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Abstract. The existence of a weak solution of a non-stationary free boundary transmission
problem arising in the production of industrial materials is established. The process is governed
by a coupled system involving the Navier—Stokes equations and a non-linear heat equation. The
stationary case was studied in [7].

Introduction. In this paper we establish the existence of a weak solution of a
free boundary transmission problem with convection and continuous extraction,
arising in the production of different industrial materials. The Bridgman crystal
growth system of the semi-conductor industry and the casting of metal ingots are
some of the examples of the type of problems considered.

In [7], Rodrigues has studied the stationary case, extending an earlier work
of Cannon, Di Benedetto and Knightly [5], where there is no extraction. The
existence of a weak solution for a non-stationary two-dimensional Stefan prob-
lem without extraction, and where the liquid phase is governed by the Stokes
equations, has been established by Cannon, Di Benedetto and Knightly [4].

We shall consider the non-stationary free boundary transmission problem in
2 x (0,T), 2 C R?, with a continuous extraction, and with a liquid phase gov-
erned by the Navier—Stokes equations. The presence of continuous extraction
generates some additional non-linearities in the heat equation and in the jump
condition.

[23]
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The mathematical formulation of the problem, as well as the main result of
the paper, are given in Section 1. A linearized Navier—Stokes equation with a
temperature-dependent penalty function is considered in Section 2. A non-linear
heat equation is studied in Section 3. The method of retarded mollifiers is used
in Section 4 to establish the existence of a weak solution for a coupled problem,
involving the non-linear heat equation and the penalized Navier—Stokes equations.
The proof of the equicontinuity of the solution of the penalized heat equation is
given in Section 5. The main result of the paper is proved in Section 6.

1. Formulation of the problem and the main result. We shall formulate
the solid-liquid free boundary problem with a natural convection in the fluid part
and a given extraction velocity.

Let £2 be a bounded open subset of R? with a Lipschitz boundary and let I"
be a regular curve dividing £2 into two simply connected sets 2% with 92% N 912
non-empty. Let I}, £2; and §2;” be the interface and the domains occupied by the
liquid and the solid, respectively, at time ¢. Denote by &QFi some fixed parts of
the boundary 9£2% N 0f2. Throughout the paper we shall assume that

005 x (0,T)c | (02F\ In).
o<t<T

In the solid region the temperature 6~ (z,t) is governed by the initial boundary
value problem

0-
8Bt —kTA0T +be-VOT =0in 2, , 0 (x,t) <0in 2,
(1.1)
00~
%(x,t):()on@!?;\f’t, 9_($,0):06($)1HQ_, O<t<T.
Here n denotes the unit exterior normal to 2. (The thermal conductivity k& and
the heat capacity ¢ (k= = k/c) are assumed to be positive constants.) The scalar

b represents the rate of extraction and is a positive constant. The vector function
e satisfies the following assumption.

ASSUMPTION L. 1) e is a C?(Q) vector function, Qr = £2x (0,T), div(e) =0
and le| < 1.
2) —1<e-n<0 ondfx(0,T),
0<e-n<1 ondf2; x(0,T).
3) en =0 on Q7 \ {002 x (0, T)}U{002 x(0,T)} where 0Qr = 002x(0,T).
In the liquid region the temperature 67 (z,t) is determined by the problem
9+
aa—k+A9++a-ve+:0, Ot (z,t) >0in 27, 0<t<T,
(1.2) t
00"

%:0onaﬁj\l}, 07 (x,0) = 05 (z) in 2T .
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Again the thermal conductivity and the heat capacity are assumed to be positive
constants. The velocity of the fluid is denoted by w.
The motion of the fluid is governed by the Navier—Stokes equations [§]
ou - ~ .
571; — pAT+ (@ V)a+ Vp=f(6) in 2,
V-u=0in 2, w=beondfy, 0<t<T,

u(x,0) = up(z) in 27,

(1.3)

where f(67) is the buoyancy force and p is the viscosity. We assume that the
viscosity is a positive constant. The general case, when p depends on 67, may be
treated in the same way and does not present any difficulty. It suffices to replace
—pAt by —V{u(0")[Vi+ (Va)T]}.
At the interface we have the usual transmission boundary conditions
6t =6- =0,
(1.4) 96~ a0+
km—— —kT—— = -Xu-v=-X(e-v) onl;, 0<t<T.
Here A > 0 is the latent heat, and v is the unit normal to I oriented towards the
liquid phase.
AssuMPTION IL. 1) 6F is in L=(02); 65 (z) > 0 in 2%, 65 (z) < 0 in 2~ and
O =0, =0onT.
2) ug is in L*(£2), V- ug =0 in 2, ug = be in 2~ UINT.
3) f is a uniformly Lipschitz continuous function from R to R with f(0) = 0.

In order to formulate the notion of weak solutions of the free boundary problem
(1.1)—(1.4), we shall define the various function spaces used in the paper.

Let k be a non-negative integer and 1 < p < co. We denote by W¥P(£2) the
Sobolev space [6]

WhP(0) = {u:uand D% in LP(0), |af < k}.

It is a Banach space with the norm

1/p
fullweocay = { 3 10"l )
|| <k
We shall write H*(£2) for W*2(£2), and denote by || - || the L?(£2)-norm.

The completions of the set of all C§°(f2) vector functions ¢ such that
div(¢) = 0 in the H!(£2)-norm and in the L?(§2)-norm are denoted by V1(§2)
and V' (£2), respectively.

L?(0,T; H*(£2)) is the set of equivalence classes of functions u(-,t) from (0, 7T)
to H¥(§2) which are L2-integrable. It is a Hilbert space with the norm

T ) 1/2
lull oo oy = { [ NG, )3y dt}
0
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and the obvious inner product. L>(0,T; H*(§2)) is defined with the usual modi-
fication.

Our aim now is to define the notion of a weak solution of (1.1)—(1.4). Set

gt oot gt i ot _Ju in 0,
=60+ in ", g¢g0)=k"0" in 2, u_{be in 2"

and 0y = 0F in QOF.
Let x be a C*(Q) scalar function. Formally, from (1.1) and (1.4) we obtain,
by an integration by parts,
T 90—
[ [ {(%X + kYO Vyx + ble - ve—)x} da dt
O —
T .
_00
1. =
(1.5) [ [k —, X dsadt,
0 I
0~ (z,0) =6, in 2~

Similarly from (1.2)—(1.4) we have

ff{ X+ kTVOTrVx + (@-VOT)y }dwdt
0 _Q+
(1.6) = ffk:*—dedt
0 Iy
0T (z,0) =0 in027T.
Thus, (1.5)—(1.6) gives
T
ff{ Y+ Vgl )Vx+(u-V9)x}d:vdt
0 N
T
(1.7) ==X [ [ (e-v)xdSadt,
0 Iy

0(x,0) =60p(z) in 2.
Let K;’ be the characteristic function corresponding to the fluid phase. Then,
since div(e) = 0, we have

T

ffAbK+ VX)dzdt=— [ [ Ab(e-v)xdSdt+ fT [ Xb(e - n)xdS dt.
0 Iy 0 a_Ql:f
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We may rewrite (1.7) as

T
ff {22X+V9(0)VX+(u~V¢9)X—)\bK;(e-Vx)}dxdt
0 2

(1.8) =— f [ Xb(e-n)xdSdt,
0 st
0(x,0) =60p(z) in 2.

To introduce a weak form of the equation (1.3) it is convenient to make a
change of variables. Set v = u — be, vy = up — be(x,0) and let ¢ be a C*°(Qr)
vector function with div(p) = 0, ¢(z,T) = 0 and ¢ = 0 near |y, 052;". Then,
from (1.3) we have, after some formal calculations,

T Dy
(1.9) f f{—v-(%+MVU-V90—(v—i—be)-[(v—l—be)-V](p}dxdt
0 o

- OfTQf {f(6’+)-<p+b<e-%:—MVG'Vgp)}dxdt— bfuo-cp(x,O)dx.

:
Let
Q" ={(z,t) € Qr : 6(,t) > 0}
The equation (1.9) may be rewritten as

(1.10) f { —v-88;0—i—qu-Vgo—(v—l—be)-[(v—i—be)-V]ap—f(&)wp}dxdt
Q+

=— fuogp(m,())d:v—l— fb{e-?—,uVe-Vgo}dmdt.
(o Q+ t

DEFINITION 1.1. Suppose that Assumptions I, IT are satisfied. Then {0, v, K'}
is said to be a weak solution of (1.1)—(1.4) if:

(i) 0 € L2(0,T; H'(2)) N C(Qr) and 80/0t € L*(0,T; (H*(£2))*),
(i) v € L>=(0,T; V(2)) N L?(0,T; V(£2)) and v = 0 a.e. in

Q™ ={(x,t) € Qr : O(x,t) < 0},

(iii) K € L*>®(Qr) and K = 0 on the set {(z,t) € Qr : 0(x,t) = 0}. Moreover,
0< K; <K <1-K, <1 ae. in Qr where th is the characteristic function
of the set Q<.

(iv) {6,v, K} satisfies (1.10) for all ¢ in L2(0,T;V1(£2)) with d¢/0t in
L2(0,T; L?(£2)) such that (-, T) = 0 and supp p(-,t) C {z € 2:0(z,t) > 0}, as
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well as (cf. (1.8))
T

90 L
f<at,w>dt+ [ [ {V9(0) - Vi + (v + be) - VO — AbK (e - Vap) } d dt
0

0

T
=~ [ [ Ab(e-n)ypdsS dt
0 st
for all ¥ in L2(0,T; H(£2)), with 6(z,0) = p(x) in £2. Here (-,-) is the pairing
between (H(§2))* and H(£2).

The main result of the paper is the following theorem.

THEOREM 1.1. Suppose that Assumptions I, I1 are satisfied. Then there exists
a weak solution {6,v, K} of the free boundary problem (1.1)—(1.4) in the sense of
Definition 1.1.

Remark. 1) The case b = 0, i.e. when there is no extraction, can easily be
obtained from Theorem 1.1 by letting b — 0.
2) The problem of the unicity of the solution is open.

2. A linearized penalized Navier—Stokes equation. In this section we
consider an initial boundary value problem for a linearized Navier—Stokes equa-
tions with a temperature-dependent penalty function.

Let (. be the function from R to RT U {0} defined by

1, —00 <0< =2
(2.1) B(0) = { —1—¢e719, —2e<6< —¢,

0, —e <6< o0.
Let w be in C*°(Q) with div(w) = 0 and consider the initial boundary value
problem

ov
o — uAv + {(w +be) - Vv + Vp+e ' B.(o)v
(2.2) = f(o) — bgi + pbAe — b{(w + be) - V}e in Qr,
v=00n0Qr, V-v=0inQr, v(z,0)=1vy(x)in 2.

THEOREM 2.1. Suppose that Assumptions I, 11 are satisfied. Let {f,w,c} be in
L?(Qr) x C®(Qr) x LOO(QT) with div(w) = 0. Then there exists a unique v in
C(0,T;V(2)) N L0, T; V() which is a weak solution of (2.2). Furthermore,

lve |20, )y + Vel 201y + €7 f Be(0)|ve (2, t)[? da dt

< M{Jlwol® + 1112 (o) + ( +07)llellEe gy + lwliZaign

where M is independent of €, w and o.
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Proof. It is clear that we only have to establish the estimate. We have
¢

1 _
v DI + il Vel Zeo iz oy +¢7F f fﬂs )|ve (. 5)|* da ds

§f|]v0||2+ ff{fvg— - vz + bAe - vg—[(w—i-be)-V]e'vE}dxds

| /\

Sl + 5 f o (-, )12 ds

+ M{HfHL2(QT) HllwllZeigp + A+ 0)lelEzign ) -

Since (. is non-negative, the Gronwall lemma gives the estimate of the theorem.

3. A non-linear heat equation. Let . be given by (2.1) and let {w,o}
be in L2(0,T; V1(£2)) x L>=(Qr). In this section we shall show the existence of a
unique 6, such that

Of<89’w>

+ [ {g'(0) V0. - Voo + ((w + be) - VO)ip — Abf(—0.) V) - e} d dt
(3.1) QT

T
=~ [ [ Ab(e-n)pdSat,
0 00
0€($,0):00 in _Q,
for all ¥ in L?(0,T; H'(£2)). Here (-,-) denotes the pairing between H!({2) and
its dual (H'(£2))*, and

/ o k+ fOI'O'>O, / o - . + _
g(a)—{k_ for o < 0 9'(0) = kg = min{k™, k™ }.

THEOREM 3.1. Suppose that Assumptions I, I are satisfied and let {w, o} be in
L2(0,T;VY(2)) x L>=(Qr). There ezists a wunique 0. in L®(Qr) N
L2(0,T; HY(£2)) with 80./0t in L*(0,T; (H'(£2))*) which is a solution of (3.1).
Moreover,

1017 @y + kollOcl 20,1 (2y) < MAL+ 160l 7<) }
where M is independent of €, 0 and w.

The key assertion of the theorem is the L>(Qr)-uniform boundedness of ..
Consider the auxiliary problem

<§f<-, t),x> +n(|VO]*V0,Vy) + (¢'(0) V0, V)
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+ ((w+be) - VO, x) = Ab(eB(—0), Vx) = — [ Ab(e-n)xdS,
a0+
(3.2) v
0(z,0) =6p(z) in2, 0<en<l,

for almost all ¢ in (0, T') and for all y in W14(§2). Here (-, ) is the pairing between
Wh4(02) and its dual.

We seek 0., = 0 in L*(0,T; Wh4(2)) with 80/0t in {L*(0,T; W4(02))}*
which is a solution of (3.2).

LeEMMA 3.1. Under the hypotheses of Theorem 3.1, for each n > 0, there
exists Oz, = 0 in L*(0,T; WHA(2)) with 00/0t in {L*(0,T; WHA(2))}* which is
a solution of (3.2). Furthermore,

HHHQLOO(QT) + 77H0”%4(0,T;W1v4((2)) + kOHQH%Q(O,T;Hl(Q)) < M{1+ H90H2L°°(.Q)}

where M is independent of €, n, o and w.

Proof. 1) Since f.(s) is continuous in s and 0 < S.(s) < 1, the existence of a
weak solution @ of (3.2) in L*(0,T; W14(£2)) with 00/0t in {L*(0,T; W14(£2))}*
follows from the standard theory of pseudo-monotone operators.

The Sobolev theorem [6] gives W14(£2) C L>°(£2), and W4(£2) is an algebra.
Taking x = 0?*~! in (3.2), with 2 < s < 0o, we obtain

. d s .
(3.3)  (25) 1@\9(-,0”;5(9)+n(2s—1) [ 0*72v0|* da
(9

+ (25— Dko [ 6**72|V0[ da
kP

+(25)7" [ (w+be)- V(0**)dx
2

< Ab f e- Bg(—O)V(QQS*l) dr — \b f (6 . n)923—1 ds |
N o0t

2) Since w = 0 on 92 and div(w) = 0, we get
b
-1 . 2s < 2 25—2 2 2s
(3.4)  (2s) ‘ [ (@+be)- V(0 )dx‘ < 2{ [ o2 vePde+ [ 6%da},
2 Q Q
On the other hand,

[ eB(=0V(O* N dz = [ (en)Be(=0)0*1dS— [ 07V {eB.(—0)} dx
(%

9] o8

= [ (e-n)B(=0)0>*"1dS + [ 6**7(e-VO)BL(~0) du
ant Q
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and
Ab [ (e n)(B=(—0) = 1)6* 1S < Ab [ (26)*7'dS < M(2¢)* 7"
ot ot
Since |3.(—0)| = 7! for e < 0§ < 2¢ and B.(—0) = 0 outside [g, 2¢], [0BL(—0)] < 2
for 0 ¢ {e,2¢}. Observe that

f 928_2dl‘ S
2

2s — 2

f 0%°dx + s ' mes 1.
Q

Hence

(3.5) ‘ f@zs_l(e-VG)ﬁ;(—O)da:‘ < [6*72VOPde+ [ 6% dut s mes 2.
(9 2 2

From (3.3)—(3.5) we get, for large s,
L0, )32y < MB350+ sM (2 + M
Therefore, by Gronwall’s lemma,
16C- )72 () < exp(sMT){||0o||Fs () + sM (26)* 71 + M},
hence
16, )| 22+ (2) < exp(MT){||6o| L2+ () + (25 M) ) (22) 2571/ - (201) 1/ )y
Letting s — oo we have
10C )l (@) < Mi([|0ollo (o) + 1)
All the other assertions of the lemma are easy to establish.

Proof of Theorem 3.1. Let 6., = 0, be as in Lemma 3.1. From
the estimates of the lemma we obtain, possibly for subsequences, 6, — 0 in
the weak* topology of L>(Qr), {0y,n'/%0,,00,/0t} — {6,0,00/0t} weakly in
L0, T3 H'(£2)) x L*0,Ts WhH4(£2)) x {L4(0, T; WH4(£2))}* as g — 0. It fol-
lows from Aubin’s theorem [1] that (for a subsequence and some 6) 6, — 6 in
L%(0,T; L*(£2)). Moreover, 8, — 6 in C(0,T; (W14(£2))*).

The estimates for 0 stated in the theorem are an immediate consequence of
those of Lemma 3.1. It is now easy to check that 6 is a solution of (3.1). Moreover,
90/0t is in L*(0,T; (H'(£2))*) and thus @ belongs to C(0,T; L?(£2)).

The solution obtained is unique. Indeed, suppose that ¢ is another solution
of (3.1) with all the stated properties. Then

S 10— 6P+ Rl VO~ QI+ [ (+be)- (0~ )V (O~ p) da

0

= b [ (B:(~0) — B(—p))e - V(0 — ) da.
(9]
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Since [|B:(—0) — B-(—¢)|| < C:|0 — | we get
1d
2dt

Hence, by the Gronwall lemma, 8§ = . This completes the proof of Theorem 3.1.

k
16— 2lI* + Ko [V (0 — @) |I* < §OHV(9 —o)I* + Mo —¢]*.

4. An auxiliary coupled parabolic system. In this section we shall use
the method of retarded mollifiers to establish the existence of {6, v} in
{L2(Qr) N L0, T5 HY (2))} x {L7°(0, T; V(£2)) N L*(0, T; V' (12))}
with 90/0t in L*(0,T; (H'(£2))*) which is a solution of the following problem:
T

J <gf’¢> dt+ [ {g'(O)V8- Vi + (v+be) - VO — Abf:(—b)e - Vip} dar
0 Qr

T
(4.1) ==X [ [ (e-n)pdSat,
0 a0t
0(x,0) = bOp(z) in 2,
for all ¢ in L2(0,T; H'(£2)), with

(4.2) f { —v- a&f +uVu-Veo—(v+be)-[(v+be)- V]p+ 6_158(9%0} dx dt
Qr

= f {f(@)go—l— be - g—f — uVe - V(p} dx dt + f vo(x,0) dx
Qr n
for all ¢ in L2(0,T;V1(02)), dp/0t in L*(0,T;V (£2)) and ¢(z,T) = 0. Here B is
given by (2.1).
Let J(x,t) be a non-negative smooth function in R? with support in {(z,t) :
lz| < /2, 1 < t < 2} and such that

[ J(a,t)dedt=1.
R3
Let u be in L] (R?) and set [3]

Jsu(w,t) =672 f J(ys b, 0" u(z — y,t — s) dyds
RB

for § > 0. Then Jsu is called the retarded mollifier of w.

Let u be in L2(0,T;LP(§2)), 1 < p,q < oo, and let uw = 0 outside Qr. It is
easy to prove that:

1) Jsu is in C®(Qy), Jsu — w in LI(0,T; LP(£2)),

2) Jsu(x,t) depends only on u(-, s) for s in (t — 24,t — 0),

3) if w is in L1(0,T; V1(£2)), then div(Jsu) = 0.
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Let 6 =T/N, N =1,2,..., and set uy(z,t) = Jsu. Consider the following
problems:

' <8892V(" t)’X> +(g'(On) VO, VX) + (v + be) - Vo, x)

(4.3) — Ab(eB(=0n), Vx) = =Ab [ (e-n)xdS,
o0

On(z,0) = 0p(z) in 2,
for almost all ¢ in (0,7) and for all x in L?(0,T; H'(£2)) with
(4.4)

0 ~ ~ o
gév — pAvy +{(On +be) - Vivy +Vp+e'8.(0n) = f(On) inQr,

V-ooy=0, vy=0o0ndQr, vn(z,0)=uvy(z)in 2.

LEMMA 4.1. Suppose all the hypotheses of Theorem 1.1 are satisfied and let 5.
be given by (2.1). Then for each N, there exists a unique {0n,vn} = {On ., UNe}
which is a weak solution of (4.3)—(4.4)). Moreover, for 0 < e <1,

D) 0nllz(@r) + 10820, 31 (2)) + 1008 /O] 20,751 (02))) < M,

2)  Nlonlle=rve) + lonllrzorvie) +e7 f Bo(On )03 dadt < M,
Qr
3) 0vn/Ot||L20,1y(v2(2))) < Cle)
where M is independent of € and N, and C(e) is independent of N.

Proof. Let I; = (T/N,(j+1)T/N) with 0 < j < N—1. From the properties
of the retarded mollifier, the values of v, ] ~ on §2x I; depend only on the values
of UN, (9]\/ on {2 x Ij—l-

First we apply Theorem 2.1 to solve (4.4) on Iy = (0,7/N) and then use
Theorem 3.1 to solve (4.3). The values vy (-,T/N) and On(-,7'/N) are uniquely
determined.

Now we re-apply Theorem 2.1 on Iy = (T'/N,2T/N) to solve (4.4) and Theo-
rem 3.1 to solve (4.3) with initial data vy (-,7/N) and 0x(-,7/N). By induction
we get {On,vn} on (0,7). The estimates of the lemma follow from those of The-
orems 2.1 and 3.1.

THEOREM 4.1. Suppose all the hypotheses of Theorem 1.1 are satisfied and let
B be given by (2.1). Then there exists {0.,v.} which is a solution of (4.1)—(4.2).
Moreover, for 0 <e <1,

) NOellzoe(@r) + 10:ll22(0, 7501 (2)) + 100 /Ot| L2 0,711 (2))+) < M,
2) vell=orviey + lvellz2rarcey + e [ Be(be)|ve|* dudt < M,
Qr

where M is independent of €.
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Proof. Let {fn,,vn,} be as in Lemma 4.1. From the estimates of the lemma,
we deduce, possibly for subsequences, that 6y . — 6. weakly in L?(0,T; H*(£2))
and in the weak® topology of L*(Qr), and 00n./0t — 00./0t weakly in
L2(0,T; (H'(£2))*) as N — oco. It follows from Aubin’s theorem that O . — 0.
in L2(0,T; L?(£2)). We have

[5(On,e) = OclL2(0,7:22(02))
< Ws(One — )22 0,7:02(2)) + 1 J50e — Ozl 20,7522 (2))

< ClOne = OcllL20,152(2)) + |50 — OcllL2(0,7:22(02)) -

Thus HNN,a = Js(On.) — 0. in L2(0,T; L*(2)) as N — oco.

Similarly, possibly for subsequences, vy . — v. weakly in L?(0,T; V()
and in the weak* topology of L>°(0,T;V (£2)), and dvy /0t — Qv /Ot weakly in
12(0,T; (V?(2))).

By Aubin’s theorem, vy . — v in L2(0,T;V(£2)) and a.e. in 2 x (0, 7).

As above, Uy . — ve in L2(0,T;V(£2)) and a.e. in 2 x (0,7T).

Since (. (s) is continuous in s,

/Bs(gN,e) - /86(98) s ﬁe(_eN,e) - /65(_05)

a.e. in 2 x (0,T) as N — oo. Hence

gt f B0 2 dxdt < C
Qr

where C' is independent of €.
All the other estimates of the theorem are trivial consequences of those of
Lemma 4.1.

In view of the above convergence of {0y, vn .} to {fc, v}, it is not difficult
to check that {6.,v.} is indeed a solution of (4.1)—(4.2).

5. The equicontinuity of f.. In this section we prove the equicontinuity in
Q7 of the family (6.), € > 0. This will allow us, in the next section, to choose a
subsequence (0./), ¢ — 0, converging uniformly to a continuous function 6.

We follow the method presented in [3] (see also [4]). It is based on two basic
estimates (Lemmas 5.1 and 5.2 below); the main result of the this section is
Theorem 5.1.

Let {0.,v.} be as in Theorem 4.1. For simplicity we shall write {6, v} for
{0, v:} throughout this section.

First we shall introduce some notations. Set, for h > 0,

t+h
On(w,t) =h~" [ 0(x,s)ds (Steklov average of 0).
t
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Let (z0,tp) be an arbitrary point of Q7 and set
B(xo, R) = {x € 2: |z — x| < R}, Ap(t) ={z € 2:0(x,t) >k},
Qr(s) = B(zo, R) x [to — sR?,to],  Akr(t) = B(zo, R) N A(t).
We define
0 (2, 1) = max{0(z,t) — k,0}, 0% (z,t) = max{—(0(x,t) — k),0},
M (k, R) = esssup Gf) .
Qr(s)
LEMMA 5.1. Let 6 = 6. be the solution of (4.1) given by Theorem 4.1, Qr(s) C

Qr and k be an arbitrary real number. Then
to

k k
168 ) sromy + [ [ Vo da at

[to*S(l*O’Q)R2,tO]
tgfs(lfo'z)]*?,2 B(R_JlR)

< v{(o1R) "2 + (02sR%)™"} f [ 168 Pda dt + —{M(k R)JR® + — R3
to—sR? B(R)
where v and ¢ depend only on the data, and o1, oo are such that 0 < 01,09 < 1.
Proof. 1) Let ((z,t) be a cut-off function in Qr(s) C Qr such that:

(i) C(,t) € Co(B(xo, ), 0 < ¢ < 1, [V(| < (o1 )7,
(ii) ¢(z,to — sR?) =0,z € B(wo,R),

(iii) 0 < 9¢/ot < (502R2)

(iv) ¢(z,t) =1 for (z,t) in B(ZL'(),R o1R) % [tg — s(1 — 09)R?, tg].

Let ¢(z,t) bein L?(tg—sR?,to; H} (B(R))), where we write B(R) for B(zq, R).
From (4.1) it follows (cf. [6]) that for all t € [tg — sR?,tg] we have (with 8 = 3.)

o0 :
(5.1) f <6t’¢> dt+ [ [{dO)VO- Y+ ((v+be) VO
to—sR? to—sR? B(R)
—AbB(—0)e - Vip}drdt = 0.

Take ¢ = Gf )C2. We shall carry out the calculations for Hsrk)CQ. Those for
HQC)C 2 are similar.

Since {0,00/0t} is in L2(0,T;H'(£2)) x L?(0,T;(H'(£2))*) we have
{¢0,0(¢0)/0t} in L?(0,T; H'(£2)) x L2(O T; (H'(£2))*). Hence

0
thHCH(k)”Lz(B(R) <a g(k) Q(k)>
)
< (00, ¢ 9<k)> < £9f>,<9f>>

(k)
oGNP ey
L2(B(R)) ot
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where (-, -) is the pairing between H!(§2) and its dual (H'(£2))*. Thus,

- /00 k F/O k
52 [ <8t,c29(+)>dt: i <8t o 20" >>dt

to—SR2 to—SR2
1/2 2
¢98) T
ot +
L2(B(R))

t

1
= S0 0Ny — [

to—sR2

dt.

2) Consider now the term involving g(#). We have

f [ 4 O)Vo-v (26 dv dt
to SR2 B(R)
t
= [ [ 4OV +20v¢0) Ve du dt
to—sR? B(R)

t
= [ [goved (Ve +2v¢oy drdt.
to—sR? B(R)
Since ¢'(0) > ko and 0 < ¢ < 1, we obtain

(5.3) f [ g OV v(6) de dr >~ f [ Ave 2 v dt
to SR2 B(R) t() SR2 B(R)

f [ 1v¢PoP)2dx dt

to SR2 B(R)

3) Since div(v + be) = 0, integration by parts yields

(5.4) j [ ((v+be)-v0)oL ¢ da dt

to—sR? B(R)
1 t
-2 [ [ w+be)?v(0)? dodt
t0—8R2 B(R)
t
[ [0 +be)¢ VCdudt=1.
to—SR2 B(R)
4) We have
f [ AbeB(—0)-V(¢20%)) da it

to—sR? B(R)
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t
= [ [ AeB(=0)¢* - Vo dudt
to*SRQB(R)

t
+2 [ [ AbeB(—0)0¢ V¢dudt =K + .
to—sR? B(R)
It now follows from (5.1)—(5.5) that
1 (k) 2 ko ; 21w p(k) |2
(5.6) §||C('7t)9+ (Ol z2Bry) + f f CIVOL |dx di

2
to—sR? B(R)

t
<Cko) [ [ (01)2V¢]? dodt
t0—5R2 B(R)

t
(k)y2 - OC
+ [ D) Copdudt+1+T+K.
to—sR*> B(R)
5) From the properties of the cut-off function , we obtain for each ¢t €

[to - S(l - Ug)Rz,to]

t
k k
G710 O s@ery o [ [ GIVOY dwdt
to—sR? B(R)

to
<21+ J+K)+7{(o1R) 2+ (02sR)™}Y [ [0V duat.
tU—SRQB(R)

We shall now estimate I. From (5.4), we have

to
(58) [ <c@R)™ [ [ 1010+ be| do dt
to—SRZB

to 3/4
Sc(alR)*l{esssquSf)VHv+beHL4(QT)< f mesAhR(t)dt) .

QR S) to*SRQ

Since v +be is in L2(0,T; H(£2)) N L>(0, T; L*(£2)), it is also in L*(0,T; L*(£2)).
Thus,

(5.9) | < c(o1R) ™ H{M(k, R)}*{1 + ||vll 20,10 (2)) + 10l Lo (0,1302(2)) } R
< ci1(o1R)"HM(k,R)}*R?

by taking into account the estimates of Theorem 4.1; ¢; depends only on the data.
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Let K be given by (5.5). Then it is easy to see that

t
(5.10) Kl<n [ [ VeV Pdedt+CmR®, 5>0.
to—sR? B(R)

Finally, for J as in (5.5), we have

to to
G11) < [ [AVCdedt+ [ [ (01| dwdt

t07$R2 B(R) tg*SRz B(R)
to 3/4
< c(olR)_1R4+c(01R)_1{M(k:,R)}2( [ mes Ay r(t) dt)
t0—5R2
€2 p3 | C2 22
< =R+ ={M(k,R)}*R".
01 01
Thus, from (5.7)—(5.11) we get
to
k k
168 Oy + [ [ Vel da at

[to*S(l*UQ)R2,t0]
tgfs(lfo'z)]*?,2 B(R_JlR)

to
<H{(@R) 2+ (02sR)™Y [ [P dudt + UL{M(kz,R)}QRZ + UiRS.
1 1
to—sR? B(R)

The lemma is proved.

We shall now establish a logarithmic estimate. The restriction to the planar
domain plays a crucial role in the proof.

LEMMA 5.2. Let k be in R™, p1 > ess SUPQ  (s) Gf) and 0 <n < p. Set

[ 0}
k ? ’
=0 () +

o(z,t) = max { log
Then there exists C = C(s) such that
f ©*(z,t) dx
B(R—O’lR)

< f ©*(x,tg — sR?) dx + C(1 + Ry~ Y)o % log(un™") - mes B(R)
B(R)
+ C{1 +log(un ™)} R*n~? mes B(R)
for all t in [to — sR%, to).
Proof. Let ((x) be a cut-off function in Qr(s) such that {(z) = 1 on
B(R — o1R), |V¢| < (1R)™Y, 0 < ¢ < 1. Set (68%) = 0(8(2,1)). In the
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equation (5.1) we shall use the test function

Y, 1) = C(w) o (G(0))°

where for simplicity of notations we write 6 for HSf) when there is no confusion
possible. It is clear that ($?)"” = 2(1 + ¢)(¢’)? with ¢’ = 8%(0)/96.

Since @ is in L2(0,T; H'(£2)), v belongs to L%(ty — sR?,to; H'(B(R))) and
1 =0 on OB(R) x [to — sR?,to).

1) We now show that

F/90 0 252) 23%(
(5.12) J < o 0P > [ e
to—sR> B(R)
With {6,00/0t} in L2(0,T; H'(£2)) x L*(0,T;(H(£2))*) we know that
O, — 0 in L*(0,Ty; HY(£2)) and 90,/0t — 00/0t in L*(0,Ty; (H'(£2))*) as
h — 0% for any Th7 < T (0, is the Steklov average of #). Moreover, since 6
belongs to C(0,T; L*(£2)), 0, — 6 in C(0,T1; L*(£2)). We have

f <§t m ooy (<2~2(0h))>dt: f f (C2@%(0y)) dx dt

t() $R2

tQ—SR2 t() SR2 B(R)
= [ 3@ 0n) dz| .
to SR2
B(R)
A simple calculation gives
0 _ _
26, (? &*(0n))| < 20~ log(um ™),
(5.13) 9 9 20
v U < op—1 -1 14| YYh )
5 (%,h(w (On))] = 20" (log(un™") +077)| 5
Thus, possibly for subsequences we get
o 0, .
5 (F00) = 57 0)  weakly in L*(0,Ty: H'(82).
Hence
t t
(9 2 ~92 a a 2~2
S (Gt pgr @O )it~ [ (Go.0c50)) .
t0—5R2 tQ—SR2

On the other hand, since 0p2(6},)/00, is a continuous function of 6, and
0, — 0 in C(0,Ty; L*(£2)), we obtain from (5.13)

[¢FO], — [ RO

to
B(R) B(R)

Thus (5.12) is proved.

to—SR2 '
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2) We now consider the remaining terms. We have, for all v > 0,

t
(5.14) [ [ g0V Vyduat
to—SR2 B(R)

= f [ g'(0)V0- {201+ 3)(F)2C2V0 + (F2)/V ¢} du dt
to—sR? B(R)

t
>2k [ [ (+3)(F)CIVO] dudt
tQ—SRQB(R)

[ [ Q+&)@)>CIveoP dedt

to—sR? B(R)

ft [ @ve¢) dudt.

t()fsff2 B(R)

3) We now estimate the expressions involving the velocity vector. It is easy to
see that

(5.15) [ [ Vowdedt<v [ [ (1+)(F)CIVO] dudt

to—sR2 B(R) to—SR2 B(R)
t
f f olv>¢?dxdt.
to—sR? B(R)
We have

t t
(5.16) [ [ e-VOpdedt=20 [ [ ex* VEdadt
to—sR? B(R) to—sR? B(R)

f [ 1+ )(@)?IVO0*¢? da dt + C(v) f [ 1e@¢? dadt .

to SR2 B(R) to SR2 B(R)

In a similar fashion,

(5.17) —ft [ XbB(=0)e - Vi da dt

to—sR? B(R)

= -\ f [ VO (14 3)(§)*¢Pdxdt

to SR2 B(R)
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X [ [ B(=0)e(P?) - V(Pdadt

If()*SR2 B(R)

<v [ [ Q4@ )IVOPCd dt

to—sR? B(R)
t
+Cw) [ [(+@)F)Cdadt
t0—8R2 B(R)

t
+C [ [ @F¢vVe dudt.

t()—SR2 B(R)

4) Tt follows from (5.12)—(5.17) and from (5.1) with ¥ = ¢20($(0))?/06 that

t
(518)  1ICoCDZemmy + o [ [ (+@)@)CV0PRdx dt
to—SRgB(R)

t
<I¢elto = sB)Fepmy +C [ [ @IVC|Pdaadt
to—SR2 B(R)

t
+C [ [ el + v|*} da dt

to—sR? B(R)
¢
+C [ A+ @)@V +GF V] dadt.
to—sR? B(R)
Since 0 < ¢ < log(un=1t),0< ¢ <n~! and
L*(0,T; H' (£2)) N L>(0,T; L*(£2)) € L*(0,T; L*(12)),

2 being a subset of the plane, we obtain from (5.18), by taking into account
Theorem 4.1,

(5.19) [ lelz.t)?da
B(R—c1R)

< f {o(x,to — sR?)}2dx + Coy *log(un~") mes B(R)
B(R)

+C(1 +log(un™"))R*y~? mes B(R)
+ Coy?log(un™ )Ry~ mes B(R) .
The lemma is proved.

The main result of the section is the following theorem.



42 BUI AN TON AND G. LUKASZEWICZ

THEOREM 5.1. Let {0.,v:} be as in Theorem 4.1. Then {0.} is equicontinu-
ous in Qr, i.e. for every compact subset G of Qr there exists a non-decreasing
continuous function wg, wg(0) = 0, depending on dist(G, 0Qr) but independent
of €, such that

0= (w1, t1) — 0 (22, t2)| < we(|v1 — 22| + [t1 — t2|/?)
for any two points (z1,t1), (z2,t2) in G.

Proof. In view of Lemmas 5.1, 5.2 the theorem is an immediate consequence
of a result of Di Benedetto [2] (see also [4]) where the inequality (2.8) of [2] with
»=1/2 and N = 2 is replaced by (5.19).

6. Proof of Theorem 1.1

1) Let {0c, v.} be as in Theorem 4.1. From Theorem 5.1 and from the estimates
of Theorem 4.1, we deduce that, possibly for subsequences, 8. — 6 weakly in
L?(0,T; H'(£2)) and in the weak* topology of L*>(Q7r), and 90./0t — 00/0t
weakly in L?(0,T; (H'(£2))*). Moreover, 6. — 6 uniformly on compact subsets
of Qr and thus in L?(Qr) and a.e. in Q7. Then B.(—6.) converges to some K in
the weak* topology of L>(Qr). Similarly, v. — v weakly in L?(0,T; V*(£2)) and
in the weak* topology of L>(0,T;V (£2)).

2) Since 6 is continuous in Qr, the set QT = {(x,t) € Qr : 6(x,t) > 0} is
open in the relative topology of @7, and similarly for Q.

Recall that B:(s) = 1 for —oo < s < —2¢, B.(s) = —1—e s for —2e < s < —¢
and (.(s) = 0 otherwise. Let S~ be an arbitrary compact subset of @~. Then
Be(—0:) =0on S~ for 0 < e <eg(S7). Hence K =0 ae. in Q™, K <1-K,,
where K, is the characteristic function of the set Q).

Let ST be an arbitrary compact subset of Q*. Then .(—6.) =1 on ST for
all 0 < e <gp(ST). Thus, K =1 a.e. on Q" and

Kf<K<1-K,.
3) We have

8_1f (aztd:pdt<5 fﬁa - :vtda:dt<C'
o
Therefore v = 0 a.e. in S~. Since S~ is an arbitrary compact subset of Q~, we
get v=0a.e. in Q.
We have
T

J <§t€s,w> dt+ [ {g'(6:)V0. - Vi — (vc - V)0e + bip(e - V0,)
0 Qr

T
~AbB-(—0c)e - Vphdwdt = —\b [ [ (e-n)pdSadt,
0 a0t
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96(3:,0) = 90($) n (2,

for all ¥ in L2(0,T; H'(£2)).

With ¢(0.) = k*6. for 6. > 0 and g(6.) = k6. for . < 0 we deduce from
the uniform boundedness of 6. in L?(0,T; H'(£2)) and the uniform convergence
of 0. to # on compact subsets of Q7 that

g/(es)ves = V{g(@s)} - g/(e)ve
weakly in L2(0,T; L?(£2)).

From the first two parts, we obtain

T

S (Grwyde [ (50980 (- T8+ bote- V0
0 Qr

T
~Ab(e - V) K Ydzdt=—\b [ [ (e-n)ypdS dt
0 a0t
for all v in L?(0,T; H(£2)).
Since . — 6 in C(0,T; (H'(£2))*), 0(x,0) = 6.

4) It remains to show the convergence for the penalized Navier—Stokes equa-
tions. Since Q7 is an open subset of R?, we have the Whitney decomposition:

Q"= J®@; xI)

j=1
where (2; are squares whose sides are parallel to the axes and I; are intervals with
Int{ﬁjxfj}ﬂlnt{ﬁkxfk}:(b if j#£k.

Let S be any compact subset of Q. Then
N
j=1

For ¢ in L%(0,T;V?2(£2;)) with d¢p/dt in L?(0,T; L?(£2;)) and (-, T) = 0, we get
B:(0:)p(x,t) =0 for € < g0(J).
It then follows from (4.2) and from the estimates of Theorem 4.1 that

[0ve /Ot L1y ve(o;) < M

where M is independent of j and of . An application of Aubin’s theorem gives
ve — v in L*(I;; L3(£2;)) and a.e. in £2; x I;. By the Cantor diagonalization
process we get a subsequence, denoted again by v., such that v. — v in L?(S)
and a.e. in S.
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Since S is an arbitrary compact subset of @, from (4.2) and from the above
arguments we obtain

f{—v-(Zf+qu-Vg0—[(v+be)-V]go-(v+be)—f(9)go}dmdt
Q+

= fvg‘cp(x,O)dx—i— fb{e-(?;p—uVe-Vgo}dmdt
Qt Qt t

for all ¢ in C°(QT), div(p) =0, ¢ = 0 near Q™" and ¢(-,T) = 0. The theorem
is proved.
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