. First assume that the restriction A% of A to V
has an eigenvalue with non-vanishing real part or that Re(u + k\) # 0 for all
k=0,1,2,... In this case, the assumption of Lemma 3.7 is satisfied by induction
hypothesis and Prop. 3.6, respectively, as well as by Prop. 2.1.

Now let f € D;;‘S be given. We have to prove that there exists ¢ € S such

that f = Dﬁ‘(p. By Lemma 3.7, there exist ¢, € S and f. € D4, S such that

ptrA
(3.63) f=DMo+1fr,
r=20,1,2,... If we can show for some r that f, = D;‘_H)\goT for some ¢, € S,
then by (3.27) we have
(3'64) f= Dﬁ(wr + lT(Pr)

and the proof is done. Thus, for a given M > 0, we may assume that Re u > M.
By Lemma 3.4 we conclude that ¢ := S/ff belongs to CL and then, by the
techniques of Lemma 3.1, that D;‘go = f. Furthermore, by Prop. 2.1 we get

(3.65) o=+,

for all r = 0,1,2,..., where ¢, := S;‘erfr. Since ¢, is arbitrarily smooth for
sufficiently large r by Lemma 3.4, we conclude that ¢ € C*°.

However, we have to prove that ¢ € S§. For this it is enough to show that
¢ € H" for each b,m € N, i.e.

(3.66) [2°0%p||22 < oo

for all multi-indices «, § satisfying |a| < m, || < b. First, we take r such that
Or = S;j‘Jerr € H;". Then we take a constant c¢(p) > 0 such that

B F (o c(p)
(3.67) 2|70 fr ()] < (1 + |2[2)"/2(1 + [i(x)|2)/2
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for all |a] < m, |B| < b. In the course of the proof we shall determine p > r
sufficiently large for our need.
We have to show that

(3.68) | 1Por st f)lP < o0,
{i(z)<1}

(3.69) [ 12700 S o fr)l < 0.
{l(z)>1}

Clearly, (3.68) holds because S;?erfr € H{". For (3.69) we use (3.8). Estimating
in a similar way to the proof of Lemma 3.4 we have to show that

oo
(370) [ 2Rl Nig(s)2 [ ()29 Az PP (0 £,) (€% x)|? da ds < oo

0 {I(z)>1}

for || <m, |B] <b, g <r. Using (3.67), we can estimate this expression by

(3.71) f e2sRe(u+r)\)’a(s)|2
0

|I() ] c(p)®
X . dzr ds
W TRy T ey

i 2s Re(u+rA—p) 2 —strA C(p>2
< fe la(s)|“e f (EEED dx ds .

2\n
| S TR

Obviously, the last expression is finite provided that p is taken sufficiently large.
This proves f € DﬁS .

It remains to prove our proposition for o(A°) C iR and Re(u + kX\) = 0 for
some k. Given f € D/S, by (3.33) we have

(3.72) d*T f € DI i dTS.
By the proof just given, the space D;;‘ (k1) & is closed, and therefore in view of
Prop. 2.1
A ) A

(3.73) Divtktnn 1S = Dig ey ®
is a topological isomorphism. Since the set dFtlS C S is closed, so is
Dﬁ+(k+1)/\dk+18. Therefore we have

Tk+1 A Fk+1 Tk+1 A
(3.74) A" f = DiL e d* e =d" Dl
for some p € S. It follows that f = Dﬁ‘cp, and the proof is complete.

Now we shall discuss the case 0(A) C iR and Re u = 0. We assume that A is
not similar to a skew-symmetric matrix. Then, by linear algebra, there is at least
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one eigenvalue A such that
(3.75) Ak — Mk =1
for some linear mapping k : R — C. We conclude

(3.76) k(e?4x) = e (k(z) + sl(z)), =z eR™.

Whenever s and Re k(z)l(x) have the same sign, it follows that
(3.77) [k(e>4a)? > [k(x)]? + s2[I(x)]?

LEMMA 3.9. For all b,m € N there exists r € N such that S’ﬁ‘f belongs to Hy"
for each f € E,.. Moreover, Sﬁ‘ defines a continuous operator from E, to H}".

Proof. We have to show that there is » € N, a 0-neighborhood U in D,‘erMS

and a constant ¢ such that for any f,. € U and for any multiindices «, § satisfying
laf <m, [B] <b

(3.78) [ 1P SH 1 f,) (@) da < c.
o

We shall only integrate over {Re(k(x)l(x)) < 0} in the proof of (3.78), because
the estimation for {Re(k(z)l(z)) > 0} works in the same way by using (3.8). Then
we can use (3.77). Taking notice of (3.19) and (3.20) we have to prove that for
freUandr—m<qg<r

(3.79) 1l |SA(2P190% f,) (z) |2 da < ¢
{Re(k(2)I(x))<0}

where w(s) is a polynomially bounded weight function depending on m and b.
We take U in such a manner that each f, € U satisfies

(3.80) 270 fi ()] < (L [22) 72 (1 + [k(x)[) P2 (1 + 1)) "2

where p is to be determined in the course of the proof. After putting w(s) :=
(1 + s?*)w(s) and using the Cauchy—Schwarz inequality as well as (3.77) we have
to estimate the expression

(3.81) [ f|w(s)|2 )| ds da
' e (1+ [ APy (1 + (@) P (L + [i(@)R)

Since 0(A) C iR there is a polynomial P(s) > 1 such that
(3.82) le= 4| < P(s)|z]

and therefore

(3.83) lesAz| > |z|/P(s).

Then we have

(3.84) (1+ |esAz®)™ < P(s)®™(1 + |z[) ™.
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Now, for |I(x)] < 1, the integrand in (3.81) can be estimated by

[1(@)[29) @ ()P P(s)*"
(L fz)r (1 +s2)P

(3.85)

and, for |I(z)| > 1, by

~ 2P 2n l 2q
5.56) TEPE™ @
(I +|zP) (1 +s2)p (1 +[i(z)[?)"
To get the conclusion of our lemma we only have to take p sufficiently large in
dependence on the growth of |w(s)|>P(s)?" and to take r > m + p.

PROPOSITION 3.10. Let o(A) C iR, let A be not similar to a skew-symmetric
matriz and let Rep = 0. Assume that (D?H_k)\)t is globally solvable in S'(V') for

each k € Z. Then D;:‘S C S is closed.

Proof. Let f € D;:‘S be given. We only have to show that ¢ := S/f‘f belongs
to Hy" for all b,m € N.

For b,m € N we take r € N according to Lemma 3.9. By Lemma 3.7 there
exist ¥ € S(R™) and f, € E, such that

(3.87) f=Di+f.

By Lemma 3.9 we have S;‘fr € Hy" and thus S;‘f = 1&—1—5’;‘]% € H;". This proves
our proposition.

COROLLARY 3.11. Let A be nilpotent, A # 0. Then Df? s globally solvable in
S’ for every p € C.

Proof. If Re u#0, the assertion is given by Prop. 3.6. If Re u=0, we proceed
by induction on n using Prop. 3.10: If 4 # 0, the assertion can be proved for any
nilpotent A, also for A = 0; in fact, it is true for n = 1 and the conclusion follows
by induction. If 4 = 0, we only have to prove closedness of D;?S for nilpotent
matrices A of rank 1.

Let f € D;fS be given. Clearly, there is a vector v € ker A and a linear form
[ on R" such that

(3.88) Az =l(x)v, x€R"™.

If # € kerl = ker A, the Dirac measure §, belongs to ker(D;!)! and thus f(z) =
(0z, f) = 0. Therefore, f can be written as

(3.89) f=1f
with some f; € S§. If x ¢ ker A, by Lemma 3.2 we have

(3.90) [ i@+ si(z)v)ds =0.
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We conclude that there is ¢ € S such that

d
(3.91) fi(z) = a@
(See [8], Chap. II, §5.) Then D/‘jcp =1f1 = f, and the proof is complete.

(x 4+ tv) |i=0 -
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