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In this paper, I propose to describe some results obtained in the last few years
concerning nonlinear elliptic equations, giving rise to variational problems with
lack of compactness. By lack of compactness, we mean that the functionals that
we consider do not satisfy the Palais—Smale condition, i.e. there exist sequences
along which the functional remains bounded, its gradient goes to zero, and which
do not converge. In fact, the Palais-Smale condition (PS) is not an ideal tool
in variational theory. If we consider two level sets of a functional and if we try
to deform one of them onto the other by using the gradient flow, two types of

obstruction may occur: a stop at a critical point:

g

or a critical point at infinity:

—

Jb

JY={u:J(u) <a}

Jb = {u: J(u) < b}

i.e. an orbit of the gradient along which the functional remains bounded, the
gradient goes to zero, and the orbit does not converge. This second case is

[383]
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excluded by the Palais—Smale condition which, however, also forbids the situation

Ja

which does not present any danger from the variational viewpoint. Thus it appears
that the important fact is whether or not the Palais—Smale condition is satisfied
along the flow lines, i.e. whether critical points at infinity exist or not. Answering
this question may be far more difficult than to determine the failure of the Palais—
Smale condition. Nevertheless, if one looks for solutions to the variational problem
by studying the difference of topology between the level sets of the functional, one
has to identify the critical points at infinity in order to compute their contribution
to the topological changes [4].

In the following, we consider more precisely nonlinear elliptic equations of the
form

) {—Au:up+a(x)u, u>0 on {2,

=0 on df2,

where 2 is a smooth and bounded domain in RY, N > 3, a(z) is a given function
and p = (N +2)/(N — 2). The interest in this type of equations comes from the
Yamabe problem (see [33], [18] for example), which corresponds to the special
case a(xr) = —g— R(z), where R(z) is the scalar curvature of a Riemaniann

N—2
T 4(N-1)
manifold M of dimension N, without boundary:
N -2
(2) —Au =uP — mR(l’)u, u>0 onM.

However, Problem (1) came to an autonomous life which did not cease with the so-
lution of the Yamabe conjecture by T. Aubin [2], N. Trudinger [32] and R. Schoen
[28]. Despite its inoffensive aspect, the equation provides a whole world of ideas
and questions, some of them already solved, some others remaining open. The
special nature of the problem appears when we consider it from the variational
viewpoint. Let us denote by

1 2 L 411 2 1
Jl(u)—§ f |Vul o3 f |ul? ~3 fa(a:)u ,  Yue Hy(0),
Q 2 Q
or

|Vul|? — [, a(z)u?
Jo(u) = f(zfg ’u‘p+1{g/(p+1) )

VYu € Hy(12) — {0},

functionals whose (positive) critical points are solutions to (1) (up to a multi-
plicative constant for Js).
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As the embedding of LPT1(§2) into H}(2) is not compact, the Palais—Smale
condition does not hold. Nevertheless, as we are exactly in the limit case, we
will dispose of a very precise description of the sequences responsible for such a
failure, or equivalently of the potential critical points at infinity.

Brézis and Nirenberg [9] have shown how one can take advantage of the linear
term a(z)u to prove the existence of a solution to (1). They use this linear term
to make Jy smaller than a certain level under which the Palais—Smale condition
holds, so that a minimization procedure is available. The blowing-up phenomenon
which occurs if a(x) vanishes has been analyzed in numerous papers (see [9], [10],
[17], [24], [26]).

In this paper we will focus our attention on the case a(x) = 0, which appears
to be the more difficult one.

The first section will be essentially concerned with the existence results of
Bahri and Coron [5], [6] related to the topology of the domain, and of Ding [14]
for a contractible domain.

The second section will be devoted to a careful analysis of the subcritical ap-
proximation of (1) in order to describe and understand precisely the phenomenon
of critical points at infinity which occurs in the limit case.

1. The critical case. The first contribution to the problem

{—Au:up, u>0 on {2,

P
(P) u=0 on 012

is a negative result due to Pokhozhaev [23], which says:

THEOREM 1. (P) has no solution under the assumption that (2 is starshaped.

Indeed, multiply the equation in (P) by w and vazl x;0u/0x; respectively,
and integrate by parts to obtain

f |Vul? = fupH
Q Q

and
(= J v | e (2) = (- ) ]
so that
g; (2.n) (%)2 =0.

Then the strong maximum principle implies that © = 0 on {2.

More recently, Bahri and Coron proved in [6] a very important existence result,
related to the topology of the domain:
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THEOREM 2. Assume that {2 has nontrivial topology, in the semse there is
[ € N* such that Hoy—1(82;Q) # 0 or H|(£2;Z/2Z) # 0. Then (P) has a solution.

When N = 3, every domain which is not contractible has nontrivial topology,
in the sense stated above. This is not true any more for N > 4, so that in this case
it remains an open question whether one can replace the assumption of Theorem
2 by £2 noncontractible. However, if 2 C RY has holes, Hy_1(£2;7Z/27) # 0.

Remark. When the holes are small, one can even get a result on multiplicity
of the solutions (see [25]).

Let us denote by G the Green function of the operator —A on (2 with Dirichlet
boundary conditions, and by H its regular part, i.e.

1
@ VTR

G =0 on 0(2 x 2) and H is harmonic with respect to each variable.

—H(.’L"y), (x,y)EQXQ,

Let {2 be a smooth and bounded domain in RY, and a1, ...,a; | points in £2.
For d > 0 we denote by {24 the domain {2 with the [ closed balls B(a;, d) deleted.
For k € N* and x = (x1,...,x) € 2% we set

(4) M(x) = M(zy,...,zr) = (Mij)i<ij<i € Mir(R)
with

(5) mi = H(zi,x:),  mig=—-G(zi,z5), i#7,
and we denote by

(6) o(x) = o(x1, ..., w)

the smallest eigenvalue of M (x).
Then we state the following result:

THEOREM 3. Let k € N*, k < [, and 1 < i1 < ... < i < [. Assume
that M(ai,,...,a;, ) is positive definite, i.e. o(a;,,...,a;,) > 0. For d small
enough, there exists a solution of (P) on 24 which concentrates around the k
holes B(aij,d), 1 <5<k, asd goes to zero.

The assumption is always satisfied for £ = 1, so that we get at least [ solutions
for d small. If M(ay,...,a;) > 0, the number of solutions is at least 2! — 1.

In contrast with Theorem 2, W. Y. Ding gave in [14] an example of a con-
tractible domain on which (P) has a solution (for such an example, see also
Dancer [12]). Such a domain is constructed as a perturbation of an annulus
Ay = {z € RY : 0 < s < |z| < 1}, with a thin cylinder C. = {z = (21,2') €
RxRN=1:0<z; <1, |2'| < e} deleted. The method used follows essentially the
same idea as Coron in [11], where it was proved that (P) has a solution provided
that (2 has a small hole.

This example is interesting because it shows that just as the topology may
play a role in the existence of solutions to (P), so does the geometry of the domain.
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In fact, we believe that the good condition for existence of solutions to (P) should
be expressed as some properties of the Green function and its regular part on
{2— such that some topological conditions as in Theorem 2 make them satisfied,
or some geometric conditions as in Theorem 1 make them fail. We will give some
results in this direction in the next section.

Let us now sketch the proof of Theorem 2.

All this proof is carried out under the assumption that (P) has no solution,
until we get a contradiction.

We consider on H}(§2) the functional

(7) J(u) = % ([ |Vu|? — Iﬁ J (ut)Pt!

whose nonzero critical points are solutions to (P). First, we show that the Palais—
Smale condition is satisfied for J except at the levels ¢, = kSV/2/N, k € N*,
where S denotes the Sobolev constant,

fQ|Vu|2

8 S = .
®) weH1(2)—{0} (fg lulp*1)2/(p+1)

S is independent of £2 C RY, and is never achieved for {2 bounded, whereas it is
on RY for all the functions

0 5 AN=2)/2

( ) Aax(y) - (1 + )\2’y _ x’Q)(N—Q)/Q ’
which are the only minimizers ([1], [31], [19]), up to a multiplicative constant.
The 0, ,’s are solutions on RY of the equation

(10) —A0 = N(N —2)o*.

Moreover, these functions are the only positive solutions of (10) with Vo €
L*(RYN) and § € LPFL(RY) (see [22], [16], [15]; this does not hold without the
assumption of positivity for solutions to —AU = N(N — 2)|U|P~1U on RY, see
[13]).

It is easy to see that (PS) fails at level ¢j. Indeed, consider any sequence (x')
in £2, (A\}) in R, (o) in R, 1 <4 <k, such that

AeRL, zeRY,

(11) o = ay = (N(N - 2) -2/,
(12) Ajd(zy, 002) — 400,
AP 7 o,
(13) )\—f?+)\—;+/\?/\?|$?—:n?|2—>+oo, 1£ 7,
J 7

as n — +00.
Let us denote by PJd) . the projection of ) , onto Hi(£2), defined by
{APém = Aby, on £,

(14)
Py, =0 ondf2.
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Then any sequence of functions

k
n
= E o' Poxn om

where o', A\?', ' are chosen as stated above satisfies

(15) J(up) = ek,  J(up)—0.

As (un) is not relatively compact in H{(£2) (since for example |Vu,|? —
SN/2 E -1 0z, in the sense of measures, with J,, the Dirac mass at x; = lim 7’
€ 2), (PS) fails at level c.

Condition (12) means that the “boundary effect” is negligible compared to the

“concentration effect”, i.e. at the first order Pd Ar zn behaves as 1) AT gn Condition
(13) means that the “interaction effect” between the Poxn zn 18 also negligible.
Condition (12) is related to the fact that

—A(OéNé) = (ozNé)p on RN .
Then (11)—(13) imply that u,, is “almost” a solution of (3), so that J'(u,) — 0,
1
p+1
)

and
1 2
J(un>~k<§ [ Vel -
RN RN

(For extensive computations of J(u,) and J'(u,), see [3] [23].)

SN/2

If up were a solution to (P), the sequence ug + zl 1 Poyn o» would show
that (PS) fails at the level J(ug) + cx. In fact, (PS) fails exactly at the levels
o+ kSN/? /N, k € N*, where o is any critical value of J. Under our assumption
that (P) has no solution, it remains to prove that (PS) holds for every level ¢ # ¢,
k € N*.

Assume first that ¢ < ¢; = SV/2/N, and let (u,) be a sequence such that
J(un) — ¢, J'(un) — 0 as n — +oo. This means

1 1
(16) 3 [ IVl = —= [ byt = e+ o),
2 p 2

(17) —Auy, = (u)P + f,  with f, — 0in H ',
Multiplying (17) by w,, and integrating on (2, we get
2 +\p+1
[ 1V = [ (@)™ + ofunlmy) -
Q

Q
Therefore we deduce from (16) that

(18) [ IVua? = Neo(), [ ()P = Ne+o(1).
0 0
Then Sobolev’s inequality yields

Ne > S(Ne)?/ 0+
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so that either ¢ = 0 or ¢ > SN/Q/N, and the assumption ¢ < SN/Q/N implies
that u, — 0 in H}.

Suppose now that J'(u,) — 0 and J(u,) — ¢ > SV/?/N. We are going to
show that there exist k& € N* and sequences (A\}') and (z]) satisfying (12), (13)
such that

k
Uy — E anPéyn zn| —0
[ARAaE H1
0

i=1

(19)

and thus ¢ = ¢;. As previously, we deduce from (16) and (17) that (u,,) is bounded
in Hy, so that u,, goes weakly to a limit which is zero by the assumption that (P)
has no solution. However, u,, does not converge strongly to zero. We consider as
in [21], [8] the concentration function

Quiy=swp [ (i, tert

n
T€2 B (0,1)

(uy, is extended by 0 outside §2). The @Q,’s are increasing functions, and if we
assume that 0 € {2 and 2 C B(0, R), we have
Qn(R) = |uf P11 = Ne+o(1).

If Q. (R) goes to zero, then (18) implies that w, (or its subsequence) goes to zero
in H}, a contradiction. Thus, there exists 3 > 0 such that @, (R) > 3 for all n.
We choose v such that

(20) 0 < v < min(3, SN/?).
There exist ¢,, 0 < €, < R, and a,, € {2 such that
(21) Que) = [ @t =v.

an+e,B(0,1)
Then we set

(N-2)/2 . 2 —ay,
(22) v, :RY R, azl—>{€” Un(ent +an) o€ fh=—2"7,

0 if o & 2.

We have
f |an|2 = f |Vun|27 f |Un|p+1 = f |un|p+1
RN 2 RN )
so we may assume that Vv, — Vw in L2(R"M), v, — w in LPTHRY), v, — w
a.e., 2, — U and w satisfies
(23) —Aw=wP, w>0 onU; w=0 ondlU.
We are in one of the three cases:
1)e, —1>0,
2) e, — 0 and (1/e,)d(an,082) — 1 < 400,
3) en, — 0 and (1/e,)d(a,,082) — +oc.
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Cases 1) and 2) cannot occur. Indeed, assume that ¢, — | > 0. We show that
Jan (0)PT — 0, a contradiction to (21), since

(24) [wort= [ @t =v>o.
B(0,1) an+enB(0,1)

It suffices to show that, for any a € RN and ¢ € C°(RN,R), ¢ > 0, supp¢ C
a+ B(0,1),

J oyt 0.

]RN
Note that as un — 0 in H}(2), one can assume that u,, — 0 in L?({2), and then
Jan v2 = (1/€2) [, u2 — 0. J'(u,) — O gives us, through the rescaling (22),

—Av, = (v +g, on2,, with g, — 0in H(12,).
Multiplying this equation by ¢(?v,, and integrating on (2,, we obtain

[ 1V +0(1) = j‘c P+ o(1)

02n
(@) (S o)™ o).

supp ¢ 2

IA

Then the Sobolev inequality yields
S < pP=D/PH) 4 (1),

a contradiction to (20). Concerning case 2) Pokhozhaev’s identity on U which is
here a half-plane implies that w = 0. Therefore Vv, — 0 in L2(RY), v, — 0
in LPYYRY), v, — 0 in L2(RY), and the same argument as above shows that

v, — 0 in Lfotl(]RN ), contrary to (24). Hence we are in case 3), and w # 0

(otherwise we get a contradiction to the choice of v, as previously). It follows
from (23) with U = RY that
w = andy, for some A € RY and z e RV .

We define w,, on {2 as

1 1
wn () = WPU’<€—(ZE - an)>
En n

and we set
ug) = U, — W, .

Then it follows from the characterization of w,, that

25) [IVulDP = [ |[Vuu 2= [ |Vwl +o1) = [ [Vu,*—Sy* +0(1),
2 0 RN 0

SN/2

(26) J(M) = J(up) = J(w) +0(1) = J(u,) —

n

+o(1),
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(27) J (ufM) — 0,
1)

and we can iterate the process until J(ug)) < SN/2/N, and thus u,’ — 0 in
H}(£2). According to (26), this happens for some [ = k. Thus, we get

k
(28) U, = Z aNP(S)\;,x; + v,

i=1
with v, — 0in H}(£2), and A\'d(27,082) — +o00. Moreover, according to (25) we
have

k
f |Vun|2 = ZO&?V f |VP5>\;1@;L 2 + 0(1)
0 i=1 0
and this implies (13).
As a consequence of the previous arguments, we obtain a characterization of
the potential critical points at infinity of J:
If (u,) is a sequence in H{ satisfying

J(un) — Cp = kSN/Q/Nv J/(un) - 07

there exist sequences (z}') in {2 and (A}') in R* such that (19) holds, together with
(12), (13). We may assume that, possibly for a subsequence, zI' goes to x; € N
as n goes to infinity. Then the set of potential critical points at infinity may be
in some sense parametrized by 2%. Once we performed this representation, the
question is to compute the change of topology between the level sets across the
level ¢j. The result obtained in [5], [6], using a deformation method and a careful
analysis of J” near the critical points at infinity (Morse theory at infinity), reads

(29) (JepterJe—c) = (X x D' (X x S U (Y x D))

where

X=0FxDF1 YV =(0FxS"2) U, x DFY,
Ok

Ok Ok

oy denoting the group of permutations of {1,...,k}, and
Iy = {x € 2% : o(x) < 0}
(see (5), (6) for the definition of o on 2%). For k =1
(JeptesJe—c) = (2 x D, 02 x §%).
From this computation we deduce the following lemma:

There is some ko € N*, depending only on §2, such that (J¢, +e, Je,—c) >~ 0 for
every k > ky.

This lemma follows from the definition of o. If x = (x1,...,2;) € 2% and
k is large, some points x; and x; are very close to each other, G(z;,x;) goes to
—o0 and so g(x) < 0. Thus, for k large enough, I, = 2% and (J,, 4c, Je, —c) = 0
from (29). Using the topological assumption on {2, Bahri and Coron also show
the following lemma:
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If Hy1(2;Q) # 0 or H|(2;Z/2Z) # 0 for some | € N* then
(Jeptes Jep—e) #0,Vk € N*.

This last result is proved by induction on k£ and requires refined arguments
from algebraic topology. The contradiction between the two lemmas gives the
result of Theorem 2.

2. The subcritical approximation. In this section, I would like to explain
some recent results concerning the problems

{—Au:u”_‘g, u>0 on {2,

P.
(Pe) =0 ondf2

with € > 0. The associated functional defined on H{ (£2),
_ 1 2 1 p+1—e

satisfies the Palais—Smale condition and has strictly positive critical points which
are solutions to (P.) (see for example [20]). As € goes to zero, these solutions may
either converge in Hg (£2) to a solution ug of the limit problem (P) (possibly ug =
0), or blow up at a finite number of points of {2, under the assumption that these
solutions are uniformly bounded in H} (£2). More precisely, an argument similar to
the blow-up analysis carried out in the previous section shows that if (u.) is an H}-
bounded sequence of solutions to (P.), then, possibly for a subsequence, one has

k
(31) Ue = Ug + Z OéfP(S)\f,xf + v°

i=1
where ug is either a solution to (P), or ug =0, and if £ > 0 then

o —an, Ajd(z;,002) — 400,

A5 A .
)\—;—F)\—é—i-)\f)\;\xf—xjﬁﬁ—koo, i#£7,
i %

as € — 0. Moreover, we get the estimates ([30])

e 2y = ol +ESY/2 + o(e)

N/2
N

In fact, a new and important result of R. Schoen [29] implies that for u. a solution
to (P.) we have the alternative: either ug =0, or k=0. In the following, we are in-
terested of course in the case k#0 (and thus ug=0in (31)), i.e. in the solutions to
(P.) which blow up at k points z1, ...,z of 2 as e —0. In a first step, we will give
a precise description of the points of {2 at which such solutions concentrate. As at
the same time J.(u:) — ¢k, we will then compute the difference of topology that

J(ue) = J(ug) + k:S

(=ck) + o(e).
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they induce between the level sets of the functional across the level ¢i. Before stat-
ing the results, let us introduce some notations. For x € 2%, we define the function

(32)  Fe:(RF =R, A=(An...,A)— %tAM(x)A—log/ll...Ak,

where M (x) is the matrix defined in (4), (5). We recall that we denote by p(x) its
smallest eigenvalue. If p(x) > 0, then Fy is strictly convex on (Rj)k, infinite on
the boundary of this domain, and so has in it a unique critical point A(x) which is
a minimum. On the subset ot = {x € 2% : p(x) > 0}, we then define the function

(33) F(x) = F(A(x)) = g —log A1(x) ... Ak(x)
whose differential is given by

i) — LA _ A
(34) F'(x) = 5" A)M'(x)A(x) = - ; Lo

We are now able to state the first result ([7]):

THEOREM 4. Assume that N > 4, and that (u.) is a sequence of solutions to
(P.) which blows up at k points zy,...,x) of 2 ase — 0 (i.e. |Vuc|?,ub™ —
SN/2 Zle 0z, as € — 0 in the sense of measures). The conclusions are:

(i) x = (x1,...,2x) € _ijo, where dg is a strictly positive constant which
depends on §2 only and 24, = {x € 2 : d(z,002) > do}.

(i) o(x) > 0.

(iii) Bither o(x) >0 and F'(x) =0, or o(x) = 0 and ¢/(x) = 0.

The index of uc as a critical point of J. is at least [+k (and at most (N + 1)k),
where [ is the index of x as a critical point ofﬁ (or 0). If x € o is a nondegen-
erate critical point of FV, the index of u. is exactly | + k.

Conversely, if x = (x1,...,2,) € o' is a nondegenerate critical point of
F, there exists for € small enough a sequence (u.) of solutions to (P.) which
concentrate at x1,...,x as € — 0.

Under the assumption that 0 is not a critical level for o (which is at least true
generically), (i) and (iii) may be replaced by

(i1)" o(x) > 0o, where pg is a strictly positive constant which depends on {2
only.

(iii)’ F’(x) = 0.

Morever, we have the estimates
1

(35) Doy 22

~ A (x)e/?

and
Jo(us) = ¢k + kyelloge| + kyoe + 2y1eF(x) + o(e)
where v > 0, y1 > 0, 2 are constants which depend on N only.
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Remarks. 1. R. Schoen had already shown in [29] that all the concentrations
were simple, and that the speeds of concentration A were of the same order. (i)-
(ii) also imply that the blow-up points 1, ...,z have to be far from each other:
3di, > 0, Vi, j, i # j, |x; — x| > di. This condition cannot be satisfied if k is too
large.

2. In the case k = 1, M(x) = H(z,z) > 0 everywhere, A(x) = H(x,z)"/?,
F(x) = 1+ 1logH(z,z).

3. In the case k = 2, x = (1, z2),

_ (H(z1,71) G(x1,22)
M(X) - <G(JE1,ZE2) H(l‘z,:ﬂg)) )

H(xg,x2)1/2 1 ~

M) = F m oy L) =1+1edx),

with
@(X) = H($1,$1)1/2H(ZE2,3)2)1/2 — G(l‘l,lﬂg) .
As
o(x) = 3[H(z1,21) + H(w2,22) — (H (21, 21) — H(22,22)) + 4G (21, 22)*)"/?],

o(x) > 0 is equivalent to ¢(x) > 0 and one can replace (ii) and (iii) in the theorem
by ¢(x) > 0, ¢'(x) = 0 (since for p = 0 we also have ¢’ =0 < ¢’ =0). This result
was proved in [27].

In order to prove Theorem 4, one proceeds as follows:

1. Consider the set

k
Ai A .
U= {ZO‘NP(SM,M : )\Zd(x,,aﬂ) > myo; >\—+/\—]+)\1/\]|$1—$]|2 > my, 1 75 j} s
i=1 J '
where mg is some large constant. For u € H}(£2) close to U, the problem
k
Minimize ‘u — Z ;i Poy, 4, -

i=1 0

with respect to «a;, A;, x; has a unique solution up to permutations ([6]). Then
one establishes a diffeomorphism between a neighborhood of the possible singular
solutions of (P.) we are interested in (which is also a neighborhood of the potential
critical points at infinity for (P)), and the manifold

M = {(a,)\,x,v) € R* x (R%)* x 2F x HY(2) : |a; — an| < vo;
O Ok

)\i >\j 2 . .

/\ld(:nzﬁﬁ) > no; )\— + )\— + /\1/\]|ZEZ — JE]'| > ng, #];
7 7

|,U|Hé < Kp, V€ E)\,x}
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where vy, ko are small constants and ng a large one, and

Poy,
E)\,x = {?} I~ H&(Q) . (rUyPé)\i,a%)Hé = <’U, %>
i Hé

_ <v, apah,xi> —0, vi},

Then u = Zle a;Pdy, », + v is a critical point of J. if and only if (o, A, x,v) is
a critical point of the functional K (o, A\,x,v) = J:(u) on M.

2. The vanishing of the partial derivatives of K. on M provides us with equa-
tions whose resolution gives us the results of Theorem 4. The proof requires careful
estimates that we will not make explicit here.

e The equation relative to K. /v proves that v is very small in H}-norm, so
that the v-part is negligible for all practical purposes (at the possible exception
of dimension 3 in which precisely we cannot conclude).

e The equation relative to OK./Ja proves that each «; is very close to ay,
and may even be made equal to a in all practical computations.

e The equation relative to 0K /OA implies that o(x) > 0 and the estimate
(35) in the case p(x) > 0.

e Lastly, the equation relative to K, /dx shows that F'(x) = 0 in the case
o(x) > 0, and ¢'(x) = 0 if p(x) = 0.

3. A critical point (a,\,x,v) € M of K. may be obtained by successive
optimizations. v corresponds to a minimum (index 0), o to a maximum (index
k), A to a minimum (index 0), x is a critical point of a perturbation of F (or o),
hence a contribution to the global index of the solution which is between [ and
Nk, where [ is the index of x as a critical point of F' (or p), and which is exactly
[ in case of nondegeneracy.

Once Theorem 4 is proved, we can take advantage of the precise characteri-
zation of the k-singular solutions of (P.) to define a smallest neighborhood V' (of
the corresponding critical points of K.) than M, such that on the boundary of
V, either — K/ is pointing inward V', or K, is below the least critical value on M.

Our aim being now to compute the contribution of the k-singular solutions
of (P.) to the relative topology (J*¥9, J~9) we are reduced to study the rel-
ative topology (K&t NV, K%*=° N V). Proceeding as previously by successive
optimizations, we get ([7])

THEOREM 5. Assume that N > 4 and 0 is not a critical value for o. The
contribution to the relative topology of the level set

JT0 = Ly € HY(02) : J.(u) < ¢ + 6}
with respect to the level set

J=0 = {y € HYN) : J.(u) < cp — 0}
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of the possible solutions of (P.) which blow up at k points as € goes to zero is
equal for € small enough to the relative topology

(2%, 07) x (D", 5%
Ok

with o~ = {x € 2% : p(x) < 0}.

This result points out the importance of the behavior of the least eigenvalue
o(x) of the matrix M (x) on 2%, which was already noted in [3], [5], [6] (see also
Theorem 3).

Note that the difference of topology between the level sets of .J. may only come
from the existence of critical points, since the functionals satisfy the Palais—Smale
condition. Theorem 5 shows that if the relative topology (2%, 07) is nontrivial,
(P.) has solutions which blow up at k points as € goes to zero, without any
nondegeneracy assumption as in Theorem 4.

The stability with respect to € of the result that we obtained implies, through
some arguments of algebraic topology, that the relative homology that we com-
puted is exactly the contribution of the critical points at infinity to the relative
homology between the level sets of the functional J across the level ¢,. Then, by
coming back to the arguments developed in Section 1, this result should enable
us to answer in the future the questions concerning existence and multiplicity of
solutions to (P) raised by R. Bott.
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