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Introduction. In this paper some problems of the teory of weighted Sobolev—
Slobodetskii spaces are dealt with. Weighted Sobolev spaces play an important
role in the study of elliptic boundary value problems in non-smooth domains (see
e.g. [2]-[4], [6]). Here two classes of weighted spaces are of special interest: the
spaces VX, 5(G) with the homogeneous norms

1/p
(0.1) ||u||V,H(G) — ( f 2: pP(B=Ltlal) | pog|p dx)
P,
G o<l

(r = r(x) denotes the distance of  to the set of singularities on the boundary)
and the spaces Wé’ 5(G) with the inhomogeneous norms

(0.2) lllwe ey = (S D rp’6|D°‘u|pdx)1/p.
G |al<i

We restrict ourselves to the case that G = D is a dihedral angle. This is the model
case for domains with smooth non-intersecting edges. For domains with conical
points the weighted Sobolev spaces V;f’ 3(G) and W; 5(G) were investigated e.g.
in [2], [5], [8].

The present paper consists of two sections. In Section 1 the main properties
of the weighted Sobolev spaces VPZ,B(D), Wéﬁ(D) (I an integer, [ > 0, 0 € R,
1 < p < o0) and of the corresponding weighted Sobolev—Slobodetskii spaces
V3 5(D), W) 5(D) (s real, s >0, 8 € R, 1 < p < oo) will be investigated. It will
be shown e.g. that the following imbeddings are valid:

;5(D)CV;/5/(D) ifs>s', s—B=5 -4,
S4D)C W (D) ifs>s, s— =5 5,0 >-2/p.

[399]
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Furthermore, we give a connection between the spaces V' 3(D) and W 5(D). It
will be proved that every function v € W?* B(D) can be written as the sum of
a “quasi-polynomial” and a function from Vps 5(D) (see Theorem 5). This is a
generalization of Lemma 1.3 of [6] (see also [7]) where such a representation has
been shown if s is an integer and 3 + 2/p is not an integer. Analogous results
are obtained for the space B /p(Fi) and BS 1/]D(Fi) of the traces of functions
from V7 5(D) and W 5(D) on the sides I'" and I'~ of D, respectively.

Section 2 is concerned with two appllcatlons of the given results. In Section 2.1

we investigate conditions on gi- € Bp B l/p(F *) under which there exists u €
W 5(D) satisfying the boundary conditions

(0.3) Bfu=gf onI* (k=1,...,p%)

where {B}'} and {B, } are normal systems of homogeneous boundary operators
of order m,f with constant coefficients on I' and I'~, respectively. In the spaces

V. 5 the existence of u is always ensured (see [4]). We will show that u € W 5(D)
satisfying (0.3) exists if and only if the boundary data gki satisfy some compati-
bility conditions on the edge M (see Theorem 7).

In Section 2.2 the following regularity assertion for solutions of elliptic bound-
ary value problems will be proved: If u € WS’E(D) is a solution of an elliptic

boundary value problem Lu = f in D, Bffu = g,f on I't (k=1,...,m) where
—_mE_
fEWS 4, (D), gif € BLE ™ TP (I%) then u € WEE (D).

The corresponding result for the spaces N has been proved in [4].

1. Weighted Sobolev—Slobodetskii spaces in a dihedral angle
1.1. The spaces V;j5(D). Let D = K x R 2 ={z=(y,2) e R" : y € K,
z=(21,...,2n_2) € R"2} be a dihedral angle in R™ where K is a plane wedge
which has the following representation in polar coordinates r, w:
K={y= (1) ER*:0<r<o0, wec 2= (—%wg, %wg)}
(0 < wg < 27). The boundary of D consists of the (n — 1)-dimensional half-planes
t={r=(2,2) ER":0< 7 < o0, w::i:%wo, z € R"?}
and of the edge M = {(0,0)} x R"~2. In the sequel we will denote the coordinates
of a point x = (xl,...,a:n) by y1,Y2, 21, .-, 2n—2, l.e. Y1 = T1, Y2 = Ta, 2j =
Ljt2 (]: 1,,71—2)
If s is a non-negative integer and p, 3 are real numbers, 1 < p < oo, then
V. 5(D) denotes the closure of C§°(D \ M) = {u € C*(D) : suppu C D\ M,
supp u compact} with respect to the norm

1/
o= ([ X e
D |a|<s

(Da:Dg:Dgll' Da 7DSEJ:(1/Z)8IJ:(1/Z)%a T:‘y’)

(1.1) [l
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For non-integer positive s = [+ o (I an integer, 0 < o < 1) the space V;; 5(D)
is defined as the closure of C§°(D \ M) with respect to the norm

o= (3 e o

(1.2)  u|
D |al<l
dx dx’ 1/p
+ [ > IIy!B(D"‘U)(y,Z)—Iy'IB(D“u)(y’,Z')IpMW,>

D D o=l
It can easily be shown that the norm (1.2) is equivalent to the norm

3 = ([ X o s

D |a|<l
dx dz’ 1/p
n PP (D), 2) — (D°u)(, z/>|p>
2[ Dfo |.CC _ :L./’n—&—pa
lz—z'|<|y|/2

— s then Vj'jﬁ/( ) is continuously

THEOREM 1. If 8 > s and ' — s’ = (8

imbedded in V) 5(D).
Proof. If ] <s < s <l+1 (I an integer) then the imbedding immediately

follows from the_inequality

‘y|ﬁ—ﬂ/ - ]y\s_sl < 23_5/]33 —2']°7%  for |z — 2| < %|y\ )

In the case | < s < s’ =1+ 1 we can apply the equation
1
(D*u)(z) — (Du)(z') = — f %(Dau)(x +t(a — ) dt
1

(x—2a) fvpa (x+t(z' —x))dt
0

to obtain
dx dx’
pB|( D — (D* P
ST WD) — (D)l ey

D D
|z—z |<|y\/2

f f [ e~

lz— w'|<\y|/2

< [ PP IVDw) ()P do
D

o [T (VD) (@ + tx — o)) Pda da’ dt

for [a] = I Vi @)
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In the sequel let ¢, (v =...,—1,0,+1,...) be smooth functions on R} with
support in the interval [2¥~1, 2%1] such that
o0
(1.4 S G =1 and |DIG, ()] < ;2"
V=—0o0
with constants c; independent of r and v. If we set r = |y| = (y? + y2)/? we

can interpret ¢, = (,(r) as functions on D. Analogously to Lemma 1.1 in [4] the
following assertion can be proved.

LEMMA 1. The norm || - HVSB(D) s equivalent to the norm
P,

> /
= (3 el )"

vV=—00
Let Bﬁ;jﬁl/p(lji) (s > 1/p) be the space of the traces of functions from V; 5(D)
on I't and I'~, respectively, provided with the norm
(1.5) ] = inf{]jv|

é;;jl/p(Fi) Ve (D) S Vps,ﬁ(D)7 U‘Fi = u}

LEMMA 2. The norm (1.5) is equivalent to the norm
1/p
_ p
Jull = (V_§ooj Il )

Proof. Let v € V;5(D) be an extension of u € B ﬁl/p(Fi) such that
HUHV?ﬁ(m < 2lull 5.- S 1p(pay Since ¢, v is an extension of Cl,u we get

>0 1/p >
p p
( > HC”UHLD?;;/?(Fi)) S( > ”g”vHVi,a@))

V=—00 ) V=—0o0

1/p

< cllolvy o) < 2elfull g s -

Furthermore, there exist extensions v, of (,u such that ”’UVHVSB('D) <
D,

2||Cl,u||§5;1/p(Fi) (v=...,—1,0,+1,...). Since w, = ((,—1+, + (or1)v, = Gu
on I't and w = 250:_00 w, = u on I'F we obtain
oo oo o P
p p p _
1oy < Ml oy S D0 Nowly oy = D2 o 32w, (o)
. v=—00 v=—00 k=—o00 p.A
v+2
=c Z ‘ Z (Cr— 1+Ck+Ck+1)UkH
v=—00 k=v—2 (D)

<d Z HUVHVS (D)<62p Z 1Goull

vV=—00 v=—00

By /e
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In the half-planes I't, I'~ we introduce the Cartesian coordinates & = r =
ly| = dist(x, M), & = 2z1,...,&r—1 = zn—2. Using Lemmas 1 and 2 we can give
the following norm equivalent to (1.5).

THEOREM 2. Let p, 3 and s (1 < p < 0o, s > 1/p) be real numbers and k an
arbitrary integer such that k > s — 1/p. Then the norm (1.5) is equivalent to the
norm

o) = ([ g e

Ry xR"~2
k . . 1/p
(K E4+(k=DEN\I"  dede
pB J J
" ;f f _251 4 (_1)]<j)u< k | — &|n2tes '
R+XR” R+XRH ]:0
|e—€'<é1/2

Proof. Let ue B /P (I'F). Define u, (€)=C, (2"€)u(2"€) (v=0,%1,+2,...).
Since suppu,, C {£ € Ry x R"72:1/2 < & < 2} the norm of u can be estimated
by the usual Besov space norm (see [11]), i.e.

alwl, o <[ lu@Pde
Bp,ﬁ (r+) L
R+XRH
k .
(K g€+ (k—DEN"  de de’
N Z<_1)ﬂ(j)“”< k € =gz
Ry xR™*™2 Ry xR™ J=0

le—¢'|<1/2

< colluy ||,
[ S

where the constants c¢1, co are independent of u and v. It can be easily verified

o = (757 /) °
that Hu”HB;jﬁl“’(ri) gu(s—B-n/p ||Cyu||B;;jl/p(Fi). Hence,
Cl2y(ps—p6—n)||Cyu||7]’§871/p e < 9~ v(n=1) f |G (E)u(€)|P dé
p,B ( ) ]R+><R"72

4 g-v(nps) I 4k (—1)7 (f)

Ry xR™™2 Ry xR™™2 | j=
|6—¢'|<€1/2
J€+ (k= j)& g€+ (k= EN|P  dede
<6 ) ( )| e

k k

< 2O G,

-1 .
)

Applying Lemma 2 we obtain the assertion of the theorem. m
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Remark 1. By means of other equivalent norms in the usual Besov space
(see [11], Section 4.4) analogously to Theorem 2 equivalence of other weighted
norms to the norm (1.5) can be proved. In particular, if s —1/p is not an integer,
s—1/p=1+0 (l an integer, I > 0, 0 < o < 1) then (1.5) is equivalent to the
norm

lllyeiimg sy = (20 &7V @)@ d

la|<l R, xR™—2

P81/ 1o . dede’ \'P
+y [ [ & ue - o u)(&)\p,g_g,‘n_lm)
la|=l RyxR™ 2 Ry xR"~?
|€—¢'|<€1/2

or to the norm

||uH=( [ @ ) e

Ry xR" 2
d d/ l/p
£ @ - e )
|a\:l R+XR“72 R+XRn72
|e—¢'|<€1/2

Analogously, the norm (1.2) is equivalent to the norm

Jull = ( [ 1B u(e) P da
D

a a AT 1/p
+ ff |y’pﬁ|(D u)(y,z)—(D u)(yaz)| d$d$/> )
D D

’:E _ x/’n+po
lz—a’|<|y|/2
1.2. The spaces W 5(D). Let p, B, s be real numbers, 1 < p < oo, # > —2/p,

s > 0. If s is an integer then we define the space W 5(D) as the closure of C§°(D)
with respect to the norm

1/p
(1.7) lullws o = (> [ o IDeufdz)
la|<s D

If s =1+ 0 (I an integer, 0 < o < 1) then the space W, 5(D) will be defined as

the closure of C§°(D) with respect to the norm

(18 fullws o) = ( S [ oD de

la|<l D

Do — (D> \|p 1/17
i el - Dr ) dxdx,) |
o=t DD e

lo—a’|<|y]/2
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Furthermore, we define W;76(R+ xR"2) (s >0,1<p<oo,>—1/p) as the
closure of C§° (R, x R"~2) with respect to the norm

1/p
(1.9) lullwe sy = (30 ((Dw)(r, )P dr dz)
Ry xR"~2 la|<s
if s is an integer, and

(1.10) ||u||W;ﬁ(R+><Rn*2) = ( f P8 Z |(DYu)(r, 2)|P dr dz

R4 xR™ ™2 || <l

vy D S B O g g g d2/> N

‘Oélzl R+XR7L—2 R+><R’VL 2 ‘(T z) (r z )’n 1+p0'
[(r—r",z—2")|<r/2
if s=1+o0 (I an integer, [ >0,0< 0o < 1).

Let u = u(y1, y2, 2) be an arbitrary function on D. Then we denote by  the
function

1 w0/2
(1.11) u(r,z) = — f u(rcosw, rsinw, z) dw .
wo
—wo/2

LEMMA 3. If u € W 5(D) then i € W R, x R"2) and

ﬂ-l—l/p(

lillwe ., @ xre-2) < cllullws ) -

If s is an integer then this assertion immediately follows from the definition
of the spaces W 5(D), W 5(R; x R"~2). For s not an integer it is proved in [9].
We introduce the operator

(Kg)(r,z) = f fgtr z+4+7r)K(t,7)dtdr
R™ ™2 R,

where y is a smooth cut-off function on R, equal to unity in [0,1] and to zero
n (2,00) and K(t,7) = @(t)(71)...¢(1h—2) is a product of smooth functions
p € CF°(Ry), ¥ € Cg°(R) satisfying

supp ¢ C (3/4,5/4), f t(t)dt = bo;
(1.12)
supp® C (—1/4,1/4), fﬁwwﬁ:%J

(j=0,1,...,k). Here 6 ; denotes the Kronecker symbol.
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Linna 4. If g € W3 5(Ry xR"2) then Kg € (1,2, W07 (R xR"2),
Furthermore,

(113) [ [ B DIDY (Kg)(r, 2)P dr dz < c|g]|
R* 72 R,

p
We  (Ry xRn=2)

forj>1 or|y| > (s)+1, and

(1.14) [ [ BT DY (g — g)|P dr dz < clylliv: (=, xrn—2
Rn72 R+ ’

for |y| = (s). Here (s) denotes the largest integer less than s.

Proof. For simplicity we restrict ourselves to the case n = 3. For n > 3 the
lemma can be proved analogously.

If j+ |y| = (s) and r < 1 then DD} (Kg)(r,2) is a linear combination of
terms of the form

T = f f(Dag)(tr,z+Tr)t“<,0(t)7”¢(7')dtd7'
R R4

o o t . t\(T—% YT =2
= [ Jooen(t) o(H)(50) o)
R Ry
where |af =j + 7], p+v =.
Let j+ |v| > (s) + 1, r < 1. Since

u”! Rf - ("{)M(pC) (T ; Z>V¢<T ; Z) dtdr = f f tho(t)T" () dt dr

R R,

is a constant, the function D7 D7Kg can be written as a finite sum of expressions
of the form

T — ep—2+(s) ==l f f (D%g)(t,T) — (D%g)(r, 2))
R R,

H1 o 141 _
y (t> SO(m(t) <T Z) ¢<u2)<7 Z> dtdr
T T T T

= cr=I=hl [ [ (DY) (tr, 2 + 1) — (D°g)(r, 2))
R R,

x tH o) (1) 71y ¥2) (1) dt dr
where |a| = (s). Consequently, for j + |y| > (s) + 1 we obtain

1
[ [ @40 DIDY (Kg)(r, 2)|P dr dz
R O
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1/4 5/4
sc Z f f rP(0=2) f f |(D%g)(tr,z + 11) — (D%g)(r, 2)|P dt dT dr dz
|al=s R Ry —1/43/4
z+r/4 5r/4
=cy [ [ *")72( [ [ (D9, 2") = (DYg)(r, 2)|" dr’ dz’)drdz
la|=s R Ry z—r/4 3r/4
8 [(D*g)(r', 2") — (DY) (r, 2)” ., .,
<c Z ff’rp ( ff (= + 2= ) o2 dr'dz" |drdz
|a|=s R ]R+ R R+

|(r' —r,2" —2)|<r/2

< CHQH%/;,[}(]RjoRnf?) .
Analogously, the inequality (1.14) can be proved. Furthermore, it can be shown
that r°D2Kg € L,(R; x R"~2). Together with (1.13) and (1.14) this implies

00 s)+v n—
,Cg € ﬂy IW]§ B>+(s> S+V(R+ X R 2)' L

Remark 2. If we interpret Kg as a function on D (i.e. we define v(y, z) =
(Kg)(lyl, z) = (Kg)(r,z)) then

Kg e ﬂ W}f ﬁ>r/5> et 1/p( ) for g€ Wy 5(Ry x R"?).

The following lemma is a consequence of the Hardy inequality

[orismpar< (=) [ orer

0 0
which is satisfied if f(0) =0, 8 <p—1orif f(co) =0, >p—1.

LEMMA 5. Let u € Wgﬁ(D) (6 > —2/p) be such that Vu € Wg’ﬁ/ (D) where
B'>1-2/p. Thenu eV, (D).

Now we can prove an imbedding analogous to Theorem 1 for the spaces
W, 5(D).

THEOREM 3. Let s’ > s, ' —s =03 —s and > —2/p. Then W;j:ﬁ,(l)) is
continuously imbedded in W 5(D).

Proof. Without loss of generality we can assume that [ <s < s’ <[+ 1 where
l is a non-negative integer. We consider the following cases: (a) s=1, s =1l+o
0<o<l),(b)s=l+o0,8 =140 (0<o<o' <1),(c)s=l+o0,8d=1+1
(0<o<1).

(a) Let u € Ws/ 5(D) and vy, = D% (o] =1). By Lemma 5 and (1.14) we
have Ko € W) 5,1 (D) = W, 5,,(D) C W) 5(D) and v, — Ko € W) 5(D).
Hence, v, = D“u € W) 3(D) and by Lemma 5 we obtain D*u € W 5(D) for
laf <.
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(b) Analogously to (a) we obtain Kd, € W} o410 (D) = wl > a1+1-—0(D) for
la| = 1. Since K, = 0 for r = |y| > 2 this 1mphes Ki, € W} B+1(D) C W) 5(D)
for |a| = I. Furthermore, by (1.14), vo —Kta € W) 5_ (D )mwgﬁ,( ) C W) 5(D)
and analogously to (a) it follows that D%u € Wg 5(D) for |af < 1. Using the fact
that 8 — ' =0 — o’ we get

dx dx’
I} @ _ @ /
R L
lz—z'|<|yl/2
/ dx dx’
I} o o /
<o [P0 - 0P

D D
lz—a’|<|y|/2
for |a| = 1. Hence, u € W, 5(D).
(c) By Lemma 5 the space W}izl, (D) is imbedded in WZI,, 5(D). Furthermore,
the equation

(D"u)(x) — (D"u)(2') = (x = ') [ (VDu)(x +t(z' —))dt
0
yields
JI Pt a@ - (o e)r %
|z— x|<|y|/2

<c [l 3 10w @) de
D

|/ |=1+1
for |a| = 1. This implies W) %)(D) C Wy 5(D). m
COROLLARY 1. If 3 > s —2/p then
s S 1
W3 (D) c WL (D) c Wi~

T (D) C L C Wy (D),
i.e. W3 5(D) C V2 5(D).

+(s)

Remark 3. Analogously to Theorem 3 it can be proved that szjﬁ, (R4 x
R"~2) is continuously imbedded in W5 5(D)ifs" >s, 8 —s'=08-s,6>-1/p.

1.3. Traces of functions from W, 5(D) on M. In [6] (Lemma 1.1) it has been
proved that the trace of a function u € W;/B(D) belongs to the Besov space
By P72P (M) for | an integer, | > 8+ 2/p > 0. Here the norm in Bx(M) is
defined by

) vy dzdC NP
(1.15) HUHB;‘(M): HUHLP(M)‘F ff\Aw(Z)! W
M M

where A’gu(z) = Z’;:O(fl)”(lj)u(z + ().
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THEOREM 4. Let u € W 5(D), s > B+2/p > 0. Then the trace of u on M
exists and belongs to the Besov space B;fﬁd/p(M).

Proof. Let {u,} be a sequence of functions from C§°(D) which converges to
u in W) (D). Furthermore, let {f,} be the sequence of the traces of u, on M,
Le. fu(z) = un(O 0,2) = 1,(0,2) (the function 4, is defined by (1.11)). Since
the functions 1, can be interpreted as functions from W R, x R*72)

—1/p+1/2 (
Lemma 4 yields

[ R (r, 2) = (Kdin) (r, 2)|P dr dz < o0
Ry xR"~2
Consequently, iy, (0, z) — (Kuy)(0, 2), i.e. f, is the trace of K, on M. We denote

the trace of i on M by f. Then by Lemma 1.1 of [6] and Lemmas 3 and 4 we
get

||f anB“ B— 2/?’(M) < CHICU ICuTle( >+1+< >+1(D)
< dfu=unllws ) -
Hence, {f,} converges to f in Bs_ﬁ_Q/p(M). "

Conversely, it can be proved that every f € By °~ 2P (s> B+2/p>0)
can be extended to a function v € W 5(D). We deﬁne the extension operator £
as follows:

(Rf)(r.2) =x(r) [ g(z +7r)i(r) ... ¢¥(ra—2) dr
Rn72
where 1) € C§°(R) satisfies (1.12). By Lemma 1.2 of [6] the operator K defines a
continuous map from B}*(M) into Wy o roma)p(D) for 3¢ >0, ¢ not an integer, s
an integer, s+ (—» —2/p) > —2. From Theorem 3 it follows that this is also true
for real s, s + (=3 —2/p) > —2.

1.4. Connection between V' 5(D) and W 5(D). In [6], [7] it has been proved
that every u € W 5(D) is the sum of a qua31 polynomial” and a function from
i 5(D) if s is a non-negative integer and 8+ 2/p is not an integer. We will give
a similar connection between V' 5(D) and W 5(D) without any restrictions on s
and f.
Let u € Wy 5(D) (8 > —2/p). We denote the derivatives 9y ) u (i+j < (s))
by wu;;. By using the properties of the operator K the following lemma can be
easily proved (see [9]).

LEMMA 6. If u€eW, 5(D) then the following inequality holds for i+j+|a[<(s):

(s)—i—j—|a| n oy |p
0,05,00u— > (02K ) 22| da

frp(ﬁ sti+i+|al)
Yi-y2-z M!V!
pn+v=0

D

< CH“H?}[/;/}(@) .
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Lemma 6 implies the following corollary.
COROLLARY 2. If u € W, 5(D) then

(s)
Yiy3 s
u— Y (Kii)(r,2) 1']'2 e Vi4(D).
i+5=0
Proof. By Lemma 4 we have 0l 0y, 02 (Kii;) € VOB st jtutvtlal
p+v>1lor|a>s—i—j. Therefore from Lemma 6 it follows that

(D) if

f pP(B=st+ptvt|al)

(s) i, N |P
o v 9o <u -y (/Cﬁij)y,13¥2>' dz < 00
D

Yi1-Y2"z ’L!j!
1+75=0

for p 4 v+ |a| < (s), which yields the desired conclusion. m

By Corollary 2 for every u € W} 5(D) there exist v;; € W (Ry x R"—2)

p,B+1/p
such that

(s)
u— Y (Kvy)(r, z)yl‘;” € V(D).
i+j=0
Now we investigate the question whether the v;; are (in some sense) uniquely
determined by u. Similarly to [8] we introduce the following equivalence relation
in Wy 50, [Re x R"2) (s >0, 3> —2/p):

(1.16) f’gafpg@ f rPB=)FL (K f)(r, 2) — (Kg)(r, 2)|P drdz < oo
R+XR7172

Another characterization is the following;:
[ee]
B—s, v n—
(117) f r\fpg<:>]C(f—g) € m V,ﬁ—s+1/+l/p<R+ x R 2)'
v=0

Proof If f,ge W} R, x R"72) and fﬁﬁ’pg then by Lemma 4

ﬁ+1/p(

(f g ﬂ W, s+1/+1/p(R+ x R™™ 2) ﬁv p,B— 5+1/p(R+ x R™™ 2)
v=(s)+1

and (1.17) follows from Wzliﬁ(RJr xR"2)NVY 5 (Ry xR"2) C Vplﬁ(]RJr x R"~2)
(cf. Remark 1). m

Remark 4. Let f,g € W} R, x R"72),

B+1/P(

(a) If B— s < —2/p then f =7 g & flar = glur.
(b) If B —s = —2/p then

f ﬁjvs,pg o f ,,np(ﬁ*S)H‘f(r7 z) —g(r,2)|Pdrdz < co.

Ry xR ™2
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(c) IfB—s> 2/pthenf P BSPO.
Proof. (a) If 3—s < —2/p then the trace of f — g on M exists and coincides
with that of I(f — ¢g). The Hardy inequality and Lemma 4 imply

(1.18) [ TR — g) = (f = 9)|m P dr dz

Ry xR™™2

<ec f rp(B— s+1)+1

p

K(f—g)| drdz<cllf —glfy. Ry xR™2).

Ry xR™ ™2
Hence, from (1.16) it follows that

[ B (f = g) P drdz < o,
Ry xR™"™2
ie. flar = glar. Conversely, if f|ar = g|ar then (1.16) follows from (1.18).
(b) If B — 5 = —2/p then W5 5\ (Ry x R"2) ¢ W2 (R, x R"2)

p,B—(s)+1/p
(see Remark 3) and Lemma 4 ylelds

[ P EOTCE — fPdrde
Ry xR"™2

<[ fI? < || flIy- no2y -
= HfHWpS;;fzs>+1/p(R+XR"_Q) —= HfHW,;,g+1/p(R+XR 2)

This proves the assertion.
(c)Iff—s>—=2/pthen W5, (Ry xR"™ 2) is imbedded in V* oo+1/p (B X
R"2) (cf. Corollary 1, Remark 3). Consequently, (1.16) is satlsﬁed for all f,g €

W 1By X R72).

LEMMA 7. Let f € W* Bﬂ/p(ﬂh X R"2), B—s<—1—2/p. Then f*=70
iﬁ@f/@zi P foroneie{l,...,n—2}.

Proof. 1)If f 770 then Kf € V75, (Ry x R"2) and

B+1/p
8f 0 s—1 n—2
82@ alefEVpﬂH/ (Ry x R™"™%),
ie. 8f )0z s*”’o
s+1,p

2) Let 8f/821 0. If B—s < —1—2/p this means -2 3. (flmr) = aZl]M—O

where f|ar € By~ - 2/p( M). Hence, f|y =0, i.e. f’@r\f’pO. Ifp—s=-1-2/pwe
first assume that f(r,z) = 0 for » > 1 and |z;| > 1. Using the Hardy inequality
we get

[ oo Pdrdz<e [ (T 2) PR f (r2) = £(0,2)[P) dr dz

Ry xR ™2 Ry xR"?2
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20 P of(r )|
s¢ f <T_1 f atf(r’t’ZZV"’zan)dt +’ fg; Z) >d7“dz
R+><Rn_2
< c( f gf drdz + H 5 > .
Ry xR" ™2 “ "L, Ry xR —2)

Hence, f|pr =0, ie. f psw 0. If f has an arbitrary support then we show that
(¢f)|ar = 0 for every cut-off function ¢ with compact support. =

THEOREM 5. Let u, vij (i+3j < (s)) be arbitrary functions from W 5(D) and

VV][J 5+1/p(]R+ x R"™2), respectively. Then
(s) 1
(1.19) U — Z - '(,C’UZ])(T z)y1y2 €V, 5(D)
= 1.7
i+75=0
if and only if v;; Postitin Wij fori+j < (s).
Proof. 1) Let v; " "R, Then K(vi; — i) € V5! R,
J- J J B—s+(s)+it+j+1+1/p
X - or i + 5 < (s). Interpreting v;; — U;;) as functions on we get
R"~2) for i + j I K(vij — 1;; f D
o 1 o i g s)+1
K(vij — ;) € ‘/p<,6'>+s+< >+z+]+1( ) and K(vij — 1ij)yiys € Vp<,,8>—s+<s>+1(D) =
' 3(D). Using Corollary 2 we obtain (1.19).
2) Assume that (1.19) is satisfied. Then by Corollary 2
(s) yiyj p
. roVT WUii — Vi —= T < 00.
(1.20) J oD Dy, (K — ) St | d
2 Nt ilj!
Since DJK(t;; —vij) € Vpo,ﬁ—s+i+j+W|(D) for |y] > 1 (see Lemma 4), (1.20) yields
(s)—p—v i J|P

1.21 pp(B=stuty) K(Wispy i+r — Vit itw M dr < 0.
( ) f +h,+ tH,I+ il

D i+5=0 -

For p+ v = (s), (1.21) implies K(tiy, — vu) € V;)O,ﬁ—eruJFV(D), ie. B—stptvp

V. Then from (1.21) it follows that

(s)—1—p—v yiyj p
f Bt N (K (g — Vidpjiw)) Srie | da < 00.
2 520 2.7

For i+ v = (s) — 1 this yields 4, Prstytvr

Arstptvp vy for p+v < (s)—2. m

V- Analogously, by induction on

@+ v we show that i,
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1.5. Connection between the spaces of traces. We denote by B’ l/p([’i) (s>
1/p, B > —2/p) the space of the traces of functions from W} 5(D ) on the sides
I'™ and I'~, respectively, provided with the norm

[l B P () = inf{”“”w;yﬁ(p) cv € Wy 5(D), vlp+ =u}.

By Corollary 1, B;:b)l/p(lﬂi) C é;jﬁl/p(lﬂi) for 3 > s—2/p. Letu € B;kl/p(F+)
and let v € W 5(D) be an extension of u. Then by Theorem 5, u has the repre-
sentation

(s) k

_ _ y1y2 r /
== (32 )| = e e
i+5<(s) k=0
where
L o\ o\ B
T Z <1> (cos 20> (Sin 20> Vi k—i € W;Bil/ (Ry x Rnﬂ)
i=0

and u’ € Bos_l/p(F+).

LEMMA 8. Let v, € W* B+1/p(R+ x R"™2) (k=0,1,...,(s)). Then
(s) k B stk
lek ﬁ s+1/p(R+ X Rn_2) Zﬁ Uk N 0.
k=0
s—i—k P

Proof. 1) Ika
Vpo,,B—s-i-l/p(R"" x R™— 2).

2) If Y30 (Kow)rk /K € VO,
K (see Lemma 4) it follows that Z,i‘io(lek)rk/k! eV

0 then Kvy, € V? s R, xR"2) and (Kvg)r*

s+k+1/p(

R, x R""2) then from the properties of
(Ry x R"2), i.e.

p,B—s+1/p
(s) rk|P
f pPB=stu)+L| p Z(ICvk) o drdz < oo
Ry xR™™2 k=0

for p = 0,1,...,(s). Analogously to the proof of Theorem 5, this implies that
ﬁ_5+k7p

Vi ~ 0. m
As a consequence of Lemma 8 we obtain the following theorem.

THEOREM 6. Let uEB;:Bl/p(Fﬂ Then there exist vy, € W* 7
(k=0,1,...,(s)) such that
(s)

(1.22) u— Y (Ko)(r, ); € B, Sy,
k=0

6+1/ (R+ XRTL_Q)
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The functions vg in (1.22) are uniquely determined in the following sense: if

wy € Wk DRy xR™2) (k=0,1,...,(s)) then

(s) k
r 05— . —s+k,
u— Z(Kwk)(r, Z)E € Bp’ﬁl/p(FJr) iff  wi - P .
k=0 ’

In particular, vkﬁfﬁk’p@’?u fork < {(s—1/p) and o” PO for k> [s—B—2/p]
(here [#] denotes the largest integer less than or equal to s, i.e. [»x] = —(—x)—1).

ﬁ_

Proof. It remains to show that vy, ijk’p@’fu for k<(s—1/p). Differentiating

(1.22) we get

(s) k
T 05—y
oy <u = Z(Kvk)k'> € B, l/p(F+).

k=0
Since 99 Kv, € VS F79 (M) for j > 1 (see Lemma 4) this implies

p,B+1/p
) (s)—v ok oo
(1.23) Hu— Y (Kvwin) 7 € By 5 7).
k=0
It can be easily verified that K(rkv)e‘/liﬁ_k_’_l/p(R_’_ x R"~2) for UGW;ﬁH/p(RJr

x R"72) and positive integers k. Then (1.23) yields that K(0%u) — KKv, €

_ . —s+v, —s+v,
V2 enansp Ry x RP72) e, 02u 7" ou, TRy, .

The following lemma gives a connection between the spaces B;;/ PRy x

_ -1 _
R"2) and W, ;"7 (R, x R"2).
LEMMA 9. Let s — 1/p be non-integer, s > 1/p and 3 > —1/p. Then

s—1 n— s—1 n—
B P(Ry x RV2) = WP (Ry x R™2)

Proof. 1) Ifu € B;%l/p(RJr x R™™2) then there exist vj, € W;E'j_l/p(R-y X
R"~2) such that

(s) k
u— (K)o € BS /PRy x R™2) = VP (Ry x R™2).

k! P8
k=0
Since (Kuvg)r* € W;’;l/p(RJr x R"~2) we get u € W;’;l/p(RJr x R"=2).
2) Let u € W;;,l/p(]&r x R"=2). Then analogously to Theorem 5 it can be
shown that

(s—1/p) k

r s—1 n— Ss—1 n—
v=u— Yy (Kur) 75 € Vs PRy x R""2) = B M/P(Ry x R"™?)
k=0
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where u = OFu € WS - l/p(R x R"~2). Without loss of generality we can
assume that I'" is the half—plane I't={z=(y,2):y1 >0, yo =0, z € R"?}
which can be identified with Ry x R"=2. If v/ € V. 5(D) is an extension of v then

is an extension of w which lies in W;’B(D). Hence, u € B;’_ﬁl/p(]RJr x R"72). m

2. Applications to boundary value problems

2.1. Compatibility conditions for boundary data on I'. For the spaces V;B(D)
the following lemma has been proved (see [4], [9]).

LEMMA 10. Let B,:f (k=1,... ,pi) be homogeneous differential operators with
constant coefficients of order mif < s —1/p. Assume that {B+} and {B, } are

normal on I'" and I'~, respectively. Then for all g,C € BS m’“ l/p(Fi) there

exists u € VPS’Q(D) such that B,fu = gk on I't fork=1,... i.
We will investigate conditions on gi (¢if € B - P(r'*)) under which
there exists u € W7 5(D) satisfying the boundary condltlons
+ + v + +
(2.1) Biu= Z by Dy Dy, DZu =g, on I’
N+V+|’Y|:mk
(k=1,...,pT). Here we restrict ourselves to the case n = 3.

—mE_
By Theorem 6, Bifu|p+ — gif (u € W; 5(D), gt € B;ﬁmk 1/p(FjE)) belongs
to B, meUP () i

B—s+mi+j,p

(2.2 Ol BEulrs — ) 0
for j=0,1,...,[s— 08 —2/p] — mkjE Using the representation
[s—B—2/p] Yy
_ o /
u= Z (Ktij) = il +u
i47=0
where 1i;; € W;ﬁll/p(RJr xR"72), u' € Vi$ 5(D), DI DY Kiii; € V;ﬁil/p (R4 x
R 2)if uy>lorv>s—F—-2/p—i—j (see Theorem 5) we get the following
equivalences:
M+V + 7 . Wo e
(2.3) Z (—1 Oy Z + sin >
ptvy=m;;

B—s+mEf+jp .
.0 . k Y=
XD yyovtj—o ~ 979,
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(j=0,1,...,[s=08—2/p] — mi). By Lemma 7 the system (2.3) is equivalent to
(2.4) Z (—i MerbiuV’Y Z < > (cos > < + sin O;O)j
pvy=m;;
« DI HE=B=2/pl=mi; R N e L pla—A—2/rl=mii=i o gt
(G =0,1,...,[s = B—2/p] — mi). (2.4) can be written as a linear system of
equations of the form
[s—B8—-2/p]
(2.5) D Covgkl PRy plamp2lpmmy < oigE
ptv=j
(j = 0,1,...,[s = 8 —2/p] — mki;k: = 1,...,pT) for the functions v,, =

pLA=2/plmn= Y. In general, the equations of (2.5) are not linearly indepen—

dent. Therefore, (2.5) is solvable iff the right-hand sides D[ R jagj g,f
of (2.5) satisfy some linear compatlblhty conditions

pt [s—B8-2/p]—

(2.6) ZZ Z dfﬁD[S B—2/p)— jf)ﬁg,f p-stls—p-2/vlp
+ k=1

(r=1,...,t). The number t of the compatibility conditions depends on the rank
of the coefficient matrix of (2.5). If s — 3 — 2/p is not an integer then (2.6) is
equivalent to the equations

pt [s—B—2/p]— , _
e XY X d;ZTD[S P ) g g = 0
£ k=1

(tr=1,...,1t).

THEOREM 7. Suppose that gk € Bpﬁ 1/p(lﬂt) satisfy the compatibility
conditions (2.6). Then there exists u € W 5(D) such that Bfu =g on T'* for

k=1,...,p%. Ifs—p3 —2/p is not an mteger then
[ullws (D) <CZZH9]<: || SemEU
T k=1 (=)

If s—pB—2/pisan mtegeT then

lullw ) < c(ZZHgk |-

+ k=1
t * [s—B-2/p]-m

1
S s TR g )

=1 + k=1 §=0

(Fi)



SOBOLEV-SLOBODETSKII SPACES 417

Proof. Under the conditions (2.6) the system (2.5) has a solution V =

(Vuv) ptv<[s—p—2/p) Where the functions v, = D[Zs_ﬂ_Q/p]_“_VﬁW are linear com-

B /pl—mE i
binations of the right-hand sides D,[ZS p=2/pl=m; 107

satisfy

M [s—B—2/p]—mE —j
+ s=B=2/pl=mi ~j o +
Y CgOu =Dz b O0lg
wtv=j

g,f. Furthermore, the v,,

T=1

+ 5k
with some complex numbers «,. If we set
[s—B—2/p] i g

o \Y1Y
w = Z (’Cu”) ,1_2

151
St ilg!

then Bifw — gif € B 1/]D(th) and

(28) ||Bfw- gknp . < c(llgnll?
r+) B

Qs—my —1/p (
P06 P06

=1 0 R + 5k

-1
s— mk /P

dz dr) .

If s— 3 —2/p is not an integer then there is a constant ¢ such that the integral in

(2.8) is at most ¢ Hg,fH . By Lemma 9 there exists w’ € V7 5(D)

s—my; —1/p
(r+)

P6
satisfying the equations Bi = g,:f — Bffw on I't (k =1,...,p%) and the

estimate
+
ve, S ey Y IBrw—gill iy,
+ k Bpﬁ

Then u = w + w’ satisfies the conditions of the theorem. m

EXAMPLE. Let Btu = u, B~u = u and let g* € Wpl_l/p(Fﬂ, g~ €
Wl_l/ P(I'~) be given functions on I't and I'~, respectively.

(a) In the case p < 2 for arbitrary g™, g~ there exists u € Wl( ) such that
ulp= = g%, and

| -
(r'+)

(2.9) lullws oy < e(la™ ys-srm ey + g7 lga-sim ey
In this case the space W, (D) = W 4(D) is imbedded in V,}((D).
(b) In the case p = 2 the compatibility condition

ff gt (r,2) — g (r,2)|*dzdr < 0o
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is necessary and sufficient for the existence of u € W3 (D) satisfying u|p+ = g*.
This v can be chosen such that

1
lalys oy < (Il 1212 oay + 19712 272y + [ [ 197 (1 2) =g~ (1 2) Pr= dz )
0 R

(¢ independent of g and ¢g7).
(c) If p > 2 then the condition g* |y = ¢~ | is necessary and sufficient for
the existence of u satisfying u|p+ = g% and the inequality (2.9).

For inhomogeneous operators Bki with variable coefficients it is more difficult
to give a general description of the compatibility conditions on the edge M.
Therefore, we will restrict ourselves to the case that the coefficients of Bki do not
depend on the variable z, i.e.

+ + .
Bk - Z bk;,uu'y(ylayQ)DZIDyQDZ .
lH‘V-‘r’YSmki

—mE_
Let u and gki be arbitrary functions from W 5(D) and B;’ ﬂmk 1/p (I'*), respect-
ively. Then analogously to (2.3) it can be verified that B,:fu\ r+ — g,:f €

Os—mi—
B TPy i

p,8
(2.10) Z jE(—i)‘”"’ z]: <i> <Bﬁ_7biw/7 (r coS %, +7rsin w;)) B
ptv+y<mi =0 =
X ET: (;) <cos Q;O>U < =+ sin Q;O> TﬁUD;/uff\i),’er,g = 8ﬁg,jf|M
=0
(j=0,1,...,[s— B —2/p]— mf) Here u,(fyw) denotes the trace of 0} 9, u on M.

If s — 3 —2/pis an integer and j = [s — 8 — 2/p] — m; then (2.10) has to be
interpreted in the generalized sense, i.e.

i
- v J j—T1E wo . Wo
(2.11) E (—i)Ht E <T> <8,Z br iy (r cos ?,:I:r sin 2))

ptv+y<miE =0

~ (T wo )7 w7 =2/pp o +
X Z <a> <cos 2) ( + sin 2) Dltuytovir—o ~ Olgr .
o=0

By means of the equations (2.10) one can prove the following lemma which
was used in [10].

r=0

LEMMA 11. Let x be a smooth function on D with compact support such that
Dyx = 0 on M for |a| > 1 (the last condition is satisfied, e.g., if x(y,2) =
x1(y)xz(2) and x1=c in a neighbourhood of y=0). If ue W, 5(D) and B,:fu =
0 on I't Nsuppx then there exists v € W} 5(D) such that suappv C suppXx,
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ov/0z € W, 5(D), Bifv = Bif(xu) on I'* and

< cl|ullws () -
W:YB(D) p,B

ov
lollws () + 9

In order to prove this we need the following two lemmas.
LEMMA 12. Consider the differential equation
(2.12) p1(Dy)ur + pa(Dy)us + ... + pp(D2)uy =0

for the functions u; € Wyt (R) (t; an integer, t; > 0) where p;(D,) are differ-
ential operators with ord p; <t; and constant coefficients. Then there exist non-
negative integers Ti,...,Tp—1 and differential oprators ¢;;(D,) (i =1,...,n;j =
1,...,n—1) with ordg;; < 7; —t; (¢;; = 0 if 7; < t;) and constant coefficients
such that the general solution U = (uy, ..., un)T € [TWs " (R) of (2.12) can be
written in the form

(51 qi1 - qin-—-1 ®1
(2.13) C | =
Un dn1 ' Gnn—1 Pn—-1
where @; are arbitrary functions from Wyt R) (j=1,...,n—1).

Proof. We use induction on minordp; = p.
1) Let first = 0. Without loss of generality we can assume that ¢,, —ord p,, =
.=t —ordp; < tj_1 —ordp;_1 < ... <t; —ordp; and ordp, < ordp,_1 <
. < ordp;y.
1(a) If ordp, = 0, p, # 0, then the general solution U = (uy,...,u,)T €
[IW; " (R) can be written in the form

U1 =4quPr =4%1, .-y, Un—-1=4qn-1,n—-1¥n—-1 = Pn—1,

n

1 .
Up, = _ZT(plsol ot Pac1pn-1) (v € WY (R)).

1(b) If ord p,, > 0 then there exists k € {1,...,l — 1} such that ordpy = 0. In
this case we use induction on d = t;, — ord py, — (¢, — ord p,).

Assume that the assertion is true if t;, — ord py, — (¢, — ord p,) < d. Using the
representation p; = p,pj +7; (j =,...,n — 1) where ordp}; = ordp; — ordp,
and ordr; < ordp, we obtain
(2.14) prur+.. P+ F o T U

+pn (Un + P + - 4Py qun—1) = 0.
Since tj—ordp; > t,—ordp,+1forj=1,...,I-1andt;—ordr; > t,—ordp,+1
for j=1,...,n—1 we get

PLUL F o F DU U T Up—1 € W;H”H_(’rd”” (R).
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Hence, v, = u,, + pjug + ... +pl,_jun_1 € W,fH;‘ (R) where t!, = t, + 1, ie.
tr —ord py — (t,, —ord p,) = d — 1. Then by the inductive assumption there exist
non-negative integers 7,..., 7,1 and differential operators ¢;; (i = 1,...,n —
1), q,; with ordg;; < 7; — t;, ordq,; < 7; — t;, such that the general solution

(s s tino1,00) € [ Wt (R) x Wyt (R) of (2.14) is

n—1 n—1
wi= Y G5, =Y dhnps (95 € WiTTH(R)).
j=1 j=1

Hence,

n—1
U; = § qijPj >
j=1
n—1

n—1
Up = Up — Pful ... P%—Wn—l = Z <Q§L]’ - ZP;%)% .

j=1 i=l
2) Let p=min; ord p; > 1. Without loss of generality we assume that ord p,, <
... < ordp;. Then each p; has a representation p; = p,p} + r; where ordp’; =
ordp; —ord py,, ordrj < ordp;. If r; =0 for j = 2,...,n then (2.12) is equivalent
to up + phus + ... + plu, = 0 and the assertion of the lemma follows from the

first part of the proof. If e.g. r,,_1 # 0 then we write (2.12) in the form

(2.15) PrUL + oo+ Pr—2Un—2 + Tn_1Un—1 + Pp(tn + Plh_qtn_1) =0.
Since ordr,_; < p we can suppose that there exist integers 71,...,7/_; and
operators g;;, ord g;; < 7j —t;, such that the general solution of (2.15) is
n—1 n—1
U; = Zq;jl/}j (’L: 1,...7’0—1), Unp, +p%_1un,1 = Zq;.bjd}j
j=1 j=1
(1h; € Wy M (R)). From the last equation it follows that
n—1
(2.16) Un + 3 (D 1@ 15— Gog)ty = 0.
j=1
Hence, by the first part of the proof there exist integers 7, ..., 7,1 and operators
qi; (ordqfy; < 1j — 7/ fori=1,...,n—1;ordq,; < 7; —t,) such that the general

solution of (2.16) can be written in the form
n—1 -
=Y dlp; (i=1...n-1), u.=Y i
j=1 P

(pj € W, *T(R)). This implies the assertion of the lemma. =

By induction on the number of equations Lemma 12 can be easily generalized
to systems of differential equations with constant coefficients.
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LEMMA 13. Consider a system of ordinary differential equations

pll(Dz)ul + ... +p1n(Dz)un = 07

(2.17) :
pml(Dz)ul + ... +pmn(Dz)un = 07

where p;; are differential operators with constant coefficients and ord p;; < s;+1;.
Then there exist an integer I, 0 < | < n — 1, integers m,...,7 and differential
operators ¢;; (i =1,...,n;j =1,...,1) with ordq;; < 7; —t; and constant coef-
ficients such that the general solution (ui,...,u,) € [[W;T"(R) can be written
in the form

l
(218) U; = Zqij@j
j=1

where @; are arbitrary functions from Wps+Tj (R).

Proof. Suppose that the assertion is true for every system of m—1 equations.
By Lemma 12 the general solution of the last equation of (2.17) has a representa-
tion u; = Z;L:_ll ¢ (i =1,...,n—1) where ¢; € W;+Tj (R), ordg;; < 7 — t;.
Replacing u; by > qj;1; in the first m — 1 equations of (2.17) we get the system
of m — 1 equations

1 n

(

n—
j=1 k=

pikq;gj)q/]j =0 (i=1,....,m—1).
1

Applying the inductive assumption to this system we get the assertion of the
lemma. =

Remark 5. For given u; € W§+tj (R) the functions ¢; in Lemma 13 can be
chosen such that

l n
(219) Z HSDJ‘HW;JrTj (R) S CZ ‘|ujHW:+tj (R)
j=1 Jj=1
where the constant ¢ is independent of w1, ..., Upy.

Proof of Lemma 11. First, suppose s — § — 2/p is not an integer. Then
the traces uEJM) of ﬁzlaizu on M satisfy the differential equations (2.10) where
g = 0. We write (2.10) in the form

(2.20) PU =0

where P is a matrix of ordinary differential operators with constant coefficients
and U is the vector composed of the functions uEJM) € Wps_l_]_ﬁ_Q/p(M) (i4+j <
(s —3—2/p)). By Lemma 13 there exist a vector @ of functions ¢1, ...,y and a

matrix @ of differential operators such that U = Q&. Another solution of (2.20)
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is U' = Q(x|m®P). If we set

(2.21) V= (vij) = —[Q: x|m]® = x|mQP — Q(x|m®P)
(IQ, x] denotes the commutator of @ and x) then we get
(2.22) PV = xImU) = P(x|mQ®P) — PQ(x|m®P) — P(x|mU) = 0.

Furthermore, from the representation (2.21) and Remark 5 it follows that v;; €
W;‘Z‘J“‘ﬁ‘z/p(M) and

(s=B—2/p)
Hvij||W;7i7j+17ﬁ72/p(M) S c Z ||ul(fl\/4)HW;*#*V*ﬁ*2/P(M) .
p+v=0

We define the functions v, gki as follows:

(s—B8—2/p) yi yj
U= Z (Rvij)%, g = B (v — xu).
i+j=0 v

o o
Since v;; € szi%jﬂiﬁpr(M) and Bki(xu) = [B;t,x]u e gitimme /e

D,
—mT_ .
g belongs to B;;l i 1/p(l"i). Furthermore, (2.22) implies 9%gi |y = 0 and

(r'*),

828£g,f|M =0forj=0,1,...,(s—0B—2/p) — m,f. Consequently, g,f and 82925
os—m¥—

belong to B, 5 * 1/p(FjE). Then by Lemma 3.1 of [4] there exists w € V;}5(D)

satisfying Bf:w = g,:f on I't, B,:fé?w/az = 82912E on I'*t and

. ow
Vo.s(P) 0z

]
VPS,B(D)
p
<M gy A0 )
2 2 iy F VO o

Therefore, v = v — w satisfies the conditions of Lemma 11. Similarly the lemma
can be proved for s —  — 2/p an integer. m

2.2. Regularity of solutions of elliptic boundary value problems. We consider
the boundary value problem

Lu = Z ao(z)D%u = f in D,

la|<2m
(2.23) Bifu= Z bki;a(x)Dau =g onrI®
la|<miE
(k = 1,...,m) where L is an elliptic differential operator with smooth coeffi-

cients and {B;}, {B; } are normal systems of boundary operators with smooth
coefficients which cover the operator L on I'"™ and I'~, respectively.
The following regularity assertion has been proved in [4] (see also [9]).
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LEMMA 14. Let u € Vﬁ? (D) be a solution of the boundary value problem (2.23)
+_

k 1/p(Fi). Assume that the support of u is

9s—2m—m

s =
where f € Vg, (D), gy € By g1

compact. Then u € V;Ei’:(l))

By using Theorems 5 and 6 this assertion can be extended to the spaces W 5.

THEOREM 8. Let u € W;%‘(D) (B8 > —2/p) be a solution of the bound-
ary value problem (2.23) with compact support. If f € W, 5, (D) and g €

s+2m—mE—1/p 2
o Gts (I'+) thenueW;}Jg(D).

Proof. By Theorem 5 the function u € W72 (D) is the sum of a function

2m—1

i,
o \Y1Y st2m
up = Z (KAiij) 11'],2 e W HAm™(D) c W5(D)
i+j=0
(i € W01 (R x R"=2)) and a function uy € Vi25(D). Obviously,

Luy = f — Luy € W} 5, (D) NV, 5(D) =V 5, (D),

s+2m—m2: —-1/p

°2m—m* —
Bfuy=gf — Bfu € B (r*)n B ()

p,f+s
°s+2m—mi—1/p +
=B, 5. " ().
Therefore, from Lemma 14 it follows that uy € V;Ei’g(l)) and © = u; +ug €
2
;,EJ;(D)' .
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