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Abstract. The Szeg6 equiconvergence theorem for the Laguerre series is improved. In par-
ticular, a system of exact sufficient conditions is given.

1. Introduction and statement of the results. We shall consider the ex-
pansion of a function f € L{ (0, 00) in a Laguerre series: f(y)~> r-anLn(y, @),
where the coeflicients a,, are defined by

I'la+1) <n—|n—0<)an = fe_mxaf(x)Ln(az, a)dr, a>-1,
0

and L, (z,a) = (n!)"te*z=%(d/dz)"(e~*2™ ) are the Laguerre polynomials. In
[3] Szegd proves the following equiconvergence theorem:

THEOREM S. Let the integrals

) J el @lds, [ 2@ do
; :
exist. If
(S2) J e A () = oY), oo,
and if n
(1.1) snlf, ) = kzn:akLk(m,a)

207]
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denotes the n-th partial sum of the Laguerre series of f, then

(1.2)  su(f 2)—17cf(x2)M(x_y)dx—o(l) " — 00
. n 7y Wyic xr — y - ) )
for every y > ¢ > 0, locally uniformly with respect to y € (¢, 00).
Moreover, (1.2) is valid if (S2) is replaced by

(SIQ) f e_x/Qxa/2—3/4|f(x)| dz < oo, f €_I$a_2|f(l‘)‘2 dr = 0(77,_3/2),
1 n

The goal of this paper is to improve Theorem S as follows (see Theorems 1
and 2):

THEOREM 1. Let h(x) = e %/222/27 /4 f(2), a > —1/2. If

1

(Hy) [ In(@)] do < o0,
0
(Hs) f e V2 ()| dx < 00,
1
(Hz) [ a(\2)(1 = 2/N) VA h(@) de = o(AV?), A= oo,

where a(\, x) is the characteristic function of the interval (A2, X — \Y/3+¢), and
(Hy) [ o\ @) |h(z)|dz = o(A/?), A= oo,

where b(\, x) is the characteristic function of (A — AY/3te X 4+ \1/3%€) for some
e > 0, then the equiconvergence result (1.2) holds.

Remark 1. If « > —1/2, then the conditions (H;) and (S;) coincide and as is
shown in [3], p. 248, they are exact. It is easy to see that (Sz) implies (Ha)—(Ha).
On the other hand, (S5) implies (Hz), (Hs) and

(1) J B @Ih(@)] de = o), A= o0,
which is more restrictive than (Hy).

Remark 2. The condition (Hy) is also exact. Indeed, it is satisfied by the
function h(x) = 27 for every § > 0, but not for § = 0. On the other hand, the
Laguerre series of the function f(z) = e®/22~=/2+1/4 is divergent ([3], p. 267).

It turns out that for the functions f(z) which are differentiable (or absolutely
continuous) at infinity, we can improve the conditions (Hs) and (Hs) in such a
way that they are satisfied by the function f(z) = e*/22=*/2+1/4=9 for every
6 > 0. Namely, we have
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THEOREM 2. Let the function g(x) = e’$2/2ma+1/2f(x2), a > —1/2; satisfy

1

(Hi) f lg(x)| dz < o0,
0
(H%) jox_2]g’(a:)] dx < oo  for some large N,
N
(H%) f a(\, 22)(1 — 22/ N) V4272 (2)| dz = o(1), A — 400,
(Hy) f b\, 22)|g(z)|dz = o(A/3), A — 4o0.

Then the equiconvergence relation (1.2) is valid.

EXAMPLE 1. The function g(z) = #'7%, 0 < § < 2, has the properties (H;),
(HY), (H), (Hy). The same is true for the functions {g(x) : g(x) = O(x~1+9),
r—0,6>0,g(x) =07, x— oo, ¢(x) = O(x'~°%), * — co}. Therefore we
have the following

COROLLARY 1. If f € LL (0,00) and if f(x) = O(x=®/273/4+%) 2 — 0, and

loc
f(x) = O(er/2p=/2H1/4=0) | f1(3) = O(e/24=/2F1/4=0) o — o0, where § > 0,
a > —1/2, then the equiconvergence result (1.2) holds. (This is a system of exact
sufficient conditions.)

Remark 3. Theorems 1 and 2 are also true for —1 < a < —1/2 if (Hy) is
replaced by (S1).

Let us explain briefly the main idea of the proof. We use the formula

(1L3)  su(fiy?) =2 f e~ 2 (g fy) o2 f(a)e(4n + 4, 3, y) da
0

where e(\, z,y) is the spectral function of the operator
—d?/dz® 4+ 2 + (a® = 1/4)z7 2 +2 — 20,

considered as a self-adjoint operator in L?(0,00). Namely,

2 2 xy)@t1/2
1) O = (@ TS

n

Ln(x2, a)Ln(y2, Q).

Here, the sum is taken over all integers n such that 0 < n < (A—4)/4. Therefore,
it suffices to know the uniform asymptotics of e(\, x,y) as A — oo. To find it we
consider the Laplace transform

o)
(1.5) Vip,z,y) = [ e*de(\,2,y), Rep>0,

0
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and using its explicit expression ([3], p. 101), we derive the formula

etin/4

_ A

(1.6) e\ z,y) = 5 [ e*V(p,z,y)H(\,p)dp,

e—im/4
where the function s — H(s,p) is 4-periodic, H(s,p) = 2e(>~*)P(sinh2p)~! if
0 < s < 4. Next we apply the saddle-point method or the method of stationary
phase.

For our purposes it is sufficient to consider the following cases: 1) 0 < a; < x <
24;2) 24 <2< /I =-0N3) VI —0N<z < /L F+ON 4) 2> /(L+ )N,
provided that 0 < as <y < A.

THEOREM 3 (the case 0 < a3 < x < 24,0 < ay <y < A). We have the
uniform asymptotics

1 sinV\z —y)  cqsinVA(z+y)

1. A = AT/
(1.7) e(Az,y) = 5 T a+w +OA9),

A — o0, for some constant c,.
It will be convenient to consider also the function
E(\ z,y) = e\, VAz, V).
THEOREM 4 (the case 44%2/A <22 <1-6,0<as < Vay < A). For every
small 6 > 0 we have the uniform asymptotics
(1.8) E\z,y)=F(\z,y)+caF(\z,—y),

(19) (A=) Fay) = A2 Y bi(hay) exp(idgy (2, y))

j=1
+27 O, N — 40,
where |b;| < cx™t, |0,b;| < cx™? and
(1.10) 0xj(z,y)| > cx,  1<j<A4,
for some constant ¢ > 0.

COROLLARY 2. If 2A < x < \/2,0 < ay <y < A then the uniform estimate
leO\, z,y)| < ca™! is valid.

THEOREM 5 (the case 1 -3 <22 <1+46,0<ay < Vay < A). There exists a
positive number 6 such that we have the uniform asymptotics (1.8) where
F\z,y) = A7 (aokA 2, ) A + ane(h 2, ) AF8), 0 A — 400,
k>0
and
(1.11) ajr = (a;peM + b A (X/3B),
(1.12) lajk| + [0zaze| < ¢, [bjrl +102bk] <, j=0,1.
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Here Ai(s) = (2m)~ ! f exp(i(st + t3/3)) dt is the Airy function and

(1.13) A= Az,y) = 3(epr,2,y) +op-,2,y)),
(1.14) B =B(z,y) = (§(p(p+,2.y) — plp—,2,y)))*/,
where

(1.15) o(p,z,y) =p— (2 + y?) coth 2p + zy(sinh 2p)~*
and

(1.16)  py =ity, cos2ty = —zy=+ ((1—2%)(1—y?)"2,

0<ty<m/2 ifx<l,
(1.17)  py =+e+it, cosh2e =2z, >0, cos2t=—y,

O<t<m/2 ifx>1.

Remark 4. The smooth functions A(x,y), B(z,y) satisfy

(1.18) B(z,+y) >0 ifx>1, B(z,ty)<0 ifzx<l,
(1.19) B(z,+y) = -2"31-2)(14+0(1—2x)) asz—1,
(1.20) Re A(xz,+y) =0.

COROLLARY 3. If1 =6 < 2?2 < 1 —=X"2/3t 0 < ay < VAy < A for some
e > 0, then we have the uniform asymptotics (1.8) where

4
Fhz,y) = A2 = 2?) 70 7 " (W3 (1 — 22)) =32 expidy)
j=1k>0

A — o0, the functions 1; satisfy (1.10) and
|ak; (A, 2, y)| + [Ozar; (A, z,y)| < c.
THEOREM 6 (the case 22 > 1+6,0 < ay < Vy < A). For every small 6 > 0
the uniform estimate |E(\, z,y)| < cA™1/2 exp(—1A6v/z2 — 1) holds.
Theorems 5 and 6 imply the following

COROLLARY 4. If 22 > X\ + )\1/3+€, €>0,and 0 < ay <y < A then we have
the uniform estimate

le(\, 2, 1) < eA™Y3 exp(—eAY3 (22 /X — 1)1/2).

2. Proof of the equiconvergence theorems

Proof of Theorem 1.Let g(z) = e */22FY/2f(z2). As in the proof of
Theorem S ([3], p. 264), it suffices to establish a uniform estimate of the kind

(1) Ra(f.y%) =00)( [ lo(@l o + [ tla(@)lda) +o(1)
0 1
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n — 00, where 0 < ¢ < as <y < A and

I sinVin(z = )
(2.2) Ro(f,y?) = sn —fff —yd:c.

Using (1.3), (1.7) and the RlemannfLebesgue lemma, we have

(2.3) (f f) e(dn + 4, 2,y) dz + o(1),

n—>oo,Where0<a2§y§Aanda1:a2—c Since
(2.4) f\g e(4n+4,z,y)|dz = O f|g Vde if o> —1/2

(see [3], p. 264), it remains to estimate the mtegrals
(2.5) K0y = [ aj(\a?)g@)eN,z,y)de, 1<j<4d,

uniformly with respect to y € [ag, 4], az > 0, where  — a;(\, z) is the char-
acteristic function of the interval I;, 1 < j < 4, and I} = (442, \/2), I, =
(A/2, A = A1/3Fe)  Io= (X — AV/3+e X \1/3Fe) [, = (A + A1/3%2 00). To estimate
the integral K; we apply Corollary 2 to get

(2.6) Ei(\y)=0(1) [ 27" |g(x)|da.

Further, Theorem 4 and Corollary 3 imply the estimate |e()\,x,y)az(A, 2?)| <
c™Y2(1 — 22 /X)~Y/4 hence (Hz) gives

(2.7) K\ y) =0(1), X— .
Theorem 5 and (Hy) show that
(2.8) Ks(\y) =0(1), X— .

Corollary 4 yields
(2.9)  |Ki(\y)| < c(ve*dg” [ b\ 2?)|g(a)]e? da

AT [ oA @)l @) exp(—ca/?) da)
where x — b1 (\, z) is the characteristic function of (A + A/3+€ \2) and by + by =
ay. Therefore (2.9) and (Hs) give
(2.10) Ky\y)=o0(1), N— 0.
Evidently, (2.1) follows from (2.3)—(2.10). Theorem 1 is proved.

Proof of Theorem 2. We use again (2.2)—(2.4). Note first that (H%) and
(Hy) imply
(2.11) g(z) =03, z— .
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Indeed, let x,, — oo and :E?1 =\ + )\711/3. Then A, — )\711/3 < :L'% — l'%/?) for large n.

Using (Hy) and the mean-value theorem, we find y,, such that 2 —xi/ S Y2 < z2

and g(y,) = O(x?,,/?’), n — oo. Further, choose )\, so that 22 = \,, — A2 Since

9(xn) — g(yn) = fyi” g'(z) dx and
9(an) = g(yn)| < 2% [ (1 =2 /A) /474272 g/ (2)| dar,
Yn

1—22/ N <1 =92/ Ay <2073 <2273 if oy, >y,

we get from (Hj) the estimate |g(xy,) — g(yn)| < czy/®. Thus, (2.11) follows.

Now as in the proof of Theorem 1 it is sufficient to see that

(212)  Ru(fi®) =0W)( [ lg(@)ldz+ [ *|g(a)|da

+ [a7g@)ldz) +o(1), - oo,
N

uniformly in [as, A], az > 0. To this end we shall estimate the integrals K,
1 <j <4, from (2.5). It is clear that (2.8)—(2.10) remain valid. To estimate K
and K9 we consider the formulas

(2.13)  Bj(\y) = K;(\ V)
=V f a;(\ A?)g(VAz) B\, z,y) de,  j=1,2.

Using an appropriate partition of unity in the integral (1.3), we can suppose that
g(2A) = 0. In the integral By, integration by parts with the help of Theorem 4
gives

214) Ky =0)( [ o 9@ de+ [ 2% (@) dz).
1 N

In the integral By we integrate by parts, using Theorem 4 (if 1/2 < 2% < 1 — §)
and Corollary 2 (if 1 —§ < 22 < 1 — A~2/3%¢). Taking into account (2.11), we get

(215)  Ba(y) = 0()( [ e lg@)ldu+ [ 2g' (@) da

A4 4 B, y))
for small € > 0, where

(2.16) B\, y) =C(\y) +caC(A, —y),

4 M
(217)  Cuy) =1 fag()\,/\xz)ei’\wjaaxq()\,x)d:z:,

j=1k=0
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(218) g\ x) = g(VAz)ar; (A, 2)(1 — 22) "V 4(0,005) THAY3(1 — 22)) 73k/2

and M = M (e) is large enough. Since the functions a;(\, x), (0;1;) " and their
derivatives with respect to x are bounded when 1/2 < 22 < 1, it is sufficient to
estimate the integrals

(2.19) Cr(hy) =271 [ as(\ A2?)(1 = 2?) " g(Vaw)| da,
(2.20) Co(Ay) =A72 [ ap(A Ma?)(1 — 2®) 74/ (V)| da.

By virtue of (2.11), we have

3e
2.21 Ci(\y) < 1—2?) 0 deA=e/8  if§= —————
( ) 1( 7y)—62f< x) T 1 8(2_35)
<1
where € > 0 is small enough. On the other hand,
(2.22) Ca(\y) <c f as(\, 22)(1 — 22/ N) V4272 |g/ ()| da .

It is not hard to see that (2.13), (2.15)—(2.22) and (H%) yield the estimate
(223) Ky =0M( [atlg@)de+ [ 272g(@)|dx) +o(1),
1 N

A — oo. Consequently, (2.12) follows from (2.3), (2.4), (2.8)—(2.10) and (2.14),
(2.23). Theorem 2 is proved.

3. Proof of the asymptotics for the spectral function

Proof of Theorem 3. First we prove the formula (1.6). According to
Theorem 5.1 of [3], we can write

1 3 - ZI/'Q 2 CcO c— Zx
V(p,z,y) = Q(my)lﬁ e?ple= 1)(81nh2p) Le(1/2)(@"Fy7) coth 2p, Ja(sinhy?p>

if Rep > 0. Notice that
(3.1) Vip+ikm/2,z,y) = V(p,z,y).
From (1.4), (1.5) it follows that

(3.2) Vip,z,y) pf “Me(\,z,y)d\, Rep>0.

We want to apply the inverse Laplace formula. Since the function A — e(\, z,y)
is only right-continuous, it is convenient to consider the Steklov average:

en(\, z,y) = hf e(AN+ p,x,y)du, h>0.
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Evidently ex (A, z,y) — e(A, z,y) as h — +0 for every fixed (A, z,y) and (3.2) can
be rewritten as follows:

T e? —1 Vip,z,
[ e Pen(h ) dX = ek (pp2 v)

0

, h>0, Rep>0.

Hence the inverse Laplace formula gives
(\z.y) T e =1 Vipa,y)
e x,Y) = — e .
MATY) = 9m h2 2
E—100

dp, e€>0.

Now the periodicity relation (3.1) and the Weierstrass theorem show that

etin/4

_ L Ap g(h¢p) — g(oap)
(33) 6h(>‘ax7y) - 270 f/4 € V(p,l',y) h dp

where g(s,p) = eP* f(A+s,p) and f(s,p) = 3. e**7/2(p4ikn/2)~2. The function
s — f(s,p) is continuous, 4-periodic and

f(s,p) = 4@~ (coth 2p + 5/2 — 1)(sinh 2p) ~*

for 0 < s < 4, Rep > 0. In particular, limj,_. 1o h~*(g(h,p) — g(0,p)) = H(\,p)
and using the Lebesgue theorem we get (1.6) from (3.3). Notice also that

(3.4) p— ePV(p,z,y)H(\,p) is imr/2-periodic.
This allows us to write
etim/4
ey =5=( [ VEryHO 0 dp
i
e—im/4
etin/2
+ [ eApV(p,w,y)H(A,p)xQ(p)dp)
e+10

where x1(p) + x2(p) = 1 on the interval {p = e+t : |[t| < 7/4} and supp x1(p) C
{p=c+it:|t| <y <w/4}, xa(e +it) = 1 if |t| < /2 and the function xa(p) is
im/2-periodic. Thus

(35 e) = 5 [ PV y) HOL)x(p) dp
S

where S = (¢ —im/2,e +im/2) and x € C§°(S), x(e +it) =1 if |t| < 7w/8.

We shall now find an appropriate form of V(p, x,y), separating the oscillating
part. Using the formulas (1), p. 74, (6), p. 75 and (3), (4), p. 168 of [4], we can
write

Jo(2) = 272 (e ct f(—2) + e, f(2)  ifa>—1/2
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where

()" bz 5w (1= )7 P it > -2

(3.6) f(Z):{%(2)1/2 if a = —1/2,

T

is a holomorphic function for Re z # 0. Here ¢, = ¢!("/2(@+1/2)  Therefore

(3.7)  V(pa,y) = (sinh 2p) 1/ 2em(WDETRD o2 (o] b, 1)
+e—zy/ sinh 2pcaa(p’ *.Iy))

where ¢, = e~ /2@ +1/2)+ and

(3.8) a(p,zy) = e~ f(izy/ sinh 2p) .

Since —1 (22 +y?) coth 2p+zy/ sinh 2p = —(z —y)?/(4p) + s(p, z, y) and 5(0, z, y)
= 0, we have the representation

V(p,,y) = p~ 2 (e @0 W), 5, y) + e~ @Y W) b(p, 2, —y)
where b(0,z, +y) = 1/(4y/7). Further, we have the equality

1 2 1 2 .
_ = = (==y)*/(4p) — 2¢pe—8 prilz—y)€ g
N i) ) e ¢ Rep>0,
therefore
(39) V(p,a:,y) = W(p,m,y) + CaW(paxa _y)

where

(3.10)  W(p,z,y) =

a(p,z,y) [ e PHEVEGE Rep >0,
(3.11)  a(0,x,+y) = 1/(2mi).
Now (3.5), (3.9) and (3.10) show that

(312) E()\,CL‘, y) = F()\,IE,y) + CaF()‘a z, 7y)
where
(3.13) F(\x,y) = A [ e et 6\, 3, y) dt dg

r—y
is an oscillating integral with respect to &, and
(3.14) q(t, &\ @,y) = ;a(it, Vi, V) H(A, it)itx(it)
T

(3.15) Dt &a,y) = (1 -t + (z —y)E.

Notice that a; < VAz < 24, ay < vV Ay < A and from (3.14) and (3.6)(3.10) it
follows that

(3.16) 0Fql < Clel.
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Since |0y2p| > c€2 if €2 is large enough, we can integrate by parts in the integral
(3.13) to get
VA
r—y
where k € C{°(R) is an even cut-off function and the equivalence relation
“A(\,z,y) ~ B(\,z,y)” here means that A(\,z,y) — B(\,z,y) = O(A~°°), uni-
formly with respect to x, y. Applying the method of stationary phase to the
integral (3.17), we derive the uniform asymptotics

FO\z,y) = A"Y2@n(z —y) " tsin Az —y) + ONV2), X — 0.
Together with (3.12), (3.13), this gives (1.7). Theorem 3 is proved.

(3.17) F(\ x,y) ~

f ez‘,\w(t,&w,y)ﬁ(g)q(t,{, Az, y) dt d§

Proof of Theorem 4. We start from the formulas (3.5) and (3.7). Now
we use the equality

[ et 2ilenee de = /2mi(x — y) (sinh 2p) " 2g(p),
Rep > 0, where

x? + y2 z? + y2 Ty
= tanhp — th 2 .
g(p) exp ( 2 anip 2 0 Pt sinh 2p)

Therefore we have again the representation (3.9), where

W(p,z,y) = (x —y) " (sinh 2p)a(p, v,y) [ Eexp(v(p,€))dE,
D(p, €) = —€(sinh 2p) /2 +i(z — y)€ — (2? + y*)(tanh p) /2,
a(p, z,y) = (exp(2p(a — 1) —im(a 4 1/2)/2))/(2iV/2r) f (izy/ sinh 2p) .

Analogously to (3.12)—(3.17) we obtain again (3.12), (3.17), where the phase func-
tion 1 now has the form
£2 22 4 2
2

(3.18) (& x,y) =t — =sin2t — tant + (x — y)&

and
q(t, &\ z,y) = (£/(2m))alit, Vz, \[\y)H(/\, it)i(sin 2t)x(it),

so the estimate (3.16) is valid.

Applying the method of stationary phase, we see that the function (3.18)
has four nondegenerate critical points: (t4,&+) and (—ty, —£4), where cos 2ty =
zy+w,w=((1-22)(1-19?)"2 &isin2ty =z —y. In addition, for the Hessian
" we have det 9" (t+,£+) = +4w. Thus the method of stationary phase yields
the asymptotics (19)’ where ¢1(»’Uay) = w(t+7§+7‘r7y)7 1/12(x,y) = (t,,éh,,x,y%
s = =1, g = —1hy and bk?()‘vx’y) = (.%' - y)_lak(kv'xay)v |6Iak| < Cx_lv
1 <k < 4. Theorem 4 is proved.
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Proof of Theorem 5. Starting from the formula (1.6), we use the peri-
odicity property (3.4) and obtain the representation

1
e\ z,y) = — [ Vp,x,y)H(\,p)dp, Rep>0,
S

where S = (¢ —in/2,e +in/2). Further, (3.7), (3.8) show that

(3.19) E\ z,y) = F(\ z,y) + ca F(\, x, —y)

where

(3.20) F\z,y) = [ @=¥q(p,\,z,y)dp,
S

¢ is given by (1.15) and

eZp(a—l) ) 3 . )
(321) gl = S (sinh2p) V2 f(xiay/ sinh 2p) H(\.p).

To find the uniform asymptotics of the integral (3.20) as A — oo, we shall apply
the saddle-point method. Since as < v/Ay < A the phase function p — o(p,x,y)
has critical points p+ and p, where p1 are given by (1.16), (1.17). If z = 1, then
p+ = po = ity where cos2tp = y and 0 < to < m/2. Hence, the critical points
po and P, are degenerate and (93p/9p3)(p, z,y) = 8, (8%p/0pdz)(p, x,y) = —2 if
p = po or p=T7P,. Since |2 —1| < §, we can choose § > 0 so that 0 < |[Im p| < 7/2
for all the critical points. Consequently, the integrand in (3.20) is holomorphic
near the critical points. On the other hand, according to Lemma 2.3 of [1, p. 343],
we can find a holomorphic change of variables p = p(z, z,y) in a neighborhood of
the points z = 0, x = 1 such that

(3.22) e(p(z,2,y),2,y) = A(z,y) — B(z,y)2+2°/3,  p(0,1,y) =po.
Note also that (3.22) and (1.15) imply

(3.23) e(p(z,z,y),z,y) = A(z,y) — B(z,y)z + 2°/3,
p(ov 17 y) =Do,

and

—F oy ifx>1,

To use the holomorphic change of variables (3.22), (3.23) in the integral (3.20),
we shall prove first that

(3.24) F(\z,y) ~ [ ?P™¥q(p, N\ z,y), v=mUr,

2l
where 1 is the segment (e 4+ i(tg — 2¢),e + i(top + 2¢)) and 7, the segment (¢ —
i(to + 2¢),e + i(—to + 2¢)) for € > 0 small enough. The equivalence relation
“a(M\, z,y) ~ b(\, z,y)” here means that a(\, z,y) — b(\, z,y) = O(e~), ¢ > 0.
To prove (3.24), it is sufficient to use the estimate Re p(p,z,y) < —c < 0 for
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p € S\ v, which follows from the definition (1.15) for € > 0 small enough. Now
(3.20) and (3.22)(3.24) yield

2
)\ x y NZ(Z)\A f A(— Bz+z3/3)q (Z )\)d
j=1

V5

where 4] = A, Ay = A and
0
ql(zu >\) = Q(p(z>$7y)7A7$7y)&p(z)x7y) )

[ 0 ——
QQ<Z, A) - Q(p(zwq’.’y)? )‘7337 y)%l)@,x’y) )

7; being the image of the segment ;. Notice that 77 C {2z : Rez > 0} and that
the end points «;, B; of 7} satisfy argay; € (—7/2,—7/6), arg 8; € (7/6,7/2).
Further, we use the Weierstrass preparation theorem [2]:

qj(z,\) =1 + 72 + (22 — B)g; (2, \)
and the following representation of the Airy function:
Ai(s) = o J et 3y F=TyUl, where
IN ={z=opexp(ip1) : 0 € (00,0), p1 € (—7/2,—7/6)},
Iy ={z = pexpl(ips) : 0 € (0,00), w2 € (7/6,7/2)}.

Thus we obtain the uniform asymptotics

(3.25) FOz,y) =AY (ao(h 2, 0)AF + on (A, 2, 9)AF9)
k>0

A — oo, where the coefficients o, are given by (1.11). The remainder in the
asymptotics (3.25) is estimated as in [1], p. 348.
To verify (1.12), it is sufficient to prove that

(3.26) la(p, A\, z,y)| + [0zq(p, A, z, y)| + |9pa(p, A, 2, y)| < ¢

if |[Rep| < e, g0 < |Imp| < 7/2—¢eg, \xy > 1, z > &y where g9 > 0. Since
|IRez| > ¢ > 0 where z = iAzy/sinh2p, we can apply the asymptotics of the
function f(z) from (3.6), which yields the estimate |f®*)(2)| < Ci|z|™*. Now
(3.26) follows from the definition (3.21). Theorem 5 is proved.

Proof of Theorem 6. We shall use the formulas (3.19) and (3.20), where
€= %arcosh x, 2 > 1+ 5. The phase function ¢ has critical points p(x,y) and
p(x,y), where p(z,y) = € + it, cos2t =y, 0 < t < /2. They are nondegenerate

and Rep(p,z,y) < Reo(p(z,y),z,y) if 0 < Imp < 7/2, p # p(z,y), p € S,
and Rep(p,z,y) < Rep(p(z,y),z,y) if —7/2 < Imp <0, p # p(x,y), p € S.
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Applying the saddle-point method [1], we get the asymptotics

(3.27) F\z,y) = Z ar(\ ) AVER NS0,
k>0

where

(3.28) lax(\, z,y)| < cpe Ree®@@v) @) (2 _ 1)=1/4

Since Re ¢(p(z,y), z,y) = & (arcoshz — 2/22 — 1) and
(3.29) mﬁ—arcoshmde ifz?—1>60<6<1,
we obtain from (3.27)—(3.29) the estimate
(3.30) IF(\z,y)| < A" exp(—2A6va2 — 1)(2% — 1)~ 1/4.
Now, Theorem 6 follows from (3.30) and (3.19).

To prove Corollary 3, it is sufficient to obtain the estimate
(3.31)  |F(\z,y)| < ex™ Y3 exp(—eAt/3(2? — 1)1/?)

ifz2>14+ 2253 650, aa < VAy< A.

If 22 > 1+ 6, (3.31) follows from (3.30). Let now A72/3+¢ <22 — 1 < §, ¢ > 0.
Then we can apply Theorem 5. Using the asymptotics of the Airy function and
the properties (1.13)—(1.15), (1.17), (1.18), we obtain the asymptotics (3.27) with
(3.28). Hence we have again (3.30) with § = A~2/3+¢and (3.31) follows.
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