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Originally, harmonic morphisms were defined as continuous mappings ¢ :
X — X’ between harmonic spaces such that h’ o ¢ remains harmonic when-
ever h’ is harmonic, see [1], p. 20. In general linear axiomatic potential theory,
one has to replace harmonic functions A’ by hyperharmonic functions ' in this
definition, in order to obtain an interesting class of mappings, see [3], Remark 2.3.
The modified definition appears to be equivalent with the original one, provided
X' is a Bauer space, i.e. a harmonic space with a base consisting of regular sets,
see [3], Theorem 2.4. To extend the linear proof of this result directly into the
recent non-linear theories fails, even in the case of semi-classical non-linear con-
siderations [6]. The aim of this note is to give a modified proof which settles such
difficulties in the quasi-linear theories [4], [5].

1. Preliminaries. We assume that X, X’ are quasi-linear harmonic spaces
in the sense of [4]. Therefore, the axioms of quasi-linearity, resolutivity, quasi-
linear positivity, completeness and Bauer convergence hold, see [4], pp. 340-342.
Moreover, we assume that the axiom of MP-sets holds; see [5], p. 123. Notations
and results from [4] and [5] will be applied, as well as standard notations from [2].
In particular, recall that an open set U C X is sufficiently small (see [4], p. 344)
if clU is contained in an open set V such that there exists a strictly positive
harmonic function h on V' which belongs to the linear subsheaf V(V'), see [4],
p. 340. Finally, unless otherwise specified, we assume that X’ is a Bauer space,
i.e. a quasi-linear harmonic space with a base consisting of regular sets. Therefore,
the Poisson modification P(u',U’) of a hyperharmonic function v’ on a regular,
relatively compact and sufficiently small set U’ takes the form

P on X'\ U',
(1.1) P, U") = {HE/ on U’

[271]
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In fact, let {f! }oer denote the upper directed family of continuous minorants of
u’ on OU’. By regularity of U’,
liminf HY (') > liminf H][c{,;(x’) = f' ()

U’z —y’ U'Sz/ —y' @
for all y' € OU’, hence

liminf HY'(2') > sup f1,(y') = v'(y/) -
U'sx’—y’ acl
By [5], Lemma 4.2, P(u',U’) is hyperharmonic.
Next, we give non-linear versions of two well-known lemmas from the standard
linear theory.

LEMMA 1.1. Let W' be a neighbourhood base of v’ € X', consisting of suf-
ficiently small, relatively compact, reqular neighbourhoods of x', and let s’ be
hyperharmonic on a neighbourhood V' of x’. Then

() = sup HY (21).
wrew’

Proof. See the proof of [3], Lemma 2.1. We only have to take the strictly
positive harmonic function A’ used in that proof from the corresponding linear
subsheaf. m

LEMMA 1.2. Let v’ be superharmonic on a sufficiently small open set in a
Bauer space X'. Then v’ is the supremum of its finitely continuous superharmonic
minorants.

Proof. Clearly, v’ is the supremum of its finitely continuous minorants,

say fi. By [5], Lemma 4.2, and the reasoning used in the proof of [5], Propo-
sition 6.2, Rf/, < v’ is superharmonic and finitely continuous. Obviously, v’ =
sup, Rf.,. =

2. Harmonic morphisms

DEFINITION 2.1. A continuous mapping ¢ : X — X’ is called a harmonic
morphism provided u’ o ¢ is hyperharmonic on ¢~ (U’) # () whenever U’ C X' is
open and v’ is hyperharmonic on U’.

THEOREM 2.2. Let X' be a Bauer space. Then a continuous mapping o :
X — X' is a harmonic morphism if and only if h' o is harmonic on ¢~ *(U") # 0
whenever U' C X' is open and h' is harmonic on U’.

Proof. By the sheaf property of hyperharmonic functions, we may assume
that U’ in Definition 2.1 is sufficiently small. Let u’ be hyperharmonic on U’.
Then

v’ = sup(inf(u’, nhy)) ,
neN
where hj, € V(V’) for a neighbourhood V' of U’. By this and Lemma 1.2, we may
assume that u’ is superharmonic and finitely continuous.
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Let U C ¢ Y(U’) # 0 be a non-empty set relatively compact in ¢~ 1(U’);
hence ¢(clU) C U’ is compact and non-empty. Let U’ be the collection of all
finite open covers V' of ¢(clU) by regular sets which are sufficiently small and
relatively compact in U’. Let us fix such an open cover V’. Given V' €)', consider
the Poisson modification

N on U'\ V',
(2.1) Pl V') = {Hv oy
defined on U’ (see (1.1)). As noted above, P(u/,V’) is hyperharmonic on U’. We
now define

P, V)= inf P, V).
viey’
Since V' is a finite collection of sets, P(u/,)’) is hyperharmonic. By (2.1), we have
/ / /
F o Ju on U\ UV,
P(U 7V ) o {infvlevl HX,I on UV/
Clearly, (P(u',V")) o ¢ is lower semicontinuous on U and

P,V = (inf HY)op= _inf (HY oy).

(P, V))op=(jnf Hy)op= inf (Hy o)

Given z € U, there are finitely many V' € V' such that ¢(z) € V'. Since v’ is
superharmonic, HY, o ¢ is harmonic on »~1(V’), hence (P(u/,V")) o ¢ is hyper-
harmonic on a neighbourhood N{p=1(V') | p(x) € V', V' € V'} of z. By the
sheaf property, (P(u’,V’)) o ¢ is hyperharmonic on U.

Next, we have to prove that {(P(u/,V")) o | V' € U'} is an upper directed
family. Let P(u/,V]) and P(u/, V%) be given, and construct a new cover W' € %’
of p(clU) as follows: Given z’ € ¢(clU), there are finitely many sets V' € V{ UV}
such that 2’ € V'. Let now W' := W/, be a regular set such that 2’ € W’ and
that clW/' Cc ({V' |2’ € V', V' € V] UVS}. For every such V' € V] UV), we have

HX,, <
on OW'. By [4], Proposition 3.3,
HY =HY., <H)
holds on W’, hence

sup(P(u/, V), P(u/, V%)) =sup( inf HY', inf HY')<H)
VeV, VeV

on W’. Now, we may choose a finite cover W €0’ of p(clU), using finitely many
of the above sets W/,. Then obviously

sup((P(u', V1)) o ¢, (P(u',V3)) 0 ) < (P(u/, W) 0 0.
We still have to observe that

(2.2) u = sup P,V
V' ey
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holds on ¢(clU). In fact, if ' € p(clU) and a < v/(z"), we may apply Lemma 1.1
to construct a neighbourhood W’ of 2’ such that

HY (2') > o,
W' being regular, sufficiently small and relatively compact in U’. Construct now
a finite open cover V' € U’ of ¢(clU) such that W’ € V' and that 2’ ¢ 1V’ for
all other sets V' € V'. Then
Y (') = P/, V')(a')
and (2.2) follows.
By (2.2), we now see that

wop={(sup P V))op= sup ((P(,V))op)
V' ey Vvey
is hyperharmonic on U, hence on ¢~ !(U’) by the sheaf property of hyperharmonic
functions. =

The following theorem may be considered as a slight non-linear improvement
of [2], Theorem 2.5.

THEOREM 2.3. If ¢ : X — X' is a homeomorphic harmonic morphism, then
o1 X" — X is a harmonic morphism. If X' is a Bauer space, then so is X.

Proof. To prove the first assertion, where it is not necessary to assume that
X' is a Bauer space, let h be a hyperharmonic function on an open set U C X. By
the sheaf property of hyperharmonic functions, it is no restriction to assume that
U is an MP-set. To prove that ho ¢~ is hyperharmonic on p(U), let V' C o(U)
be a resolutive set relatively compact in ¢(U) and take v' € QI}YO/ o1 arbitrarily.

Since h o p~! is lower semicontinuous, we see that
limsup v op(z) = limsup o'(z') < hop *(o(y))
=1 (V)sz—y V'sa'—e(y)
< liminf hoe Y(2/)= liminf h(z
- Visa—e(y) o) e 1 (V)3z—y (=)

holds for all y € dp~(V’). The comparison principle now results in v’ o ¢ < h

and therefore v/ < ho p~!. Since v’ € g&’w was arbitrary, we obtain

Ef‘L/olap—l < ho 9071 )

hence the assertion follows by the axiom of completeness.

Let now X’ be a Bauer space, and let U’ C X’ be a regular set such that
@ 1(U’) is a relatively compact MP-set. This may be assumed by the axioms
of resolutivity and MP-sets. It now suffices to prove that ¢=1(U’) is regular.
To this end, take f € C(d¢~1(U")). Then fop~! € C(AU’); hence it has a
unique continuous extension h’ into ¢l U’, harmonic in U’. Therefore h := h' o ¢
is continuous on cl =1 (U’), equal to f on dp~1(U’) and harmonic on = 1(U").
The extension h of f into clp~1(U’) is unique, since ¢~ 1(U’) is an MP-set. m
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